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B nccneayemoii 3apgave nBa npecnegosatenst U oguH yberarowumii. Ho
HaM ygobHee HavaTb ¢ Bonee MPOCTOro Cry4asi, KOrga eCTb OfUH
npecnefoBaTent v oavH yberatowmii. 3aTem nepeligém K Halell 3agade.
[naBHbIMMN ByayT MHOXECTBA Pa3peLLMMOCTI WK, YTO TO XKE CaMOE,
MHOXECTBA YPOBHSI pyHKLMM ueHbl urpsl. Haw cnocob
KBa3MONTUMAJILHOrO yrpaBfeHnsi Da3mpyeTcst Ha MOCTPOEHUMN TMHWT
nepekntoyeHus. B 3aknodenmne byayT nokasaHsl pesynbTaThl
MOAENMPOBaHus 1 byaeT cAaenaH HeKOTOPbIi KOMMEHTapuii, CBA3aHHbIN C
fLaNibHelweid paboToii.

In the problem under investigation, we have two pursuers and one evader.
But it is more convenient to begin the talk with the case of one pursuer
and one evader. After that, we shall pass to our problem. The main topic
is solvability sets or, that is the same, level sets of the value function.
Our method of quasioptimal control is based on the construction of
switching lines. Next, there are simulation results and some discussion
about the future work.
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Velocities along the horizontal axis are very large.

S.Gutman, G.Leitmann, J.Shinar, T.Shima, V.Glizer, V. Turetsky. ..
(1976 — up to now)

One-to-One Problem




Interception Problem

MpeacTaBUM NIOCKOCTL MPSAMOSIMHERHBIX HOMUHAIBHBIX ABUXEHUA B
3ala4e KOCMUYECKOro nepexBaTta. YNpas/sioLlee YCKOpPeHne
npec/iiefoBaTeNsi OPTOrOHaNLHO €ro HOMUHAIBHONR TpaekTopun. To xe
CaMoe MOXXHO CKa3aTb OTHOCUTENILHO YCKOpeHusi yberatoLero.
MockonbKy HOMUHaNbHBIE CKOPOCTY BAOJIb FOPU3OHTAILHOWM OCU OYEHb
BosibLIMe, Mbl MOXEM MOACUNTLIBATL PeasibHbIA Npomax B
(pMKCMPOBaHHLIA 3apaHee MOMEHT HOMUHA/ILHOW BCTPeYU, NpuYém
TOJIbKO BAOJIb BEPTUKAIBbHONM ocu z. Takum obpasom, nosnyyaem
aHTaroHUCTNYECKYIO AndepeHLnanbHyo Urpy ¢ UKCUPOBaHHbLIM
MOMEHTOM OKOHYaHUS N OLHOMEPHLIM MPOMAXOM B KayecTse pyHKLUM
nnatel. [pecnefoBatenb 3a CHET CBOEro ynpaBfeHnst CTapaeTcs
YMEHbLINTL npomax, yberatowmii — ysennunts. MogobHele 3agaun
M3y4atloTcs NpuMepHoO ¢ cepeantbl 1970-x rogos.

to-One Problem



Interception Problem

Let us imagine the plane of nominal rectilinear trajectories in an
interception problem. The pursuer’s control acceleration is normal to his
nominal path. The same can be said about the evader’s control
acceleration. Nominal velocities along the horizontal axis are very large.
Due to this, we can measure the real miss as the miss along the vertical
axis z at the instant of the nominal collision. So, we consider a zero-sum
differential game with a fixed termination instant and a one-dimensional
payoff. The pursuer tries to minimize the payoff, the interest of the evader
is opposite. Such problems are investigated from the middle of 1970s.

One-to-One Problem




Linearized Dynamics

te0,T), =zp,zg€R,
é‘;P:CLP; .Z:E:aEy
ap = (u—ap)/lp, ap = (v —ag)/lg,

lul < p, ap(to) =0, |v| <wv, agp(ty) =0.

Payoff ¢ = |zE(T) — zp(T)

, minmax g
u v

lp, lp are the time constants;

i, v are the constraints for the controls u and v.

Shinar, J., Shima, T.: Non-orthodox guidance law development
approach for intercepting maneuvering targets. Journal of
Guidance, Control, and Dynamics 25(4), 658-666 (2002)

One-to-One Problem




Linearized Dynamics

34ech nNpeacTasieHbl IMHEAPU30BAHHbIE YPABHEHNS OUHAMUKN
npecnefosatens u yberatowero. PaccmaTpusarotcs ynpasasioLne cxembl
nepeoro nopsifika (To eCTb nepexof OT YNPaBAeHUs K YCKOPEHMIO
onunceiBaeTcs AndbdepeHLnanbHbIM YPaBHEHUEM NEPBOro NOpsifaka).
OudbdepeHumnanbHas urpa ¢ Takoih AMHAMUKON AeTaNbHO UCCAeAOBaHa B
ctatbe J.Shinar n T.Shima.

Here, we see the linearized dynamics for the pursuer and evader. One can
see that the first order control scheme is involved (that is, the transfer
from the control to the acceleration is described by a differential equation
of the first order). The differential game with such a scheme was
investigated in detail by J.Shinar and T.Shima.

One-to-One Problem




Relative Linear Dynamics

Change of variables: y = zp — 2p

The new dynamics is

y = —ap+ag,
ap = (u—ap)/lp,
dE = (U—CLE)/ZE.

Constraints for the players controls:
ul <p, ol <wv

The payoftf:

One-to-One Problem




Relative Linear Dynamics

Ha aToMm cnaiife BbinucaHa guHamuka urpbl, noflydaemas nocne
BBEJEHNS PAa3HOCTHON reoMeTPUYECKOl KOOPAMHATLI .

In this slide, the game dynamics after introduction of a relative geometric
coordinate y is written.

One-to-One Problem




Dynamics in Forecasted Coordinate

ZEM, Zero Effort Miss Coordinate

Consider a coordinate x that is the value of y forecasted to
the termination instant 7" under zero controls:

x=y+yr — aplbh(t/lp) + aglih(T/lg),
T=T —t, ha) =e*4+a—1

The dynamics:
T = —lph(’/'/lp)u + lEh(’T/lE)’U
The parameters of the game (J.Shinar, T.Shima):

n = = — maximal relative acceleration
v

l . ..
e=-2 — relative agility
P

One-to-One Problem




Dynamics in Forecasted Coordinate

ZEM, Zero Effort Miss Coordinate

Beeaém koopinHaTy T Kak 3HayeHUe Yy, MPOrHO3MPYEMOE HAa MOMEHT
okoH4aHus T npu HynesbIx ynpaenennsix urpokos. Cumeosn 7 obosHavaet
obpatHoe Bpemsi. [Nonyyaem akBuBaneHTHy0 auddepeHLnansHyo urpy
C ofHOMepHOIA a30Boii nepemeHHol. JuHamuka urpsl onpeaensietcs
ABYMSI HOPMUPOBAHHBIMY HE3aBUCUMbIMIY NMapaMeTpamMu 1 u €.

Let = be the value of y forecasted to the termination instant 7" under
absence of players’ controls: zero-effort miss coordinates. The symbol 7
denotes the backward time. We have a one-dimensional dynamics for the
equivalent game. There are two independent normalized parameters
and ¢ in this game.

One-to-One Problem
°




Variants of Level Set

T T

n>1 n>1 nl1l nell1l
0 - 0 =
strong pursuer weak pursuer
v n<l ne>1 t n>1 n<l1
0 -~ 0 .
/‘\

varying advantage

One-to-One Problem




Variants of Level Set

Ha aTux pucyHkax ropusoHTanbHast ocb — 0Cb 0BPaTHOro BpeMeHM

7 =T —t. B ykasanHoii Bbiwe cratbe J.Shinar u T.Shima 6bino
YCTaHOBJIEHO, YTO MOXET BbITb TONLKO 4 BapuaHTa KoHUrypauun
MHOXECTB YPOBHSI pyHKUMYN LeHbl. [lepBblii — ans «cunsbHOro»
npecnefoBaTensi, BTOPOA — Korga npecrefosatesns «cnabee»
yberatowero. Tpetuli n 4eTBEPTLINi BapUaHTbl MOrYT BbITb Ha3BaHb
Cy4asiMU «NEPEMEHHOro npenmyLlecTBay. B ciyvae cunsHoro
NpeciefoBaTeNs B BbIAEJEHHOM MHOXECTBE LieHa Urpbl PaBHA HYJHO.
CnepoBaTesibHO, 3TO €CTb MHOXECTBO Pa3pellnMOoCTy C HYIEBbIM
3HAYEHUEM FAPaAHTUPOBAHHOIO NpomMaxa. ﬂ'.ﬂﬂ JIEBOTO0 HUXXHEro pUCyHKa
BbIAEEHHOE MHOXECTBO TaKXXe COOTBETCTBYET HyseBOMy npomaxy. s
OBYX C/ly4aeB CMpaBa He CYLLECTBYET MHOXECTB Pa3peLummocTy C
HYNIEBLIM MPOMAXOM.

One Problem



Variants of Level Set

In this picture, the horizontal axis corresponds to the backward time

7 =T —t. J.Shinar and T.Shima established (the paper was pointed out
above) that there are only 4 variants of configuration for the level sets of
the value function. The first variant is for the case of “strong” pursuer.
The second one is for the case when the pursuer is “weaker” than the
evader. The third and fourth variants can be named variants of “varying
advantage”. For the case of strong pursuer, we have zero value of the
value function in the shown set. In other words, this set is the solvability
set with zero guaranteed miss. For the left lower figure, the drawn set
corresponds to zero miss too, but it is bounded. For two cases at the
right, there are no solvability sets with zero miss.

One-to-One Problem




System of Level Sets

u

A

= H

One-to-One Problem

indifference zone

u=+pu




System of Level Sets

3pech cneBa nokasaHbl MHOXECTBA YPOBHSA (OYHKLUN LEeHbl A5 Cny4das
CUNILHOTO MpecnefoBaTens. 3aJnBKOM OTMeYeHa 30Ha De3paznuyus, rae
ynpaBfeHune npecnesoBaTenss MoXeT ObITb nponsBosibHbIM. Bce BepxHue
JINHUU OT/INYAIOTCS OT BEPXHEN rpaHnLbl 30HbI BE3Pa3ANYUS TONLKO
cMelleHneM. AHANOMMYHO, HUDKHME IMHUN NOBTOPSIOT HUXKHIOK TPaHuLly
3Tol 30HbI. Bbilwe 30HbI He3paznuuna onTuManbHoe ynpaeneHue
npecnefoBaTenst paBHO /i, HUXe 30HbI DE3pa3NNymMs ero Hy>XHO bpaTb
paBHbIM — (. [OPN3OHTANBHYIO OCb MOXXHO B3ATb B KaYecTBe JIMHWN
NepeK/ItoYeHNst ONTUMAJIBHOIO yrpasseHusi npeciegosatens. Ha npasom
PUCYHKE MOKa3aHbl MHOXECTBA YPOBHS (OYHKLMN LEHbl A5t Cydas
cnaboro npecnegosaTens.

D70 BCE, 4TO XOTENOCh HAMOMHNTL 0D Urpe «OAUH-HA-OAUH>.




System of Level Sets

Here, at the left, level sets of the value function are shown for the case of
strong pursuer. An indifference zone, where the pursuer’s control can be
arbitrary, is marked by gray fill. All upper lines are obtained by shift from
the upper boundary of the indifference zone. Analogously, all the lower
lines are parallel to the lower boundary. Above the indifference zone, the
optimal pursuer's control is equal to +p, below the zone it equals —p.
We can take the horizontal axis as a switching line for the optimal
control of the pursuer. At the right figure, level sets of the value function
are shown for the case of a weak pursuer.

That's all that we would like to recall about the one-to-one problem.

One-to-One Problem




Scheme of Interception
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Velocities along the horizontal axis are very large.

Two Pursuers




Scheme of Interception with Two

Pursuers

B Haweli 3agaye Mbl nMeem AByX npecnegosaTeneii. Ha aTom cnaiige
n30bpakeHa cxeMa nepexsaTta. 34eCb ABa HOMUHANbHbLIX MOMEHTA
OKOH4YaHWA, COOTBeTCTByIOLIJ'VIX HOMWHAJIbHOW BCTpe4e C NEPBbIM
npecnegoBaTenemM M HOMUHANbLHOW BCTpeYye CO BTOPbLIM
npeciefoBaTeNieMm.

In our problem, we have two pursuers. So, there are two instants of the
nominal collisions, namely, with the first and second pursuers.

Two Pursuers 9



Linearized Dynamics

Two termination instants T} and 75 for the corresponding
pursuers. The dynamics:

Zp, = ap;, Zp = ag,

ap, = (u; —ap,)/lp,, ap = (v—ag)/le,

luil < iy ap(to) =0, i=1,2, |v]<v, ag(ty) =0.
The joint control w = (uy,uz). The payoff:
o= min{}ZE(Tl)—zp1 (T1)|, ’ZE(TQ)—ZP2(T2)

L g L g <
P E P,
Le Menec, S.: Linear Differential Game with Two Pursuers and

One Evader. In: Annals of the International Society of
Dynamic Games, Vol.11, 209-226 (2011)

}, min max ¢
u v

Two Pursuers




Linearized Dynamics

34ecb BUAMM JINHEAPU30BAHHYIO ANHAMUKY AJISt KQXKAOro u3
npecnegoeateneii. [pecnegosatenn AelicTBYIOT KOOPAMHNPOBAHHO.
MosToMy MOXXeM 0BBEANHNTL UX B MEPBOrO UrPOKa C BEKTOPHbLIM
ynpaBAeHNEM U, UMEIOLLUM HE3ABUCMMO OrpaHNYeHHbIe CKaNsipHble
koMmnoHeHThl. [luHamuka yberatowlero Takas xe, Kak u npexge. Hazosém
ero BTopbiM urpokom. Mnata B Urpe — MUHUMYM PacCTOsHWN, KOTOpble
NOACYNTLIBAIOTCA B MOMEHTbI oKOHYaHua 17 u 1o Mexay yberaowmm un
COOTBETCTBYIOWMM npecienosaTenem. [lepeoit nybankauueli no
paccMmaTpuBaemoii 3agade beina ctates S. Le Ménec.

Here, we see linearized dynamics for each of pursuers. They act in
coordination. Therefore, we can join them into the first player with a
vector control u that has independently bounded scalar components.
Dynamics of the evader is the same as earlier. We name it the second
player. The payoff is the minimum of two distances computed at the
termination instants 77 and 75 between the evader and the
corresponding pursuer. The first publication on this problem was the
paper by S. Le Ménec.

Two Pursuers
°




Relative Linear Dynamics

Change of variables: y; = zg — zp,, Y2 = 28 — 2p,

The new dynamics is

Y1 = —ap, +ag, Yo = —ap, +ag,
ap, = (w1 —ap)/lp, ap, = (u2—ap,)/lp,,
dE = (U — CIE)/ZE

Constraints for the players controls:
lur| < pay o Jug] <oy fu| <w
The payoftf:

o (y1(T1), y2(T3)) = min (|1 (T1)],

y2(13)])

Two Pursuers




Relative Linear Dynamics

BBefném pa3HOCTHblE reOMETPUHECKNE KOOPAUHATLI Y1 U Yo. 3anuiuem
COOTBETCTBYIOLLYIO ANHAMUKY, OFPAHUYEHNSI HA YNPABIEHUS 1 DYHKLMIO
nnaThbl.

Let us introduce difference geometric coordinates y; and 5. We write
the corresponding dynamics, constraints for the controls, and the payoff
function.

Two Pursuers




Dynamics in Forecasted Coordinates

ZEM, Zero Effort Miss Coordinates

Consider coordinates x; and x5 that are the values of y; and
1o forecasted to the corresponding termination instants 7;
under zero controls:

z; = yi + 0T — aplp h(7/lp) + aplyh(r/1g),
=T, —t, i=1,2, ha)=e*4+a—1
The dynamics:
1 = —lp h(m/lp )us + lgh(11/lg)v,
iy = —lp,h(12/lp,)us + lph(me/lg)v
The parameters of the game:

n; = Hi _ maximal relative acceleration
v
lg : . .

£ = — relative agility i=1,2

_

Two Pursuers




Dynamics in Forecasted Coordinates

ZEM, Zero Effort Miss Coordinates

3anuwem gUHAMNKY B KOOPAMHATaX MPOrHO3MPYEMOro Npomaxa.
PasmepHocTb HoBOro hasosoro BekTopa pasHa 2. Benuuuhsl 7;, &;,
¢t =1, 2, — HOpMNpPOBaHHbIE NapamMeTpbl UTpPbI.

This is the dynamics in the ZEM-coordinates. The new phase vector has
the dimension 2. The values 7; and ¢;, ¢ = 1, 2, are normalized
parameters of the game.

Two Pursuers




Solvability Set: “Strong”’ Pursuers

M1 :2, ,u2:3, Vzl, lpl :1/2, lp2 :1/0857, lE:L
T'=7,1T,=5¢=0

Solvability Sets
°



Solvability Set: “Strong”’ Pursuers

Celivac byayT nokasaHbl YMCNEHHO MPOCHUTAHHbIE BAPUAHTLI MHOXKECTB
paspewwmmocTu. [TpocTpaHCTBO Nrpbl TPEXMEPHOE: OCb BPeMeHM t 1 [iBe
ocK X1, To KOOPAMHAT MPOrHO3MpyeMoro npomaxa. Ha stom cnaiige mbl
BUIVM C ABYX TOYEK 3PEHUS MHOXXECTBO Pa3peLluMoCcTu ANis Cy4ast
cunbHbIX npecnegosateneii. MomeHTsl 77 n T5 — MOMEHTbI OKOHYaHUS.
[apaHTMpOBaHHbIA NpoMax, A5t KOTOPOro MOCTPOEHO MHOMECTBO
paspelnMocTy, paBeH Hynto. B HukHel YacTu cnaiiga ykasaHbl
napameTpbl 3aja4u.

Now, we shall show some numerically obtained pictures of solvability sets.
The game space is three-dimensional: the time axis ¢t and two axes x1
and x5 of the ZEM-coordinates. On this slide, for the case of strong
pursuers, we see a solvability set from two points of view. Termination
instants are marked as 77 and T5. In the lower part of the slide, the
parameters of the problem are given.

Solvability Sets
°



Solvability Set: “Weak™ Pursuers

1 =09, s =08 v=1,1p =lp,=1/07,lp =1, T, =9,
TQ = 7, c=20

Solvability Sets




Solvability Set: “Weak™ Pursuers

3pech € ABYX TOYEK 3PEHUSI MOKAa3aHO MHOXECTBO PaspelunmMocTy Anst
cnyyas cnabeix npecneposateneit. Beanyuna npomaxa ¢ = 2.0. B
HEKOTOPbI MOMEHT 0OpaTHOro BpeMeHU t-Ce4eHre MHOXeCTBa
Pa3peLMMOCTY Pa3fessieTCss Ha 4Ba NOAMHOXeCTBA. Kaxxagoe n3 Hux
obpbiBaeTcs ¢ yBennyeHmem obpaTHOro BpeMeHu.

Here, the solvability set for the miss ¢ = 2.0 was constructed for the case
of weak pursuers. The set is shown from two points of view. At some
instant of the backward time, the t-section of the solvability set disjoins
into two subsets. Each of them degenerates at some further instant of
the backward time.

Solvability Sets




One Strong and One Weak Pursuers

,u1:2, ,LLQZ]_, V:]_, lpl :1/2, lp2 :1/03, lE:]_,
Ty =5 To=7,¢=5.0

Solvability Sets




One Strong and One Weak Pursuers

MHoXXecTBO pa3pelMOCTU Ha 3TOM Cralifile COOTBETCTBYET Npomaxy
¢ = 5.0 1 NOCTPOEHO A/15 CAy4asi OLHOrO CUSILHOTO 1 OZHOro ciaboro
npecnefoBaTeneil.

The solvability set in this slide corresponds to the case of one strong and
one weak pursuers. The guaranteed miss ¢ equals 5.0.

Solvability Sets




Varying Advantage of Pursuers (1)

T,=T, LVC - {(t’ ‘,L) : V(t :L) < C}
R
t T = ;
\/ o
\ Wis
x;‘
amn W63
net ——

1 =pe=15v=1lp =Ilp, =1/0.25, lp =1,
T1 = T2 == 15

Solvability Sets




Varying Advantage of Pursuers (1)

3pechk nokasaHbl fBa MHOXECTBA Pa3peLUNMOCTU CO 3HAYEHUAMU
npomaxa ¢ = 1.32 n ¢ = 2.63, NnoCcTpoeHHble ANs CAyHask OfUHAKOBbLIX
npecnefoBaTeneil, NPUYEM Ha HaYaIbHOM MPOMEXYTKE 0OpaTHOro
BPEMEHN ANHAMUYECKOE MPENMYLLECTBO UMeeT yberatowumii, a NoTOM OHO
nepexoauT K npecnegosatensam. MomeHTbl okoHvanus 17 n Th
COBMajaloT.

Here for the case of identical pursuers and varying advantage (the evader
has a dynamic advantage in the initial interval of the backward time,
then the advantage passes to the pursuers), we see two solvability sets
corresponding to the misses ¢ = 1.32 and ¢ = 2.63. Termination

instants 7 and 75 are equal.

Solvability Sets




Varying Advantage of Pursuers

=08 =13 v=1,1p =1/20, lp, =1/0.5, Iy =1,
T, =15, Ty = 13.5, ¢ = 0.263

Solvability Sets
°




Varying Advantage of Pursuers (2)

3peck napameTpbl Nrpbl NOJObpaHbl Tak, YTO NepBbili NPeciefoBaTesb
MMeeT ANHAMUYECKOE MPENMYLLECTBO Hag yOeratoLwmym Ha HEKOTOPOM
Ha4yaNbHOM MPOMEXYTKe 0OpaTHOro BpeMeHU, HO TepsieT ero npu
JanbHewem ysenndenun obpatHoro Bpemerun. Haoboport, BTopoii
npecnefoBaTeNb B Hadane obpaTHoro BpemeHu cnabee yberatouiero, a
MOTOM CTaHOBUTCS cuiibHee. [okasaHHOe Ha cnaiifie MHOXeCTBO
pa3peLnMOCT COOTBETCTBYET 3HayeHuto npoMaxa ¢ = 0.263. /13-3a
cnabocTy nepBoro mpeciegosaTens npu HonbWNX 3HaYeHnsIX obpaTHOro
BPEMEHN MHOXECTBO 0bpblBaeTCs.

Here, the parameters of the game are such that the pursuer P; has an
advantage over the evader in some initial interval of the backward time,
but then the advantage passes to the evader with growth of the backward
time. On the contrary, the pursuer P, is weaker than the evader and after
that it becomes stronger. The solvability set shown in this slide
corresponds to the miss ¢ = 0.263. Due to the weakness of the first
pursuer at large instants of the backward time, the solvability set
degenerates at some instant.
Solvability Sets
[ ]




General Method of Control Generation

x is the current phase state, s is the vector of the desirable
shift, u* is the optimal control

The problem is in storing the entire value function or in fast
computing it in the neighborhood of the current phase state

Switching Lines




General Method of Control Generation

Obuwas ngeonorusi Teopun audepeHLManbHbIX UFP Npegnosaraer ans
MOCTPOEHMUSI ONTUMANLHOMO ynpassieHust obpaTHol cBA3n nNmbo xpaHeHue
B NaMsTu OYHKLNAN LeHbl LENMKOM, nbo BbicTpoe eé BoluncieHmne B
HEKOTOPOI OKPECTHOCTUN TeKyLero ha3oBoro coctosiHusi cuctemsl. [pu
3TOM ONMTMMAJIbHOE YNpPaBfeHUe B TEKYLN/ MOMEHT ONpeensieTcs npu
NMOMOLLM HEKOTOPOrO BEKTOPA IKCTPEMAJILHOMO CABUTA.

A common ideology of differential game theory for constructing an
optimal feedback control supposes either storing the entire value function
or its fast computing in some neighborhood of the current phase state of
the system. By this, the optimal control is found with the help of some
vector of extremal shift.

Switching Lines




Constructing Switching Lines

t=Dt)u+ E(t)v, |ul<p, [v|<v
H(ll(t)

/

w=poo) wr=—p
u*e[_‘)u‘hu} U*E{—I/,I/}
Convex case N.D.Botkin, V.S.Patsko, M.A.Zarkh

Switching Lines




Constructing Switching Lines

[nsi 3aga4 ¢ BbINykAOKA dbyHKUMER NiaTbl MeeM BbiMyK/ible t-CeHeHus
MHOXXECTB YPOBHsI hyHKLMM LieHbl. B ciydae ckansipHoro ynpasnexus (u
KaK CJIeACTBIE, CKaNSIPHOI BEKTOrPaMMbl) OFHOTO UM 0BONX NMPOKOB
Mbl MOXXEM O6pa6OTaTb Ce€4eHNA MHOXXECTB YPOBHA, B3ATbIE Ha
HeKOTOpO|7| CE€TKE MOMEHTOB BpPEMEHWN, N NONYHUTb JINHUWN NEPEKNIOHEHNA
onTuManbHoOro ynpasneHnsi. Ha cnaiige nokasaHa cxema Takoii
0bpaboTkn B Ciyyvae cKasipHbIX yNpaBaeHuii 0boux Nrpokos.
Vcronbaytotest Bektopbl D(t) n E(t) n3 3anucn gnHamukmn B
KOOpAMHATaX MPOrHO3MpyeMoro npomaxa. [1o ofHy CTOpOHY OT NuMHUMN
NePEeKNtOHEeHNA ONTUMAJIbHOE yNpaBaeHNe COOTBETCTBYOLWEro Nrpoka
NPUHNMAET OLHO KpaiiHee 3HaueHwue, no Apyryto — gpyroe. Ha camoii
JINHUN NEPEKITIOYEHNS ANt MEPBOTO UMPOKa YMpPaB/IEHNE MOXET ObIThb
NPOU3BOJIbHLIM, @ AJis BTOPOro AOMYCTUMO BbIOMPaTh TONLKO KpaiiHue
3HaA4YeHn4. I_IpVI 3TOM B NaMATN XPAHATCA TOJIbKO CaMN TINHNN
nepekatoYeHuns bes Kakoi-nmbo AonoNHUTENbHOW UHdOpMaL UK.




Constructing Switching Lines

For differential games with convex payoff function, we have convex
t-sections of level sets of the value function. In the case of scalar control
(and therefore, scalar vectogram) of one or both players, we can process
the sections taken in some time grid and obtain switching lines for
optimal control. In this slide, we see a scheme of the processing in the
case of scalar controls of both players. The processing involves the
vectors D(t) and E(t) from the dynamics written in the coordinates of
the forecasted miss. On one side of the switching line, the optimal
control of the corresponding player takes one extreme value, on the other
side it has the opposite extreme value. On the switching line, the optimal
control is arbitrary for the first player. The second player should take one
of the extreme values when being on his switching line. With that, we
store the switching lines only without any additional information.

Switching Lines




Krasovskii's Discrete Control Scheme

Switching Lines




Krasovskii's Discrete Control Scheme

MbI npnMeHsieM ynpaBfieHne, OCHOBaHHOE Ha JIMHUSAX NEPEKIIOYEHNS], B
ONCKpeTHOW cxeMe ynpaBneHns. Ha kaxxaom mHTepBane gUCKpeTHOI
CXeMbI yNpaBJieHne SABASETCS NMOCTOSHHbIM.

We apply the feedback control based on the switching lines in discrete
scheme of control. In each time interval of discrete scheme, the control is

kept constant.

Switching Lines




Strategy for the Control u;
of the First Player; Strong Pursuers
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Strategy for the Control u;

of the First Player; Strong Pursuers

HecmoTpsi Ha To, 4TO B Hallel 3afaye t-CEHEHUSI MHOXXECTB YPOBHS
PYHKUUN UEHbI He SIBNSIOTCS BbIMYKAbIMU, YAAETCS COXPaHUTL CXEMY
NOCTPOEHUSI INHUI NEPEKNIOYEHNS, Pa3paboTaHHYIO A1s1 BbINMYKIOrO
cny4asi. Ha sTom cnaiige ansi cnyyas cuibHbIX npecnegosatenein ans
HEKOTOPOro MOMEHTa BPeMEHU t NOKa3aHbl t-Ce4eHNs MHOXECTB YPOBHS
byHKLUM UeHbl. YNpaB/ieHne NepBOro UrPoOKa UMEET [BE HE3ABUCUMbIE
KOMMOHEHTHI U1 U us. YNpaBneHne uq LEACTBYET MO rOPU3OHTaNN.
Paccnameas nnockocTb x1, To rOPU3OHTANbHBIMU NPSIMbIMU, HA KaXKOIA
U3 HUX HAXOAWUM OTPE30K MUHUMYMa CyXeHusi (DyHKLUM LeHbl Ha 3Ty
npsiMyto 1 6epém B HEM MPOU3BOJILHYIO TOUKY, KOTOpasi NOMAET B ANHMIO
nepekntoYeHust AN ynpasneHns ui. B cnyvae cunbHbix
npecnepoBaTeneil B Ka4eCTBe JINHUUN NEPEKNOYEHNS YNPaBAEHNS U B
Ntoboli MOMEHT BPEMEHN MOXXHO B3siTb BEPTUKAJILHYIO OCb.




Strategy for the Control u;

of the First Player; Strong Pursuers

In spite of the fact that in our problem t-sections of level sets of the
value function are not convex, it is possible to keep the scheme of
switching line construction elaborated for the convex case. In this slide,
t-sections of level sets of the value function are shown for some instant
for the case of strong pursuers. Control vector of the first player has two
independent components u; and uy. The control w; acts horizontally.
Analyzing the value function along the horizontal lines, we determine
intervals of minimum of the value function in each of the lines. We take
an arbitrary point from every interval for the switching line of the
control u1. In the case of strong pursuers, at any instant, we can take the
vertical axis as the switching line for the control u;.

Switching Lines
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Switching Lines of the First Player

for Case of Two Strong Pursuers

Ons ynpaBneHns us, koTopoe LelicTBYeT Mo BepTUKaIU, paccyxAaasi
aHaJIOTNYHO, B KAY€CTBE JINHUW NEPEKIOYEHNSI MOXXHO B35ITb
BEPTMKAJIbHYIO OCb. Takum 0bpa3oMm, B Cliydae CUJIbHbIX
npecnefoBaTeneil IMHUN NEPEKSIIOYEHUS O NEPBOIO NIPOKA OYeHb
NpoCTble: 3TO BePTUKaJbHAs N rOPN30HTaNbHAA OCK.

For the control us that acts in the vertical direction, doing analogous
constructions, we can take the horizontal axis as the switching line. So, in
the case of strong pursuers, the switching lines are very simple, namely,
they are the vertical and horizontal axes.

Switching Lines




Switching Lines of the First Player

for Case of Two Weak Pursuers
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The switching lines depend on time ¢




Switching Lines of the First Player

for Case of Two Weak Pursuers

Ha sTtom cnaiige ons HEKOTOPOro MOMEHTa BPEMEHU MOKa3aHbl JUHUN
NEPEKIIOYEH IS NEPBOrO NIPoKa ANs Cydast ABYX Ciabbix
npecnefosaTesieii. B aTom cnyyae nuHum nepekntoHeHust 3aBUCAT OT
BPEMEHN.

In this slide, the switching lines of the first player are shown for the case
of two weak pursuers for some instant. In this case, the switching lines
depend on the time.

Switching Lines




Quasioptimality and Stability

of the Control Method

For the case of two strong pursuers, it is proved that the first
player's control method based on the switching lines
guarantees a result close to the value of the Value function at
an arbitrary initial position if the errors of numerical
constructions and inaccuracies of measurements of the current
phase state are small.

The same statement is true for the case of two weak pursuers.

We think that the statement is true also for the case of one
strong and one weak pursuers.

But for the case of varying advantage of pursuers, in all
likelihood, we need, maybe, some additional information on or
near some parts of the switching lines, for example, values of
the Value function or vectors of its gradients.

Switching Lines




Quasioptimality and Stability

of the Control Method

He BbinuckiBasi akkypaTHO COOTBETCTBYIOLUME YTBEPXKAEHUS, OTMETUM
cnegytouiee. [Ins cnyyas cuibHbIX npecneaoBaTenein amHum
NEPEKNTIOYHEHNA, MPUMEHAEMDbIE B p,MCerTHOVI CxXeMe ynpaBieHun,
rapaHTMpYOT NEPBOMY UFPOKY pe3ynbTaT, bAu3kuii K LeHe nrpbl ans
NpOn3BOJIbHOW HavanbHoW no3uunn. [lokasaHa ycToliumBOCTb MeTona
yNpaBieHNs OTHOCUTENBHO MasibiX NOrPeLHOCTEl NpU YNCIEHHOM
NOCTpPOEHNN NNHNIA NePEKNOYEHNA N MaslbIxX HETOYHOCTEN npu
n3MepeHun TekyLlero ha3oBoro COCTOSIHUA CMCTEMbI. AHaNOrM4YHoe
YTBEPXAEHUE A0Ka3aHO AN ciyyas cnabbix npecnegosateneii. Mol
LYMaeM, 4TO NoAoDHblE YTBEPXXAEHNA CNpaBefNuBbl N 4715 CAy4asi, KOrga
OfVH N3 NpecnefoBaTeNein CubHbIA, a gpyroii cnabwiii. Ho cywectsytot
npobsembl ¢ obocHOBaHMeM cnocoba ynpasieHust Mpu NOMOLLW JVHWIA
NEePEKSIIOHEHNA ANna caydad NepemMeHHOro npenmMyLecTea.




Quasioptimality and Stability

of the Control Method

Not writing strict mathematical statements accurately, we would remark
the following. For the case of strong pursuers, the switching lines applied
in a discrete scheme of control guarantee to the first player a result close
to the value function for any initial position of the game. It is proved that
the method is stable with respect to small errors of numerical
constructions of switching lines and to small inaccuracies of
measurements of the current phase position of the system. We think that
similar statements are valid for the case of one strong and one weak
pursuers. But there are some difficulties with justification of the switching
line method for the cases of varying advantage of pursuers.

Switching Lines







Switching Lines for the Second Player

JInHnn nepekntoveHNs CTPOATCA TakxXe U Ans BTOporo urpoka. Ha stom
cnaiifie nokasaHbl JVHUN NEPEKIIOYEHUS YNPaBAEHUS v A1 HEKOTOPOro
MOMEHTa BpPeMeHu B Ciy4ae cnabbix npecnefosaTeneii. 34eCb Mbl UMeEM
6 KIEeTOK, BHYTPU KOTOPbIX ONTUMAaJIbHOE YNpPaBieHNE ¥ NMOCTOSIHHO U
NPVHUMaeT TO UM UHOE KpaliHee 3HaYeHue.

We build switching lines for the second player too. In this slide, we show
them for some instant in the case of weak pursuers. Here, we have 6
cells, inside of which the optimal control v is constant and equal to some
extreme value.

Simulations




Trajectory under Quasioptimal Controls

of Both Players; Weak Pursuers
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Trajectory under Quasioptimal Controls

of Both Players; Weak Pursuers

Ceiiuac byayT npencrassieHbl pe3ynbTaTbl MOLENVPOBAHUS LBUXKEHNT
CUCTeMbl ANsi cayyasi cnabbix npecnegosateneii. [pecnegosatenu un
yberatowuii ABNralOTCs, NMESI MOCTOSIHHLIE FOPU30OHTaNbHbIE
cocTtaenstoume ckopocteit. MomenTsl 17 u T coenagatoT. YnpasneHue
KaXK[Oro 13 ODbEKTOB BAUSIET TOMLKO HA BEPTUKAJbHbIE COCTABASIOLME
aBvkeHns. Ha aTom cnalifie nokasaHbl TpaekTopumn B CUJY YNpaB/eHuii
npy NOMOLLU JINHUIA NEPEKTIOHEHNS.

Now, simulation results for the case of weak pursuers will be considered.
The pursuers and evader move having constant horizontal components of
their velocities. The termination instants 77 and 15 are equal. For each
of these objects, its control affects only the vertical component of the
motion. In this slide, the trajectories are generated under controls on the
basis of switching lines.

Simulations




Quasioptimal Control of the First Player

and Random Control of the Second One
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Quasioptimal Control of the First Player

and Random Control of the Second One

3peck ans yberatoLero nCnosib3oBasioch CyHaiiHoe ynpasieHue.
PesynbTupytowmii npoMax paBeH Hy/to, XoTs npecsiegoBaTenn cnabee.

Here, we used a random control for the evader. The resultant miss equals
zero, despite the pursuers are weaker.

Simulations
°




Quasioptimal Controls.

One Pursuer is Very Weak
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Quasioptimal Controls.

One Pursuer is Very Weak

[ns satoro mogennpoBaHus npeciepoBatenb P caenaH odeHb cnabbim.
[elicTeyst onTumanbsHo, yberatowmii nony4aer 60bLWONA npoMax.

In this simulation, the pursuer P is very weak. Using optimal control, the
evader obtains a very large miss.

Simulations




Possible Problems
of the Suggested Control Method




Possible Problems

of the Suggested Control Method

Hagum kpaTkoe NosicHeHWe, NOYEeMY MOXXET OTCYTCTBOBATb YCTOMYMBOCTb
METOZa YNpaB/IeHNs, OCHOBAaHHOIO HAa JINHUSIX NEPEKIOYEHNs, B Cy4dae
MasibiX BO3MYLUEHUI B n3mepeHun ¢a3oBoro coctosiHus. PucyHok,
nokasaHHbIii Ha 3Tom cnalige, cxemaTudHblii. [peanonoxnm, 4ToO
[BV>XEHNE MOMNajaeT Ha yyacToOK JIMHUMN MePEeKSIIOYEHUS NEPBOro UrpokKa
(nocTpoeHHoli, Hanpumep, Ans ynpasneHus us), obnagatownii
CBONCTBOM paccenBaHusi (TO CTb, ONTUMasIbHAs TPAEKTOPUS JOKHA
NoOTU OT NNHUN nepektoyernst). Toraa nHdopMaLnoHHble owmnbkn B
onpefeneHnn NOJIOKEHNS CUCTEMbl OTHOCUTENIBHO JIMHUMN MEPEKITIOYEHUS
MOTYT NPUBECTU K BO3HUKHOBEHWIO CKOJIb3SILLErO PEXXMMA: Hanpumep,
CUCTEMA PACMOJIOKEHA BbILLE JIMHUM MEPEKNIOYEHNS, HO B CUNY OLLIMOKM
M3MepeHUsi METOZ, CHUTAET, YTO CUCTEMA HAXOLUTCS HUXKe, U Bblbupaet
ynpaefeHue, TsHyllee CUCTeEMY BHU3; N HaobopoT. Baonb nony4yaemoii
TPaeKkTopuM LieHa Urpbl MOXeT Bo3pacTaTb. Ho ato Tpebyer ouenb
«NCKYCHOTrO» COYETaHusi OWNDOKN U3MEPEHNS N NOBEAEHUS NPOTUBHUKA,
TO eCTb BTOPOroO MFPOKa, HYTO HA NPaKTUKe MaNOBEPOSTHO.

Conclusion 29



Possible Problems

of the Suggested Control Method

Let us give a brief explanation, why the stability property of the control
method based on switching lines can be destroyed if there are small
inaccuracies in measurements of system phase state. The picture shown
in this slide is schematic. Suppose that a motion of the system reaches a
part of the first player's switching line (constructed, for example, for the
control usy) with dispersal property (that is, the optimal trajectory should
go away the line). The under information errors, there can be sliding
regime near the switching line: let the system actually located above the
line, but due to a measurement error the method counts that the system
is located below the line and chooses the control, which pushes the
system down; and vice versa. Along such a chattering trajectory, the
value function can increase. But it requires very skilful combination of an
information error and a behavior of the opponent (that is, the second
player). This is almost impossible in a real process.

Conclusion 29




More Complicated Acceleration Law

acceleration

acceleration

Conclusion 30




More Complicated Acceleration Law

B onucanum grHamuku obbeKTOB NCMOb30BaNOCh 3BEHO NEPBOrO
nopsiika Npu nepexofe OT ynpaBneHns K yckopeHnuto. Mbl nnanupyem
MOZEPHU3UPOBaTh HAWW MOCTPOEHUs Ajisi bosiee peasmcTUYHOro, HO 1
bosee CNOXKHOMO CAy4Yasi, KOTfa NEPEXOA OT YNPaBIEHUsS K YCKOPEHMIO
OCYLLECTBJ/ISIETCS Yepe3 3BEHO BTOPOro Mopsifka.

It is used the first order law to form the acceleration of the objects. In
the future, we shall try to modify our computations for the case of the
second order control law.

Conclusion 30
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