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Canaiin 1

Be jekiuu Oy/IyT MOCBSAIICHBI TPEXMEPHOMY MHOXKECTBY JOCTHKUMOCTH JIJIs YIIPABJIAEMOro 00bEKTa, KOTO-
pbiit Ha3bIBatOT «Marmmna Jlyouncas. Hazsanue yciaoBaoe. 3ymech HeT Kakux-au00 cuii Tpenusi. OObeKT JIBUKETCs
C TIOCTOSTHHOM JIMHEWHOI CKOPOCTHIO M MOYKET IIOBOPAYNBATh B OJHY HJIM 00€ CTOPOHBI C COOIOJEHIEM 3aJaHHOTO
OrpaHWYeHNs Ha YTJIOBYIO CKOPOCTH MOBOPOTa. acTo TaKyl MOJETb UCHOJb3YIOT JIJIsl ONUCAHUS JBUZKEHUS Ca-
MOJIETa B TOPU30HTAJILHON IIOCKOCTU. [IpobiieMaTudnbiM ABJIAETCA MPUMEHeHne e€ JJid JIBUXKEHUs KOpaOJisd Wn
aBTOMAINHBI. BO3MOXKHO, HAnbOJ1€E TTOIXOISIINM SBJISETCH UCIOIb30BAHNE JIJIsi OIMUCAHUS JTBUYKEHUS OJIHOKOJIEC-
Horo Besocunesa (unicycle). Tem He mMenee, B smTepaType JaHHAsS MOJENb HPUMEHSCTCS JJisl OYCHBb ITHPOKOTO
KJIacca 3a/1ad, MpezK/ie BCET0, B POOOTOTEXHIKE.

Slide 1

Two lectures will be devoted to three-dimensional reachable sets for the controlled object, which is called the
“Dubins car”. It is a conventional name. There are no friction forces here. The object moves at a constant linear
velocity and can turn to one or both sides. There are corresponding restrictions on the angular velocity of rotation.
Often such a model is used to describe the motion of an aircraft in the horizontal plane. It is problematic to use
it for description of motion of a ship or a car. Maybe, the most appropriate usage is to describe the motion of
a unicycle. Nevertheless, in literature, this model is used for a very wide class of problems, primarily in robotics.



Preamble:
model problem with
Incomplete information



An observation problem of aircraft motion

The polar
coordinate system
used by radars
consists of
azimuth (angle
from north),

elevation (angle
up from
horizontal), and
slant range.

H is a set of uncertainty
for a measurement
in the horizontal plane

HEIGHT

Measurement errors
of a radar is restricted
by geometric constraints.

Taking into account the dynamics

of the aircraft motion, this allows

to find an area of possible states

of the aircraft during observation
process
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CTuMyJioM uccje0BaHus TPEXMEPHOIO MHOYKECTBA JOCTUKUMOCTH JIJIsl aBTOPOB JIOKJIa [a MHOTO JIET HAa3a/1 I10-
CJTyKUJTa MPUKJITHA 33/1a9a O MOCTPOEHUH NH(MOPMAITMOHHBIX MHOXKECTB ITPU HAOIIOJECHUN 33 JIBUKEHUEM CAMO-
JIETA B TOPU30HTAJIBHOMN TIIOCKOCTH. PainoiokaTop 0TCIeKnBaeT TPAeKTOPUIO ABUKeHUs caMojieTa. C HEKOTOPBIM
IIIarOM TI0 BPEMEHM OH BBIJIA€T M3MEPEeHHs a3uMyTa U JIaJIbHOCTH BO3IYITHOrO 0O0bekTa. [IpmHnMas Bo BHUMAaHME
U3MepUTeIbHbIE IOIPENTHOCTU PAJIM0JIOKATOPA, B KazK/Iblil MOMEHT U3MEpEeHHd II0JIydaeM Ha IIJIOCKOCTH MHOXKECTBO
HEOIIPE/IEJIEHHOCTH 3aMepa, MPEeJICTaBJIsIoNnee co00il KOIbIEBON CEKTOP. YUUThIBasA JUHAMUKY CaMOJIETa, MOXKEM
HANTH MHOXKECTBO BCEX BO3MOXKHBIX (DA3OBBIX COCTOSIHUI (P€OMETPUIECKOE IMOJIOKEHUE U HAIIPABJIEHHE CKOPOCTH )
CaMOJIETa, COBMECTHBIX C TMOJIYYEHHBIMU 3aMepaMM U 33JIaHHBIMUA TOTPENTHOCTIME PaM0JI0KATOPOB. Takue MHO-
JKeCTBa IPUHATO HA3BIBATH UHPOPMAUUOHHBLMU.

Slide 3

Many years ago, the authors of this talk were stimulated to study the three-dimensional reachable sets by an
applied problem of constructing information sets when observing a motion of an aircraft in the horizontal plane.
The radar tracks the trajectory of the aircraft. With a certain time step, it gives measurements of the azimuth and
range of the air object. Taking into account the measurement errors of the radar, at each instant of measurement,
we get a set of measurement uncertainty in the plane, which is an annular sector. Given the dynamics of the
aircraft, we can find the set of all possible phase states (geometric position and direction of velocity) of the
aircraft, compatible with the measurements obtained and the specified radar errors. Such sets are usually called
information sets.



Using of reachable (forecast) sets for construction of information sets

Forecast set

/; at the instant t*
T ( by virtue
of the system
dynamics )

Uncertainty set
Information set of a measurement Information set

at the instant t, at the instant t* at the instant t*

Information set at a current instant is a totality of all phase states
consistent with description of the dynamics, constraints on measurement errors,
and history of the observation — control process.

Terms equivalent to the term “information set” are
“feasible set”, “membership set’, “likelihood set’.

The approach is often called the “set membership estimation” or
“‘unknown but bounded error description (UBB approach)”
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Ha namuoM ciaiijie cxeMaTnvIHO HOKa3aHa IPOIIE/Iypa Iepecdéra nHGOPMAINOHHOIO MHOZXKECTBA, IIPH MOCTYILIe-
HUM 0YepesiHoro 3amepa. [lycrs B MoMeHT ¢, nMeeM uHdopMarmonHoe MHOkecTBO I (t,). lemaem npornos ¢gpazoBoro
COCTOSIHUSI CAMOJIETa Ha MOMEHT OyyIero 3amepa B MoMeHT t*. Takoe MHOXKECTBO HA3bIBAEM MPOTHOZHBIM U 000-
saadaeM G (t*). ITo cyTn 9T0 MHOKECTBO JOCTIZKIMOCTH, TOCTPOEHHOE HA OCHOBE M3BECTHOTO OMMCAHUS JUHAMUKH
camoJsiéra 1 HadagbHOro Muoxkectna [ (t,). Ilepeceuenne muoxkecrsa G(t*) ¢ muoxkectBoM Heoupeenéanoct H (1*)
OYepE/THOrO 3aMepa eCTh NHMOPMAIMOHHOEe MHOXKeCTBO [ (%) /st MomeHTa t*.

Slide 4

This slide schematically shows the procedure for recalculating the information set when the next measurement
is received. Let at the instant ¢, we have an information set I(t.). We make a forecast of the phase state of the
aircraft at the time of the future measurement at the instant ¢*. We call such a set as forecast set and denote it
by G(t*). In fact, it is a reachable set constructed on the basis of dynamics description of the aircraft and the
initial set I(t.). The intersection of the set G(t*) with the uncertainty set H(¢*) of the next measurement is the
information set I(t*) for the instant ¢*.
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Taxum oOpa3oM, IPU TOCTPOCHUH TH(MOPMAIIMOHHBIX MHOXKECTB MbI JIOJIKHBI YMETb CTPOUTH MHOXKECTBO IIPO-
IHO3a, MHOXKECTBO HEOIIPEJIEIEHHOCTH 3aMepa U OCYIIECTBIISThH IE€PEcedeHrne STUX TPEXMEPHBIX MHOMKECTB (CM.
npaByto JacTh caaiina). [Ipu mocTpoernn MHOXKeCTBa MIPOrHO3a OY/IeM OMUPATHCs Ha OMUCAHNEe MHOXKECTBA JOCTH-
JKAMOCTH JIjIs MarmuHbl JlyOuHca mpu 0ITHOTOYeIHOM HAYaJbHOM MHOYKECTBE.

B s1eBoit yacTu ciiaiijia MoKasaHbl MPOEKIUU MHOXKECTB HEOIIPEIEJEHHOCTU (B BHJIE IPSIMOYTOJBLHUKOB) Ha ILJIOC-
KOCTb NeOMETPUIECKUX KOOpANHAT. YEPHBIM IIBETOM BbIJIE/IEHBI IIPOEKIINT HH(MOPMAITMOHHBIX MHOKECTB. VcTuHHAS
TpaeKTopus (TakzKe B IPOEKIUN) CaAMOJIETa M300pazkeHa CILIONIHOM JIMHUCH.

Bo Bropoii Jjiekiun 3ajava ¢ HenoJHoi nHpopMalmeit Oyaer paccMoTpeHa 0oJiee oIpoOHO.

Slide 5

Thus, when constructing information sets, we should be able to build a forecast set, a measurement uncertainty
set, and perform the intersection of these three-dimensional sets (see the right part of the slide). When constructing
the forecast set, we will rely on the description of the reachable set for the Dubins car with a one-point initial set.
The terms “reachable set”, “reachability set”, and “attainability set” are regarded as synonyms.

The left part of the slide shows projections of uncertainty sets (in the form of rectangles) in the plane of
geometric coordinates. Projections of information sets are highlighted in black. The true trajectory (also in the
projection) of the aircraft is represented by a solid line.

In the second lecture, the problem with incomplete information will be considered in more detail.



Dubins car:
notes of dynamics and
reachable set.
History of the issue



Coordinated aircraft turning

In the horizontal plane
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. . ] . Miele A. Flight mechanics. 1962
X=C0Sep, Yy=Sihe, @e=U ( Muernie A. Mexanuka nonéta. T. 1. M.: Hayka, 1965 )
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[Tosicuum, Kak BO3HUKAET JIUHAMUKA MalwHbl JlyOurca mpu pacCMOTPEHUN JBUXKEHUsI CaMOJIETa B TOPU30H-
TajpHOM 1ockocTu. Ha cralie m3o0parkeHbl pucyHOK ¥ BbIKJaAKu u3 kHurn A. Muene «Mexanuka moséras.
Cwutbl, JIefiCTBYIOIIME HA CAMOJIET 110 BEPTUKAJIM, YpaBHOBeIIeHbI. [loaToMy NBUKEHME caMOJIETa OCYIECTBIISAETCS
B TOPU30HTAJIBHON TJIOCKOCTH.

Bennunna smneitHoit ckopoctu V' mpe/iriosiaraeTcst OCTOSTHHON. YIIpaBJ/IeHne U 3aJIa€T yroJl KpeHa, TeEM CaMbIM
olIpe/Jiesisist PAJNYC Pa3BOPOTa B MOPU3OHTAILHON TI0CKOCTUH. OCYIIecTBIsgs HOPMUPOBKY I'€OMETPUUECKUX KOOP-
JIMHAT U BPEMEHH, IPUXOJIMM K OIKMCAHUIO JIBMKEHHUS B BHJIE COOTHOIIEHUN, YKa3aHHBbIX B paMke. VIMeHHO Takoe
OIMCAHNE U HA3BIBAECTCA «MalmuHoil lyouncas.

Slide 7

Let us explain how the dynamics of the Dubins car arises when considering the motion of the aircraft in the
horizontal plane. The slide shows a drawing and calculations from the book by A. Miele “Flight Mechanics: Theory
of Flight Paths”. The forces acting on the aircraft by vertical are balanced. Therefore, the motion of the aircraft
is carried out in the horizontal plane.

The value of the linear velocity V is assumed to be constant. The control u specifies the roll angle, thereby
determining the turning radius in the horizontal plane. Carrying out the normalization of geometric coordinates
and time, we come to the description of motion in the form of relations indicated in the frame. Namely, such a
description is called the “Dubins car”.
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A pursuit problem in the vertical plane
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O.A. TOLPEGIN,
Baltic State Technical University

"Voenmeh", Saint Petersburg

METHODS FOR CONTROLLING
THE MOTION OF UNMANNED AERIAL VEHICLES
BASED ON THE THEORY OF DIFFERENTIAL GAMES

( METOQAObI YNPABNEHUA ABUWXEHUEM
BECNMUNOTHbLIX JIETATEJIbHbIX AMMAPATOB
HA OCHOBE TEOPUM OAN®DPEPEHUUAIIbHbIX UI'P )
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B Banruiickom rocymapcerserrom texamdeckoMm yauBepcurere « BOEHMEX» O.A. Tosmerun B Tedenne MHO-
IUX JIeT 3aHUMAETCs MPUMEeHeHneM MeTooB Teoprn uddepennuanbubix urp (Ha 6aze kauru H.H. Kpacosckoro)
JIJIS pellienns pa3jndHbIX MPUKJIAIHBIX 3a/1ad mpeciegoBannd. Ha caiiie mpuBeieHo onucanne JUHAMUKH OTHOM
u3 3aja4, paccmarpuBaeMbix O.A. TosmreruabiM B €ero KHUTE, KOTOpas ceiidac roToBUTCH K m3anuio. Takoe onu-
caHHe COOTBETCTBYET JINHAMUKE JIByX OOBEKTOB (IpecieioBaTe/ib U yberaworuii), IBIKYIIUXCS B BEPTUKATHHOMN
wiockoctu. VcceyenoBanue 3aja4du 1mpecjeoBaHus ONUPAETCS Ha MOCTPOEHWE MHOXKECTB JIOCTHKUMOCTU B IIPO-
CTPAHCTBE MeOMETPUYECKUX KOOPJAMHAT. BHIuM, 9TO BUJ MHOYKECTB JOCTUKUMOCTU OYEHb TIOXOXK Ha MHOYKECTBA
JIOCTHKUMOCTHU JIJIsT MaIllUHbl /[yOuHca B TPOEKIMN Ha IIJIOCKOCTbh T€OMETPUYECKNX KOOpuHAT. Takum oOpa3om,
XOTsI B JIETAJIAX ONMMCAaHUe JTUHAMUKHI He COBIAJAeT ¢ ONUCAHNEM JMHAMUKHI JId MamuHbl /[yOnHca, KauecTBeHHbIE
CBOMCTBa MHOXKECTB JIOCTUZKUMOCTU TMPAKTHIECKH OJIMHAKOBBI.

Slide 8

At the Baltic State Technical University “VOENMEKH”, O.A. Tolpegin has been engaged for many years in the
application of methods of the theory of differential games (based on the book by N.N. Krasovskii) to solve various
applied problems of pursuit. The slide describes the dynamics of one of the problems considered by O.A. Tolpegin
in his book, which is currently being prepared for publication. This description corresponds to the dynamics of
two objects (the pursuer and the evader) moving in a vertical plane. The study of the pursuit problem is based
on the construction of reachable sets in the space of geometric coordinates. We see that the form of reachable sets
is very similar to the reachable sets for the Dubins car in the projection on the plane of geometric coordinates.
Thus, although the description of the dynamics in detail does not coincide with the dynamics for the Dubins car,
the qualitative properties of the reachable sets are almost the same.



Mobile wheeled robots

x=Veosy, yg=Vsiny, y =Q, Y
B=—Q+%sinﬁ—%cosﬁ, V —aQ? =i(ML + M),

d mr
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r
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X=C0S¢p, Y=SIhep, @=U 0 ) ) )
Puc. 4. Mobuawnuiii pobom muna “Monomun
New problems of dynamics and motion control of mobile wheeled robots (naccusoe posiavkoe Koaeco)
D.E. Okhotsimskii, Y.G. Martynenko // Usp. Mekh, 2003, Ne 1, P. 3 — 46
HoBble 3agaun AMHaAMUKN M yNpaBreHus ABMKeHUEM MOBGUNbLHBLIX KONEeCHbIX po60ToB
O.E. Oxoummckun, HO.I MapTbiHeHKo // Ycnexun mexaHukun, 2003, Ne 1, C. 3 — 46

On the construction of resolving controls in
control problems with phase constraints
A.R. Matviychuk, V.N. Ushakov

/l Journal of Computer and System Sciences
International. 2006. T. 45. Ne 1. P. 1-16.

ROBOT MOTION
PLANNING
AND CONTROL

J.-P. Loumond (Ed)
1998, Springer O nocTpoeHun paspeLuaromx yrnpaBreHui B

| 3apauax ynpaBneHus c ¢a3oBbIMU OrpaHN4eHNAMM
' A.P. MaTBuituyk, B.H. Ywakos
/I N3B. PAH. TnCY. 2006. Ne1. C. 5-20.
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[IpuBeném Tenephb npumep, MOKA3BIBAIOIINN, YTO UCHOJIb30BaHUEe Mojenu Jlybunca st onucanus JBUZKEHUS
Pa3IMYHBIX «TeJeXKeK» JOJIZKHO ObITh OYeHb OCTOPOXKHBIM. Ha cjaiije mokaszaHo onucaHue JUHAMUKW JBUKEHUS
MobmbHOTrO pobora «Monorurs u3 crarbu JI.E. Oxonmmvckoro n FO.I'. MapreiHeHKO, TOCBAMIEHHOM TUHAMUKE PO-
OOTOB, UCIOJIb3yeMbIX Ha copeBHOBaHuAX B ncruryre mexanuku MI'Y. Busano, o moszens ybunca — 3T0 TOJTBKO
nepBas CTpPOYKa YKa3aHHON Ha cjaiijie cucreMbl JTuddepeHnajlbHbIX COOTHOIIEHUI.

B nepsom mpubsmmkenun mogenb JlyOuHca IMHMPOKO HUCIHOJb3YETCS MPU PEIIEHUH MHOTHX MPUKJIATHBIX 3a-
Jlad JIBUZKEHUs, B YACTHOCTHU, 3aJla4 yIpaBJIeHUd NpHU Hajau4duu upendarcTsuii. Ha craiie ykaszana ccblika Ha
KHUTY, BbImeamyo 1moj penakiuein J.-P. Laumond (@pannus, Tymysa), u ccpuika Ha crarsio B.H. Vmakosa n
A.P. MarBuitayka.

Slide 9

Let us now give an example showing that the usage of the Dubins model to describe the motion of various
“carts” should be very careful. The slide shows a description of the dynamics of the motion of the mobile robot
“Monotype” from the article by D.E. Okhotsimsky and Yu.G. Martynenko dedicated to the dynamics of robots
used at competitions at the Institute of Mechanics of Moscow State University. It can be seen that the Dubins
model is only the first line of the system of differential relations indicated in the slide.

At the first approximation, the Dubins model is widely used in solving many applied motion problems, in
particular, control problems in the presence of obstacles. The slide contains a link to a book edited by J.-P. Laumond
(France, Toulouse), and a link to an article by V.N. Ushakov and A.R. Matviychuk.



3D-Reachable set at instant t;

X = COSQ, up=-1 (symmetric case) y Vi
y =sing, Ue (_]_, 0) (asymmetric case) -
Q = U, u =0 (one-sided case) ; X

Ue [u]_, 1]- W € (0, l) (strictly one-sided case) We consider ¢ E(_OO’ +°O)

p-sections of reachable set

Reachable set at instant t;:
x(tf)
G(tr)=U | y(tr)
“Ol p(tr)

ble set up to instant t;:
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Tosops 0 momesm JlyOunca, cuuTaeM 3HAYEHUE U1, 3aJal0lee JeBYIO IPaHuIly Ha YIpaBJICHUE U, IapaMeTPOM
paccmaTpuBaeMoil 3aadn. Mbl pasimdaeM deTbIpe ciiydasi: CAMMETPUYHBINA ciydait (mpun u; = —1), HecuMMeT-
puasbliil caydaii (—1 < u; < 0), caydait ogrOCTOpOHHEro TMoBopoTa (u; = 0) W ciaydail cTPOro OJHOCTOPOHHErO
nosopota (0 < uy < 1).

MHOKeCTBO JTOCTHZKIMOCTH B 3a/IaHHBII MOMEHT { ; OIIpeIesIseM KaK COBOKYITHOCTD BCEX TPEXMEPHBIX (ha30BbIX
COCTOSIHUI, KOTOPbIE MOXKHO TOJIYUUTh, Hepedupasi BCe JIOIMYCTUMbIE MIPOIPAMMHbBIE YIIPABJICHUS Ha ITPOMEXKYT-
Ke [to,tr]. Ilox momycruMbiMu yrnpaBieHusMu (-) IMOHEMaeM H3MepuMble (DYHKINE BPEMEHH, Y/I0BIETBOPSIOINIHE
orpanmdennio u(t) € [uy, 1]. He mepsst oburaocTH, HavdaibHoe (ha3oBoe COCTOsTHEE (x(to), y(to), go(to)) CUNTaeM HYy-
JeseIM. HavganbHblii MOMEHT ) TakzKe moJjiaraeM HyJIeBbIM. VI3 mpuonuma MakcumyMa [ToHTpsaruaa Mbl IOJIy9nAM,
YTO IIPU U3YYEeHUH MHOYXKECTBA, JIOCTUKUMOCTH MOXKHO OIPAHUYUTHCS KYCOYHO-IIOCTOSHHBIMU yIIPABICHUSIMU.

[ToguepKHEM OTIMYME MHOXKECTBA JOCTHUXKUMOCTH «B MOMEHT» OT MHOYKECTBA, JIOCTUZKUMOCTH <K MOMEHTY>.
OTrmeTnM Takzke, 9TO MBI He OyJ/IeM OTOXKJIECTBJISTD YIoJI ¢ 10 Moy o 27. [Ipeamonaraem, 9To yros ¢ npuHAMaeT
3HAYEHUsI B MPOMEKYTKe (—00, +00).

Slide 10
Speaking about the Dubins model, we consider the value u;, which defines the left boundary for the control
of u, as a parameter of the problem. We distinguish four cases: the symmetric case (for u; = —1), the asymmetric

case (—1 < uy < 0), the case of one sided turn (u; = 0), and the case of strictly one-sided turn (0 < uy < 1).

The reachable set at a given instant t; is defined as the set of all three-dimensional phase states that can be
obtained with the help of all admissible open-loop controls in the interval [ty,¢f]. By admissible controls u(-), we
mean measurable time functions satisfying the constraint u(t) € [ug,1]. Without losing generality, we consider
the initial phase state (z(to),y(fo), ¥(to)) to be zero. The initial instant ¢, is also assumed to be zero. From the
Pontryagin maximum principle, we get that when studying the reachable set, we can restrict ourselves to piecewise
constant controls.

We emphasize the difference between the reachable set “at the instant” and the reachable set “by the instant”.
Note also that we will not identify the angle ¢ modulo 27. We assume that the angle ¢ takes values in the
interval (—oo, +00).



Reachable sets at the instant and up to the instant

G(ts)

G(t), te[0,t;]

G(ts;19, X, Yo, ¥9) ~ three-dimensional reachable set at the instant t;
G(tf) for X0=y0 =0, §DO=O, t0=0

G*(tf) = U G(t) — three-dimensional reachable set up to the instant t;
tE[O,tf]
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OTrmune MHOXKECTB JTOCTUXKHUMOCTHU «B MOMEHT» M «K MOMEHTY» IOsICHsIeTCsI Ha caiige. B manbHeiiem Oymem
paccMaTpuBaTh TOJIBKO MHOYKECTBA JIOCTUKUMOCTIA B MOMEHT. MHOXKeCcTBa JOCTUXKUMOCTU K MOMEHTY Ha/JI0 U3y YaTh
OT/IEJILHO.

Slide 11

The difference between the reachable sets “at the instant” and “by the instant” is explained on this slide.
Further, we will consider only the reachable sets at the instant. The reachable sets by the instant should be
studied separately.



Background of the considered model

Markov, A. A. (1889). Some examples of the solution of
a special kind of problem on greatest and least quantities,
Soobscenija Charkovskogo matematiceskogo obscestva,

Vol. 2-1 (No. 5,6), 250-276 (in Russian).
Hberomko mpumbpost phmeHia ocobaro
pofia 3afa¥b 0 HAWGONPMAXD W HAUMEHE-

IMUX'Ds BOMMYAHAXD.

e j Isaacs, R. (1951). Games of pursuit, Scientific report

Homicidal chauffeur game of the RAND Corporation, Santa Monica.

npesion rapostion  mEmoN
'JOURNAL OF MATHEMATICS

Volume LXXIX, Number 3 JULY, 1957, pp 497-515

ON CURVES OF MINIMAL LENGTH WITH A CONSTRAINT ON
AVERAGE CURVATURE, AND WITH PRESCRIBED INITIAL
The problem of finding the shortest path AND TERMINAL POSITIONS AND TANGENTS.*

for given initial / final states and directions :
By L. E. Dustxs. e
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Boutee akkypaTHO 00 MCTOPUU BOIIPOCA.

B 1889 r. A.A. Mapkos onybsimkoBas B «Coobiennsix XapbKOBCKOIO MaTeMaTHIECKOTO ODIIECTBAY CTAThIO, B
KOTOPOI PaccMOTpPesT YeThbipe MaTeMaTHIeCKue 3a/Ia9n, CBA3aHHbIe C IPOEKTUPOBAHUEM KeJIe3HbIX Jopor. [lepsas
U3 HUX OMHCHIBAETCH CIIEYIOMMUM 00pa30M: MeXKTy JBYMs TOYKAMHU Ha IJIOCKOCTU MIPOBECTU KPATUANIIYIO JTUHUIO
[IPU YCJIOBUU, YTO PAJIMYC KPUBU3HBI KPUBOI HEe MeHbIe 33J[aHHOI0 YHCJIa U KacaTejabHas K KPUBOil B HAYAIbHOM
TOYKe UMeeT 3aJ[aHHOe HAIPABJICHUE.

B 1951 r. R.Isaacs, paboras B Rand Corporation, mpejcraBus cBoil mepBblii oTder 110 Teopun juddepeHiiu-
AJIbHBIX UT'P, B KOTOPOM IIOCTABUJI M HAMETHUJI pelleHne 3ajaqn «Iimodep-youiinay. B 3Toit urpe «aBroMoOm/ib» ¢
OrpaHMYEHHBIM PAJIMYCOM PA3BOPOTA U IMOCTOSTHHOM MO BEJTMYNHE JIMHEHHO CKOPOCTHIO IMBITAETCH KaK MOYKHO CKO-
pee cOMM3UTBCA € «IIerexooMy. llemexo/1 mprraeTcs yKJIOHUTHCA OT cToJKHOBeHus. Vimenno P. Aiizekc nepBbiM
CTaJI HA3bIBATH CJIOBOM «CAr» YIIPABJISIEMbIil 00bEKT, O KOTOPOM IOWIET peUb B JIOKJ/IAJIE.

B 1957 r. L. Dubins B uncTo MmaTeMaTH4ecKoit padoTe yCTaHOBUJI CBOMCTBA KPUBBIX MUHUMAJILHOM JIJTMHBI C OTPa-
HUYEHHBIM PaJInyCOM KPUBHU3HBI, COEJIMHSAIONINX JIBE€ TOYKU HA IJIOCKOCTU C 3aJ[@HHBIMU HAIPABJICHUAMU BBIXO/A
7 BXO/a. fICHO, 9TO 9TO COOTBETCTBYET 3ajade OBICTPONENCTBUS IJIsT OObEKTa, MBUKYIIEr0Csd € MOCTOSHHOU CKO-
POCTBIO U OTPAHUYEHHBIM PaInycoM HoBopoTa. CHenuaancTbl 0 TEOPETUIECKON POOOTOTEXHUKE CTAIN HA3bIBATH
Takyo Mojiesib «Dubins cars.

Slide 12

More accurately about the history of the issue.

In 1889, A.A. Markov published an article in the “Communications of the Kharkiv Mathematical Society”, in
which he considered four mathematical problems related to the design of railways. The first of them is described
as follows. It is necessary to construct the shortest curve between two points in the plane provided that the radius
of curvature of the curve is not less than a given number and the tangent to the curve at the starting point has a
given direction.

(to be continued in the next page)



In 1951, R.Isaacs, working at the Rand Corporation, presented his first report on the theory of differential
games, in which he formulated and outlined a solution to the “Homicidal chauffeur” problem. In this game, a
“car” with a restricted turning radius and a constant linear velocity tries to get closer to a “pedestrian” as soon as
possible. The pedestrian tries to avoid a collision. R.Isaacs was the first who named the controlled object, which
will be discussed in our lecture, by the word “car”.

In 1957, in a purely mathematical work, L. Dubins established the properties of curves of minimal length with
a restricted radius of curvature connecting two points in the plane with given exit and entrance directions. It is
clear that this corresponds to the time optimal problem for an object moving at a constant linear velocity and a
restricted turning radius. Specialists in theoretical robotics began to call such a model “Dubins car”.



Markov, Isaacs, and Dubins

AHppen Angpeesnd Mapkos Rufus Isaacs

BceMypHO n3BecTHbIN y4éHbli B obnactu
MaTemaTn4ecKkoro aHanusa v Teopum
BepoATHOCTW; Matematnyeckuit annapar
MapKOBCKMX CIly4alHbIX NMPOLIECCOB U
MapKOBCKOM Lienu nurpaeT BaXkHYto porib
npu uccregoBaHNUN MHOTUX SABNEHUI B
HayKe 1 TexHuKe.

LWaxmaTuct, poTtorpadd, KOHCTPYKTOP,
MaTemaTtuK, NnTepaTypoBea.

ABTOp aBTOCNYyCKa — yCTpOMNCTBA B
¢oToannapare

Lester Dubins

Rose and Rufus Isaacs with
the daughter Ellen in Hartford,
Connecticut before Isaacs went

to Notre Dame University
in about 1945.

American mathematician noted primarily for his research

in probability theory. He was a faculty member at the University of
California at Berkeley from 1962 through 2004, and in retirement
was Professor Emeritus of Mathematics and Statistics
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@ororpacdun A.A. Mapkosa u L. Dubins na srom ciaiife B3sarel u3 Uarepuera. Obpatum BHUMaHME HA yBJI€Ue-
s A.A. Mapkosa (maxmaruct, dororpad, KOHCTPYKTOD, JIMTEPATYPOBE]T) TIOMUMO OCHOBHOM Tpodeccuu Mare-
matuka. Pabora lybunaca «O KpUBBIX MUHUMAJIBHON JIJTUHBL. . . » He SIBJII€TCS TUIUIHON CPEJIi ero JIpyrux pador,
KOTOPBIE, B OCHOBHOM, TTOCBAIIEHBI TeOpUH BeposiTHOCTH. Ho nMento sTa paboTa nmpuobpesta NnpoKyio N3BECTHOCTD.

e bororpadun R. Isaacs ¢ xkenoit Rose 6b111 1ipejioctaBiiennbl ux jgo4depbio Ellen, koropas na cauvie 1945 1.
ObLIa emIé COBCEM MAaJIEHbKOIA.

Slide 13

The photos of A.A. Markov and L. Dubins in this slide are taken from the Internet. Let’s pay attention to the
hobbies of A.A. Markov (chess player, photographer, designer, literary critic) in addition to his main profession of
mathematician. Dubins work “On curves of minimal length...” is not typical among his other works, which are
mainly devoted to probability theory. But this work became widely known.

Two photos of R.Isaacs and his wife Rose were provided by their daughter Ellen, who was a very small girl in
the picture of 1945.



Reachable sets in projection onto a geometric plane,
symmetric case

tr =1.57 tt =27

SIAM J. ConTrOL
Vol. 13, No. 1, January 1975

PLANE MOTION OF A PARTICLE
SUBJECT TO CURVATURE CONSTRAINTS*

E. J. COCKAYNE anp G. W. C. HALLf}

Abstract. A particle P moves in the plane with constant speed and subject to an upper bound
on the curvature of its path. This paper studies the classes of trajectories by which P can reach a given

point in a given direction and obtains, for all ¢, the set R(t) of all possible positions for P at time ¢,
thus extending the results of several recent authors.

Yu.l.Berdyshev

Nelineinye zadachi posledovatel’nogo upravleniya i ikh prilozhenie.

[Nonlinear Problems in Sequential Control and Their Application)].
Ekaterinburg: IMM UB RAS, 2015, 193 p.
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MHo)KecTBO JOCTUKUMOCTA B MOMEHT JIjIsi CUMMETPUYHOTO CJIydasl B HMPOEKIUUA Ha IJIOCKOCTH T'e€OMETpUte-
ckux koopauHatr onucano B ctarbe E.G. Cocayne and G.W.C. Hall 1975 r. Ha caiiie moka3zaHo pa3BuUTHE TAKOTO
MHO2KeCTBa JOCTH2KNMOCTH BO BPEMECHMU.

FO.U. Bepapimies (MMM YpO PAH) usyuas 3ajaqu ynpapjieHust B IPOEKIUK Ha MJIOCKOCTh T€OMETPHYECKHX
KOOD/IMHAT, KOI'JIa BeJIMYMHA JIMTHEWHON CKOPOCTU He 00sA3aTeIbLHO sBJisgeTcsd rnocTosunoii. [lonydennbie um pe3ysib-
TaThl oTpazkeHbl B KHure 2015 r.

Slide 14

The reachable set at the instant for the symmetric case in the projection on the plane of geometric coordinates
is described in the article by E.G. Cocayne and G.W.C. Hall, 1975. This slide shows the development of such a
reachable set in time.

Yu.I. Berdyshev (IMM UrB RAS, Yekaterinburg, Russia) studied control problems in the projection on the
plane of geometric coordinates, when the linear velocity is not necessarily constant. The results obtained by him
are represented in the book of 2015.



Structure of controls leading to the boundary of the reachable set
at the instant t; in projection onto the plane X,y

-~ -
--------

~
~ -
N

............



Caaiig 15

3Jiech TpeJCTaB/IeHbl YIIPABIEHUs, KOTOPbIE BEIYyT Ha TPAHUILYy JJIsi OJIHOI'O W3 MHOYKECTB, IMOKA3AHHBIX Ha
peIbLIyIneM ciaiije. Ha BHENHIO YacTh TPAHUILI BEJLYT YIIPABJIEHUs ¢ He 0OoJiee, YeM OJIHUM MOMEHTOM Iiepe-
KJTIOYEHUS.

Ha mepBom ydacTke ynpap/ieHHe TPUHUMAET 3HAYeHHd U = =1, Ha BTOPOM — JIBUKEHUE OCYIIECTBJISAETCS
1o upsaMoit npu v = 0. YupajeHusi, BeJlylliie Ha BHYTPEHHIOIO 9acTh I'PDAHUIIBI, TaKKe UMEIOT He 0oJjiee OJIHOIO
nepexstiouenus. Ha mepBom ydacTke JieficTByeT 0JIHO U3 KPailHUX yIIpaBjieHuit © = 1, Ha BTOpOM y4acTKe KpaitHee
yIIpaBJeHUEe MeHseT 3HaK.

Slide 15

Here are the controls that lead to the boundary for one of the sets shown on the previous slide. Controls with
no more than one switching instant lead to the outer part of the boundary.

In the first part of the motion, the control takes the values u = £1. In the second part, the motion is carried
out along a straight line under v = 0. Controls leading to the inner part of the boundary also have no more than
one switch. In the first part of the motion, one of the extreme controls u = 41 operates. In the second part, the
extreme control changes its sign.



Pontryagin maximum principle
for Dubins car (simple facts)



Lev Semyonovich Pontryagin

IHonTpsarun Jles CeménoBu4

Bblgarowminca coBeTckumn
MaTeMaTUK, KpYnHbIN
cneuyunanuct no
TONOJIOTUU, TEOPUMN
KoneGaHum,
andpcepeHynanbHbIM
urpam.

Poaunca 21 aBrycra (3
ceHTAbOpA) 1908 rona B
MockBe.B 14 ner B
pe3ynbTaTe HecYacTHoro
clyyas notepsan speHue.
B 1925 roay okoH4un
eINHYI0 TPYAOBYH
OeCATUNETHIOK LW KoY.

A.C.NOHTPAIHH,
'BTEOATANCKHH, PBIAMKPUDIE, EQMLLEHKD

Pontryagin L.S., Boltyanskii V.G., Gamkrelidze R.V., Mischenko E.F.

Mamemamuseckas
/ :ml:l::anwux The Mathematical Theory of Optimal Processes
npoueccos
¢ The book has been translated into all the leading languages of the world
W om0 |
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[Ipu ucciieroBanum 3aa4 MPOrPAMMHOTO YIIPABJICHHUS €CTECTBEHHO UCIOIb30BaTh [Ipuaiun makcumyma [TorT-
paruna. Jles CeménoBuu [loHTpsrnH — BBIIAIOMNNCST W YHUKAJIBHBIN coBeTcKuit mMaremaruk. Ha ¢doto crpasa
zaredaTiéH pabounii MmoMenT, Korga JleB CeMEHOBUY MCIOIB3yeT MArHUTOMOH IOCJIE IMPOIIEJINero y Hero ce-
muHapa. Hanucannast copmectro ¢ ero yuennkamu (B.I. Boarsauckwuit, P.B. Tamkpenunze, E.®. Murienko) kuura
«Matemaruyeckas Teopus ONTUMAJIbHBIX ITPOIECCOBY SABJISETCA OCHOBOIIOJIATAIONIEN JIJII TEOPUU yIPABJIEHUA U
U3BECTHA BO BCEM MUDE.

Slide 17

When investigating open-loop control problems, it is natural to use the Pontryagin Maximum Principle. Lev
Semenovich Pontryagin is an outstanding and unique Soviet mathematician. The photo on the right shows
a working moment when Lev Semyonovich uses a tape recorder after a seminar held by him. Written together
with his students (V. G. Boltyanskii, R.V. Gamkrelidze, E.F. Mishchenko), the book “The Mathematical Theory
of Optimal Processes” is fundamental for control theory and is known all over the world.



Pontryagin Maximum Principle (PMP): what is it?

x=f(t,xu), ueP; te[t.t], xeR" (1)

vty (F(t X0, u) = F(t, X1, u(1)) <0, UeP, ae. telt,t]

max w*'(t) f(t, X(t), u) = w*'(t) f(t, X0, D), ae tef[t.t;] @
UueP

T

(O e Y )
V= —(ax(t, X(t), u (t))) W 3)

(t, X, u,w) = w' f(t xu)

Semipermeable property

End conditions for i

af (e 0 ®) = | (Fex 0 - ftx .0 ®))

uepP

PMP for U*(-), X*(*) :
3 non-zero solution t — y*(t) of system (3)
such that the maximum condition (2) is realized
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[TycTh aBUKEHUE YIIPAB/IAEMOil CUCTEMBI OIIMCHIBAETCS BEKTOPHBIM i depenimaibubiM ypasaenueM (1). [Ipun-
it MakcnmyMa [Tortpsirnaa (IIMIT) o3ragaer cymiecTBOBaHIe HEBBIPOKIEHHOTO (HE PABHOTO HYJIIO) PEIICHUS CO-
IPSZKEHHON cucTeMbl (3), J1JIsi KOTOPOTO BBITIOJHEHO ycsioBrue MakcuMyMa (2). [eomerpudaecku Takoe CBOHCTBO MOK-
HO MHTEPIIPETUPOBATH KAK CBOWCTBO «IOJIYIPOHUIIAEMOCTH» PACCMATPUBAEMOrO JBIKeHusl x*(t) B cuity yrpasiie-
nust u*(t). A nmenno, pasnocrusii Bektop (f(¢,2%(t),u) — f(t,z*(t),u*(t))) ana moboro u € P manpasien B
«IIPOTHUBOIIOJIOXKHYI0» CTOPOHY OTHOCHUTEJIBHO <«ILIOIIAJIKI», OPTOTOHAILHOM BeKTOpY U™ ().

TepMmun «moJrynpoHuIaeMocTby npunaiexxur P. Aitzekcy. TloaynponumaeMbie MOBEPXHOCTU U JIBUYKEHUST, ULy~
Iye 10 HUM, paccMaTpUBaiOTCd B ero Kuure «luddepenrmaibubie urpoi». Jlocrouncrso n oruyne [IMIT B Tom,
9TO 3/1€Ch HU O KaKUX MMOBEPXHOCTSAX HE TOBOPUTCA. TeM caMbIM JIJIs 3a/1a9 YIPABIEHUsT CBOWCTBO «IIOJIYTPOHUIIA~
eMOCTH» BBEJIEHO B HaubOJIee MOJIHOM BHUJIE.

PacemarpuBas pazimdHble 3aja4u yIpaB/IeHUs, B TOM YHUCJIE, XapaKTepu3ysl JIBUKEHUsI, WJyIHe Ha I'PaHu-
Iy MHOYKECTBa JIOCTUXKUMOCTH, yJIaércsa nokasarh Bbinosnenue [IMIT s uccnemyembix jasuzkenuii. Kaprunka
CcIIpaBa IIOSICHSIET BBIOOD BEKTOPA KPAEBOI'O YCIOBUA B MOMEHT t; JJIsSl COUDSKEHHON cucTeMbl. JIaHHBIH BeKTOD
COOTBETCTBYeT YIPABJICHHUIO, BEAyIIEMy Ha DaHHIy MHOxkKecTBa mocrmxumocta G(tr). KBamnTop cymecrBoBamms
3 mpocraBiieH OKOJIO TOYKHU Ha T'PaHUIE, Jjisi KOTOPOH IeOMEeTPpUYECKUil CMBICI BEKTOpa KPAeBOIO YCJIOBHs He
SIBJISIETCS OYEBHJIHBIM.

Slide 18

Let the motion of the controlled system be described by the vector differential equation (1). The Pontryagin
Maximum Principle (PMP) means the existence of a non-degenerate (non-zero) solution of the conjugate system (3),
for which the condition of maximum (2) is satisfied. Geometrically, such a property can be interpreted as a
“semipermeable” property of the considered motion z*(¢) under to the control u*(¢). Namely, the difference vector
(f (t, x*(t), u) — f(t7 x*(1), u*(t))) for any u € P is directed in the “opposite” direction relatively to the “platform”
orthogonal to the vector 1*(t).

(to be continued in the next page)



The term “semipermeable” belongs to R.Isaacs. Semipermeable surfaces and the motions going on them are
considered in his book “Differential Games”. The advantage and difference of the PMP are that here no surfaces
are mentioned. Thus, for control problems, the property of “semipermeability” is introduced in the most complete
form.

Considering various control problems, including characterizing the motions going to the boundary of the reach-
able set, it is possible to show the implementation of the PMP for the studied motions. The picture on the right
explains the choice of the vector of the boundary condition at the instant ¢ for the conjugate system. This vector
corresponds to the control leading to the boundary of the reachable set G(t). The symbol 3 of existence is placed
near a point on the boundary for which the geometric meaning of the boundary condition vector is not obvious.



Pontryagin Maximum Principle

It is known [ Lee, E.B., Markus L. ] that controls that carry a system onto
the reachable set boundary satisfy the PMP.

e

X = COSo, dynamic description y v
9 y = sin Q, of Dubins car
- ) in normalized coordinates
QY = u, @
) X
uelug, U], u,=1 7

Let u*() be some admissible control and

(X), vy, (p*(-))T be the corresponding motion

of Dubins car on the interval [ty, t; ] S wy =0,
Differential equations of the adjoint system : /

Wq =y, SiNQ" —y,Cosp*.

€.V1=O,

We have v (-) =const, y5(-)=const.
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B kuure E.B. Lee u L. Markus cdopmynupoBana u JoKa3aHa TeopeMa 0 TOM, 9TO JIi000e IPOrpaMMHOe yIIpaBJie-
HIE 1 COOTBETCTBYIOIEE eMy JIBUKEHUE, BeJlyllee Ha IPAHUILy MHOXKECTBA JIOCTUKUMOCTH, yiaoBeTBopsitoT [TMII.
Buy conpsizkénnoit cucreMbl st Mojiesin Jlybunca odenb mpocT.

Slide 19

In the book by E.B. Lee and L. Markus, a theorem is formulated and proved that any open-loop control and its
corresponding motion leading to the boundary of the reachable set satisfy the PMP. The type of conjugate system
for the Dubins model is very simple.



Maximum Principle Condition

The PMP means that a nonzero solution (7 (), w5(-), w3())" of the adjoint system exists,
for which almost everywhere (a.e.) on the interval [tq, t; ], the following condition is satisfied :

i (00s9"(1) +y3(0)00s9"M) +YFOUE) = max [yi ) c0sg™(t) + w3t cosp ) +y3u |
uefug, us]

= U0 = mac lysmu |, ae telto t]
uefug, us]

1. If w7 =0and w5 =0, then 3 (-) =const= 0 on theinterval [ty, t;]. 1V

Therefore, wehave a.e. U*(t)=U, or u'(t)=u,. (x(), ()

2. Let at least one of the numbers w; and w, is non-zero.
Using the equations of dynamics and adjoint system equations,
one can write

w3(t) = wiy'(t) —wax'(t) +C.
Therefore, w3 (t) =0 iff thepoint (x*(t), y*(t))T of the geometric >

position at the instant t obeys the stright line equation Straight

Wl*y - W;X +C =0. switching line
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31ech BhIICcaHa HhOpMyJIa IMPUHIIAIA MAKCUMyMa, M3 KOTODOH cjeiyeT, 4ro ynpasjenue u*(-), Belylinee Ha
IPAHMUILY, ONPEJIEISAeTC B KaK/blii MOMEHT { 3HAKOM TpeTbeil KOMIOHEHTHI 1% (t) BekTopa 1*(t) conpszKEHHOI
cucrembl. Ecim ymnpasnenue u*(-) umeer nBa mian 6ojiee MePeKIIOYEHHN, TO BOSHUKAET MPSIMasi MEPEKTIOUeHNs.
BaxkHo orMeTuTh, UTO IMpsiMasi TEPEKJIIOYeHNsI He ABJIsIeTCsl YHUBepCaaIbHOM. JIJI KarXK/10ro JBUKEHWs, BEIYIIero
Ha IPAHUILY, IIpsMast HePeKIOUEHHsT CBOsI.

Ormedennbie Ha caaiigax 19 u 20 dakTel saBgoTcs npocreiimumu. OHU HEIIOCPEJICTBEHHO CJIEIYIOT U3 3alliCh
[IMII. 9T cooTHOIIEHHSI TTO3BOJIAIOT TaK?Ke TOBOPUTH O KOHEYHOM YHCJIE TMEPEKIIOYEHIN I KasKI0r0 yIipaBJie-
HUS, BeIyIIEro Ha IPAHMILY MHOXKECTBA JIOCTHKUMOCTH.

Slide 20

Here we write out the formula of the maximum principle, from which it follows that the control u*(-) leading
to the boundary is determined at each instant ¢ by the sign of the third component j(t) of the vector ¢*(t) of
the conjugate system. If the control u*(-) has two or more switches, then a switching line occurs. It is important
to note that straight switching line is not universal. For each motion leading to the boundary, the switching line
is different.

The facts noted on slides 19 and 20 are the simplest. They directly follow from the relations for the PMP.
These relations also allow us to talk about a finite number of switches for each control leading to the boundary of
the reachable set.



One of the main themes :
Relation of the PMP and properties of the ¢-sections of the reachable set

1. The Pontryagin maximum principle for controls leading to the boundary
IS a necessary condition. But what about a sufficient condition?

2. Properties of the ¢-sections of the reachable set
(convexity, simple connectedness).

3. The uniqueness of extremal controls leading to the boundary.
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Ha stom craiie B KauecTBe IEPBOro yKa3aH CTaHIapTHBIN Borpoc o jgoctarounoctu [IMII nna ynpasiennii,
BEJIyIIUX HA TPAHUIY MHOXKECTBa JOCTHKUMOCTH. QUeHb 9acTo i HeJMHEHHBIX yrupaBisgeMmbix cuctem [IMIT
SIBJISIETCSI JIMIITb HEOOXOIMMBIM yCJIOBUEM TiepeBojia Ha rpanuiy. Ho kak obcrout meso jjsa marmmabl yowunaca?

Bompoc o ocTaToYHOCTH TECHO CBA3AH C BOIPOCOM O BBIMTYKJIOCTH MHOYKECTBA JOCTUXKUMOCTH WJIM O BBITYK-
JIOCTU €ro cevdeHuil 1o kKakoi-mudbo koopaunare. J[ng mammubl J[ybunca TpéxmepHoe MHOXKECTBO JOCTUZKUMOCTU
B II€JIOM BBIIMYKJIBIM He sBjsercd. OHAKO paccMaTpuBaeMas CUCTeMa o0/ajiaer crenuduKoil: reoMeTpuiecKne
KOODJIMHATHI OTCYTCTBYIOT B IIPABOIl 9aCTH KMHEMATHIECKNX YPaBHEHNI; yIIPaBJIeHNE U BXOIUT TOJIBKO B COOTHO-
IMeHne JJIs TPOM3BOJHON yriia ¢. B manpHeiimem OyneM aHAIM3WPOBATh CEYEHUs] MHOYKECTBA JOCTHKMMOCTH TIO
KOOp/uHaTe ¢ ((p-CcedeHnst).

BaKHbIM TakKe sIBJISIeTCsI BOIIPOC 00 eIMHCTBEHHOCTH SKCTpeMalibHbIX (yaoBaersopsionux [IMIT) ynpasienuit,
BEJIyIINX HA IPAHUILY MHOXKeCTBa JocTrmkuMocTu. [Ipu sTom Oy/ieM paccMaTpuBaTh TOJIBKO KYCOYHO-TIOCTOSIHHDBIE
yIPaBJICHUSI.

Slide 21

On this slide, as the first, the standard question about the sufficiency of the PMP for controls leading to
the boundary of the reachable set is indicated. Very often, for nonlinear controlled systems, the PMP is only a
necessary condition for transferring to the boundary. But what is the situation for the Dubins car?

The question of sufficiency is closely related to the question of the convexity of the reachable set or the convexity
of its sections on some coordinate. For the Dubins car, the three-dimensional reachable set as a whole is not convex.
However, the system under consideration has a specific feature: geometric coordinates are absent in the right part
of the kinematic equations; the control u is included only in the relation for the derivative of the angle ¢. In the
sequel, we will analyze the sections of the reachable set by the coordinate ¢ (¢-sections).

An important question is also the uniqueness of extreme (satisfying the PMP) controls leading to the boundary
of the reachable set. With that, we will consider only piecewise-constant controls.



Symmetric and asymmetric cases.

Further using the PMP to obtain conditions
for transfer motions
onto the boundary of the reachable set
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asee B IepBoOii JIEKIUK PEdb MOHIAET O CUMMETPUIHOM U HECUMMETPUIHOM ciaydasx. Ciydan oJlHOCTOPOHHETO
U CTPOTrO OJTHOCTOPOHHETO MTOBOPOTOB OYJIYT PACCMOTPEHBI BO BTOPOI JIEKITHH.

Slide 22

Later in the first lecture, we will talk about the symmetric and asymmetric cases. The cases of one-sided and
strictly one-sided turns will be considered in the second lecture.



Types of extremal motions

Lemma 1 (symmetric and

3()=0

asymmetric cases)

e Trajectories are formed by
arcs of circles and by straight
line segments

¢ Piecewise-constant controls
with a finite number
of switchings

Equal angles of contact with
the switching line

e Equal time intervals between
switching points (A)

Possible occurrence of cycles
inthe case t>2n (B, D)

sy mmetriccase ! :
(U =-1) | |

(U =—05) 23
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CUMMETPUYHBIN U HECUMMETPUYHBINA C/Iydad B OCHOBHOM aHajorudnbl. Ha sToMm ciraiijie ToKa3aHbl THIIBI SKC-
TPEeMaJIbHBIX JIBUXKEHUI, CBEJIEHUA O KOTOPBIX BhITeKaoT u3 nepsuyHoro anajmsa [IMII. Ilokazanbl mnpsivbre me-
PEKJIIOYEHUST U TPAEeKTOPUM Ha ILJIOCKOCTH T, 1, COCTOAIINE U3 JIyT' OKPYZKHOCTEH W MPAMOJIMHEHHBIX YYaCTKOB.
Wcnonb3yembie B pasbHeiimemM cBoiicTBa chopMyaupoBanbl B Buje Jlemmbr 1. OTMeTuM MOCTOAHCTBO YIJIOB HA
CTBIKaX TPAEKTOPHUU C JIMTHUEN IepeKIIoueHns. Takoe CBONCTBO 3a/1a€T HEKOTOPOE COOTHOIIIEHNE MEXK Iy MOMEHTa-
MU TI€PEKJTIOYEHUST YITPABIEHU .

Slide 23

The symmetric and non-symmetric cases are basically similar. This slide shows the types of extreme motions
the information about which follows from the primary analysis of the PMP. Straight switching lines and trajectories
on the x, y plane consisting of arcs of circles and straight line segments are shown. The properties used in the
following are formulated in the form of Lemma 1. Note the constancy of the angles at the junctions of the trajectory
with the switching line. This property defines a certain relationship between the instants of control switches.



Auxiliary statements, 1

Lemma 2 (symmetric case). Let a motion z(:) on

aninterval [t,, t;] be generated by a piecewise- Yy L o

constant control u(-) taking values *1 with two (56(),)7())

switching instants t;, and t,. Suppose that the l‘ 2719 * 1,
0 ' :

points of the geometric position in the plane X, VY
at the switching instants are different. In addition,
let the inequality

(t-to)+(ti—t2) > (t2-t;)
be fulfilled. Then z(t;) e intG(t; ).

WU We construct an auxiliary motion with the
14 : s same three-dimensional terminal condition,
0 t but the PMP is not hold true for such a motion.
I . I >
to ;tl §t2 ¥ Therefore, the terminal point does not lie
=1 —— on the boundary of the reachable set G(t;).

this control does not lead to the boundary

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear
control system. Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328 Foa
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B narmeit pabore 2003 1. chopMympoBaHbl U JIOKA3AHbBI JIJIsi CAMMETPUIHOIO CJIydasi BCIIOMOTaTe/IbHbIE CBOT-
CTBa, BBIJIE/ISIONINE SKCTPEMAa/IbHbIE JIBUKEHUsI, BEJIyIIHe BO BHYTPEHHOCTh MHOXKECTBa MOCTKuMocTu. OHO u3
Takux cBoiicTs (JleMMa 2) CBSI3aHO € JIUTETHLHOCTHIO CPETHETO YUACTKA SKCTPEMATBHOTO JBUKEHUS MEZKY JIBYMsI
MOMEHTaMHU MePEeKTIoUeHns ¢ U to. Ecam npomomKuTe/ IbHOCTh CPETHETO YIacTKa MEHBINE CyMMapHON TTPOJIOJIZKI-
TEJIbHOCTH IIEPBOTO U TPETHEr0 yYaCTKOB, TO TAKOe YIIPaBJIeHUE BEJIET BO BHYTPEHHOCTb MHOYKECTBA JIOCTHKIMO-
ctu. JlokazaTebcTBO ONMpaeTcs: Ha MOCTPOEHNE BCIOMOTATEIbHOIO JIBUZKEHUSI, BEJIYIIIETO B TO YKe TEPMUHAJIbHOE
dazoBoe cocrosinue, ITO M UCXOIHOE, HO He yaosiersopsioriee [IMIT (Toukn nepeksrovdenus yipaBiIeHnst Ha BCIIO-
MOTATEJIbHOM JIBUYKEHUH He JIesKAaT Ha OJHOMN IPSMOi).

J1151 HECUMMETPUYHOTO CIydast aHAJOTHIHOE YTBEPXK IeHrne (POPMYINPYeTCs B TEDMUHAX «HAKOIJIEHHBIX» YTJIOB
Ha CPEeJIHEM U JIByX KPalHUX ydacTKaX.

Slide 24

In our work of 2003, auxiliary properties that highlight extreme motions leading to the interior of the reachable
set are formulated and proved for the symmetric case. One of these properties (Lemma 2) is associated with the
duration of the middle part of the extreme motion between two switching instants ¢; and ¢5. If the duration of
the middle part is less than the total duration of the first and third parts, then such a control leads to the interior
of the reachable set. The proof is based on the construction of an auxiliary motion leading to the same terminal
phase state as the initial one, but not satisfying the PMP (the control switching points of the auxiliary motion do
not lie on one straight line).

For the asymmetric case, a similar statement is formulated in terms of “accumulated” angles on the middle
and two extreme parts.



Auxiliary statements, 2

Lemma 3 (symmetric case). Let a motion WU

z(-) onaninterval [t,, t;] be generated by +17 T

a piecewise-constant control u(:) taking 0 I ' t;

values +1 with three switching instants. th it t2 t3 ts
14 ;

Then z(t;) e intG(t ).

this control does not lead to the boundary

Lemma 4 (symmetric case). Let a motion

z(-) on aninterval [t,, t;] be generated by AU
+1-

a piecewise-constant control u(:) taking

values 0, +1 with two switching instants. 01— : i

Suppose that the control is equal to zero on
14

this control does not lead to the boundary

only one interval and this interval is either
of the two extreme intervals of control

constancy. Then Z(tf) € intG(tf )

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear control system.
Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328

Simonenko A.S., Fedotov A.A. (2017) Reachable set for the Dubins car under asymmetric constraint on control.
Proceedings of 48 International Youth School-conference: Modern Problems in Mathematics and its Applications,
Yekaterinburg, Russia, Vol. 1894, pp. 79-87, (in Russian), URL: http://ceur-ws.org/Vol-1894/opt6.pdf. ........... 3



Caaiig 25

Ectb emé nBa BerioMoraTeibHBIX CBOMCTBA 00 9KCTPEMAJIBHBIX JBUYKEHUSIX, BEAYIIUX BO BHYTPEHHOCTH MHOXKE-
crBa goctrzkuMocTr. OnHo u3 Hux (JlemMa 3) ¢BI3aHO ¢ KOJIMYIECTBOM MEPEKIIOYEHIH JJIsT yIIPABICHH, TIPIHHUIMA-
forux 3Hadenns +1. Bropoe cpoiictso (Jlemma 4) orHOcuTCs K yIpaBienuto, npuanMaroremy 3Hadenns 0, £1 ¢
JBYMSI TlepeKTioueHnsamMu. Ken 3navenne v = () peanusyercs TOJHKO Ha MIEPBOM HJIM TOJIBKO Ha TPETHEM yUACTKeE,
TO TaKOe JIBUXKEHUE TaKKe MJIET BO BHYTPEHHOCTb MHOXKECTBA JJOCTHUKUMOCTH.

AnajtornvaHbIe CBONCTBA CIIPABEJTUBLI U JI/IsT HECUMMETPUIHOTO CJIy4ast, paccMOTpeHHOTO B ctaTbe A.C.CuMOHEHKO
n A.A.®enorona, 2017 1.

Slide 25

There are two more auxiliary properties about extreme motions leading to the interior of the reachable set. One
of them (Lemma 3) is related to the number of switches for controls taking the values £1. The second property
(Lemma 4) refers to a control that takes the values 0, £1 with two switches. If the value u = 0 implements only
on the first or only on the third part, then such a motion also goes into the interior of the reachable set.

Similar properties are also valid for the asymmetric case considered in the article by A.S.Simonenko and
A.A. Fedotov, 2017.



Controls leading to the boundary of the reachable set

4)-1,0,-1 2)-1,0,1 ty =1.57

Theorem (symmetric case). Any boundary point of

the reachable set for system

X = cosp, y =sing, ¢ =u; [ul<Ll

can be reached by means of a piecewise-constant

3)1,0,-1

control with no greater than two switching instants.
In the case of two switchings, it is sufficient to
consider 6 sequences of the control values, namely,

1) +1, 0,+1; 2)-1, 0,+1; 3)+1, 0,-1;
4)-1, 0,-1; 5)+1,-1,+1; 6)-1,+1,-1.

Note: inthe cases 5), 6), we can restricted by
the motions that satisfy the inequality (Lemma 2)

(h—to)+(ti—t,) < (t-1,)

4)-0.25,0,-0.25 2)-0.25,0,1

A similar theorem holds for the asymmetric case

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear control system.
Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328 .
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31ech IpeicTaB/IeHo JIJI CAMMETPUYIHOIO CJIydasi B BUJIE TEOPEMbI OCHOBHOE YTBEPXKICHUE O IBUKEHUAX, BEILy-
X Ha TPAHUILY MHOXKECTBa JOCTUXKUMOCTH. Y Ka3aHO IIeCTh TUIIOB KyCOYHO-IIOCTOSIHHBIX yIIpaBJIeHU ¢ He DoJiee,
qgeM ABYMA NNEPEKJTIOYCHUAMMU. TaKI/IX praBJ’IeHI/Iﬁ J0CTaTOYHO IJId ITOCTPOEHUA I'PaHUIIbl MHO2KeCTBa JJOCTU2KNMO-
cru. 3aMeTnM, 9TO IpH ¢ty > 27 B HEKOTOPbIe YacT! I'PAHUIIBI MOI'YT BECTH yIpaBJieHud, yaosiaersopsiomue [IMII,
HO HEe BXOJIAINNE B yKa3aHHbIE IecTh THIOB. [logpobHee 06 9TOM cKazKeM IMO32Ke.

B mpapoit wactu criaiiga 26 mpuBeIeHbI MPUMEPHI U300ParKeHnit TPEXMEPHBIX MHOXKECTB JOCTU:KUMOCTH. Ha
BEPpXHEM PHCYHKE IIPpEACTaBJICHO MHOXKECTBO JOCTU2KHUMOCTU JIJId CUMMETPHUYIHOI'O CJy4Yad B JIABYX pPaKypcCaX. Ha
HIM2KHEM PUCYHKE IIOKa3aH IIPpUMEP MHO2KECTBa JOCTU2KUMOCTU JIJIgd HECUMMETPUIHOI'O CJIyYdasd. Ka}KILOMy 13 1miectu
THUIIOB YIIPABJIEHUsI COOTBETCTBYET KYCOK IOBEPXHOCTH, OTMEYEHHBIN CBOUM I[BETOM.

L. Dubins B crarbe 1957 1. (caaiin 12) pacemorpes 3ajaady, KoTopasi mpu (hbOPMYJIUPOBKE B TEPMUHAX MaTeMa-
TUYIECKON TEOPHUH yIpaB/IeHUd KBUBAJIEHTHA 3aJ/ade ObICTPOAEHCTBHAA IPU 3aJaHHBIX TPEXMEPHBIX HAYAJILHOM U
KOHECYHOM COCTOAHUNAX. I/IM 6bIJH/I YKa3aHbl TaKHE 2K€ IMIEeCThb TUIIOB ynpaBJ’[eHI/Iﬁ, KOTOPbIE€ B COBOKYITHOCTHU fABJIAIOTCHA
HEOOXOIMMBIMU U JIOCTATOYHBIMU JIJI PEIeHns 3a/a9u ObicTpoieiicTBus. [logaepkHéM, 9TO B CTPOTOM CMBICTIE 3a-

J1a4a O MOCTPOEHNN MHOYKECTBA JOCTUKIMOCTH B MOMEHT OTJIMYAETCS OT 3a/1a9i OBLICTPOIECTBIS, NCCIEI0BAHHOM
L. Dubins.

Slide 26

Here, for the symmetric case, the main statement about the motions leading to the boundary of the reachable
set is presented in the form of a theorem. Six types of piecewise constant controls with at most two switches are
indicated. Such controls are sufficient to construct the boundary of the reachable set. Note that for ¢ty > 2,
controls that satisfy the PMP, but are not included into the specified six types, can lead to some parts of the
boundary. We will talk about them later.

(to be continued in the next page)



The right part of slide 26 shows examples of images of three-dimensional reachable sets. The upper figure
shows the reachable set for the symmetric case from two points of view. The lower figure shows an example of the
reachable set for the asymmetric case. Each of the six types of control corresponds to a piece of surface marked
with its own color.

L. Dubins in his article of 1957 (see slide 12) considered a problem that, which being formulated in terms of
mathematical control theory is equivalent to the time optimal problem for given three-dimensional initial and final
states. He indicated the same six types of controls, which together are necessary and sufficient for solving the time
optimal problem. Emphasize that, in the strict sense, the problem of constructing a reachable set at instant differs
from the time optimal problem investigated by L. Dubins.



Evolution of reachable set in the symmetric case
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Ha »stom craiizie mokazano pasBuUTHe BO BPEMEHU MHOXKECTBA JOCTUKUMOCTHU JIJI CUMMETPUYHOIO CJTydasd.
Buano, 4ro, HaunHasg ¢ HEKOTOPOro MOMeHTa iy, yupasienud tuna +1, —1, +1 nmn —1, +1, —1 #e ygacTByioT B
00pa30BaHuy I'PAHUIIBL.

Slide 27

This slide shows the evolution in time of the reachable set for the symmetric case. It can be seen that starting
from a certain instant ¢f, controls of the type +1, —1, +1 or —1, +1, —1 do not participate in the formation of
the boundary.



Violation of simple connectedness of the reachable set

This domain does not belong
to the reachable set
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@-section of the reachable set
The plane of cross-section correspondsto ¢ =0 for =017 and t =3.77
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MmuozxecTBO JOCTUZ2KUMOCTH B CUMMETPHUIHOM M HECUMMETPUIHOM CJIydadX MO2KET OBbITD HEOJHOCBASHBLIM. HpO-
ME2KYTOK BPEMEHH, Ha KOTOPOM TaKO€ ITPOUCXOJIUT, 3aBUCUT OT 3HAYCHUA U7 . Kak CJIEACTBUE, HEKOTOPbIE (O-CEHCHUA
Ha TaKOM IIPOMEZKYTKE TaKzKE HE ABJIAIOTCA OJHOCBA3HBIMU. Ha PHUCYHKE CJI€Ba ITOKa3aHa YaCTb I'DaHHUIIbI MHOZKE-
CTBa AOCTHUZKHMMOCTH B CHUMMETPUYIHOM CJjiy4da€ IJIid JIBYyX MOMEHTOB BPEMEHU, OTCEeYEHHAS IIJIOCKOCTBIO Y = 0.
HapymeHI/Ie OJHOCBA3HOCTHU IIOABJIAETCA OKOJIO MOMEHTa tf = 3.631 n JJINTCA HEIIPOJOJIZKUTEJIbHOEC BPEMA.

Slide 28

The reachable set in symmetric and asymmetric cases can be non-simply connected. The time interval, during
which it happens, depends on the value of u;. As a consequence, some @-sections in such an interval are also
not simply connected. The figure on the left shows a part of the boundary of the reachable set in the symmetric
case for two instants, cut off by the plane ¢ = 0. Violation of simple connectedness appears around the instant
ty = 3.63m and lasts for a short time.



Symmetric case
Non-uniqueness of the extremal motions

u=+1

to T

Two extremal motions for ¢ =0
The non-uniqueness of the extremal motions

due to the transport of the cycle for Zf > 21 29
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Ha pucynke cieBa mokasanbl JBa pa3IndHbIX SKCTPEMAIbHBIX JIBIKEHUS B CHMMETPUIHOM CJIydae, IPUXOJISIIIIe
B OJTHO U TO Ke (ha3oBoe cocTosgHME co 3HadeHneM ¢ = (. HeoHo3Ha9HO orpe/iesI€éHHbIE SKCTpeMabHbIE JIBUZKEHUS
MOTYT BO3HHKATh TaKzKe IIPH ty > 27 3a CUCT «IUKINIeCKNX» JpuzKennil. CripaBa m300pazKeHbl COOTBETCTBYIOITIE
BO3MOKHbIC BapUAHTHI.

Slide 29

The figure on the left shows two different extreme motions in the symmetric case, arriving at the same phase
state with the value ¢ = 0. Not uniquely defined extreme motions can also arise for ¢y > 27 due to “cyclic”
motions. The corresponding possible variants are shown on the right.



Analytical description of ¢-sections of the reachable set, ¢ >0, {;<2n

U (59 — ff-"lig) _ '»'6)

1 1 sin (1;) us (¢ — tpou) Cus( 2 (g — )
o2 0)[ (D) Lzt
p . u1 (1‘; — ff-u.z) 7
sin — sg
2 (ug —uy)

Each of four arcs Al, A2, A3, A6 is defined by the corresponding parameter s;, S,, Ss, Sg -

V. S.Patsko, A.A. Fedotov. (2020) Analytic description of a reachable set for the Dubins car,
Trudy Instituta Matematiki i Mekhaniki URO RAN, 2020, vol. 26, no. 1 (in Russian). Accepted for printing. e ;
: 30
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B nocnesnee BpeMs aBTOPHI MOy YNIA aHAJTUTHIECKOE OMUCAHUE I'PAHUIIBI (O-CEYeHUIT MHOYKECTBA JOCTUKUMO-
CTH B IIpejtosoxkennu, 4ro ¢ty < 2. JlerasbHoe onmucanue IrpaHnllbl basupyeTcd Ha hopMyIax IapaMeTPUIecKoro
IIpeJICTaBICHUS KPUBBIX KarKJIOTO M3 IECTU TUIIOB IIpU (pUKCcHpoBaHHOM 3HadeHuu . Ha ciaiije mpejicraB/ieHb
dopmysbl Takoro onmcanusd A caydad ¢ > 0. Ipn mosokuTebHBIX 3HAUEHUAX ( JTUITH YeThIPe THUITA YIaCTBYIOT
B rnioctpoennu rpanuiibl. Peub nuér o kpusbix Al, A2, A3, A6, cooTBETCTBYIONINX paHee YKA3aHHLIM yIIpaBJie-
HUAM (¢ Temu ke HOMepamu, cM. ciaiiy 26). Kpussie A1, A6 sgBisitoTcs gyraMu oKpyzKHOCTel, Kpuble A2 u A3
IMeIOT 0oJiee CJIOKHOE OIHCaHUeE.

Slide 30

Recently, the authors have obtained an analytical description of the boundary of the ¢-sections of the reachable
set under the assumption that ¢ty < 27. The detailed description of the boundary is based on the formulas for the
parametric representation of curves for each of the six types at a fixed value ¢. The slide shows the formulas of
such a description for the case ¢ > 0. For positive values of ¢, only four types take part in the construction of
the boundary. We are talking about curves A1, A2, A3, A6 corresponding to the previously specified controls
(with the same numbers; see slide 26). Curves A1, A6 are arcs of circles, curves A2 and A3 have a more complex
description.



Structure of ¢@-sections of the reachable set, ¢ >0

D
[e)]
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Calculated samples of three ¢-sections of the reachable set

for ug = —0.9,u2=1,%y =27

V. S.Patsko, A.A. Fedotov. (2020) Analytic description of a reachable set for the Dubins car,
Trudy Instituta Matematiki i Mekhaniki URO RAN, 2020, vol. 26, no. 1, Accepted for printing. reseeseeaes 3
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YcranoBiieH (J1ayke B HECUMMETPUIHOM cIydae) (hakT CUMMETPUU Q-CEUeHUIT OTHOCUTEIBHO HEKOTOPOil BCIO-
morarenpHoit ocn OX . Kaxknoe ceuenne npu ty < 27 u ¢ > () COCTOUT U3 YeTHIPEX MOCTEIOBATETHHO COEIUHEHHBIX
kpuBbix Al, A3, A6, A2. CreikoBka KpuBoit Al ¢ kpuBbiMu A3 u A2 gsisiercd riajkoit. B To ke Bpems
cThiKoBKa KpuBoit A6 ¢ kpuBbiMu A3 u A2 riaKoil He sABJISeTCS.

Ha ciraiie mokazanbl Tpu ¢-cedeHnss MHOXKECTBa JOCTHAKUMOCTH JJIsi HECUMMETPUIHOTO CJIydas.

Slide 31

The fact of the symmetry of the yp-sections with respect to some auxiliary axis OX is established (even in the
asymmetric case). Each section at ¢ty < 27 and ¢ > 0 consists of four sequentially connected curves A1, A3, A6,
A2. The connections of the curve A1 with the curves A3 and A2 are smooth. At the same time, the connections
of the curve A6 with the curves A3 and A2 are not smooth.

The slide shows three p-sections of the reachable set for the asymmetric case.



Symmetric case

The PMP is only a necessary condition for controls leading to the boundary

— 101
cutting at small ¢ B /’1 .
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@-section of the reachable set

The motions leading to these ~ for ¢ =0.21 and t =3.57
parts of the surfaces satisfy

the PMP, but they are strictly

inside the reachable set.

t; is small
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Ha cnaiige mjig cuMMeTpUYIHOTO CIydas MOKa3aHbl YaCTH ITOBEPXHOCTEN, JIeZKAIe CTPOr0 BHYTPU MHOXKECTBA
JIOCTUKUMOCTH, HA KOTOpbIe BeyT JBrKeHus, yaoaersopstoriue [IMIL. Cramo 6brte, IIMII sBasiercs surb HeoO-
XOIUMBIM YCJIOBHEM IIepeBojia Ha TPaHUIly. AHATOTUYHOE CBOMCTBO CIIPABE/JINBO M B HECUMMETPUIHOM CJIydae.

Slide 32

For the symmetric case, the slide shows the parts of surfaces that lie strictly inside the reachable set, to which
motions that satisfy the PMP lead. Therefore, the PMP is only a necessary condition for transfer to the boundary.

A similar property is also true in the asymmetric case.



Symmetric and asymmetric cases

Properties of the reachable set boundary

1. Pontryagin maximum

Only necessary condition

principle for controls leading onto the boundary

2. p-sections of
the reachable set

Convexity of @-sections for || = 2.

Non convexity of @-sections for |@| < 2.

3. Controls Non-uniqueness
(in the class of piecewise constant controls)

leading to the boundary

Theorem

Let t; < 27. In order for a piecewise constant control to lead
to the boundary of the reachable set G(t;), it is necessary
and sufficient that it belongs to the set of controls U1 - U6

with an additional condition

[p(t2) —@(t1)| = [p(t1) — @(to) + o(ty) — @(t2)]

for controls U5 and U6 .

Ul:
u2:
U3:
u4.
U5S:
UG:



Caaiin 33

3/1ech 1l CAMMETPUYHOIO ¥ HECUMMETPUYHOTO CJIydaeB IIPe/ICTaB/IeHa TaO Ul CBOWCTB IPAHUIILI MHOYKECTBA
noctmkuMocTu. [IpuBeena Teopema 0 HEOOXOAMMBIX U JIOCTATOYHBIX YCJIOBUAX TIEPEBO/IA HA TPAHUILY TTPU TOMOTIIH
KYCOYHO-IIOCTOAHHBIX YIPABJICHUI.

Slide 33

Here, for symmetric and asymmetric cases, a table of properties of the boundary of the reachable set is presented.
A theorem on necessary and sufficient conditions for transfer to the boundary with the help of piecewise-constant
controls is given.



Some additional pictures
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Jlasee OymeT mokasaH psj JOIMOJHUTEJIbHBIX KAPTUHOK BHE OCHOBHOI'O JIOKJIaJa, IOSICHSIIOIINX, B TOM YHCJIE,
CTPYKTYPY I'PAHUIBI MHOYKECTBA JTOCTUZKUMOCTH.

Slide 34

Further, a number of additional pictures outside the main report will be shown, explaining, among other things,
the structure of the boundary of the reachable set.



Reachable sets with ¢ computed by modulo 2n
In the symmetric case

tf =157 '

............
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MmuozkecTBa JIOCTUKUMOCTU MOXKHO ITPOCYUTHIBATE «II0 MOJLYJIIO 27T». DTO BaxKHO Jjisd npusoxkennit. Cooret-
CTBYIOIIIAE MHOXKECTBA JICTKO MOJIYYal0TCA U3 MHOXKECTB, IIOCTPOEHHBIX IIPU YCJIOBUN, KOT/IA (¢ TPUHUMACT 3HAUCHUA
B TIPOMEKYTKe (—00, +00). OHaKo crocob MpeCTaBIeHlsI MHOXKECTB JOCTUZKUMOCTH 110 MOJLYJIIO 27T 3HAYUTETbHO
VCJIOKHACT UX «BOCIPUATHECY.

Slide 35

The reachable sets can be calculated “by modulo 27”. It is important for applications. The corresponding sets
are easily obtained from the sets constructed under the condition when ¢ takes values in the interval (—oo, +00).
However, the way of representing the reachable sets by modulo 27 significantly complicates “comprehension” of
them.



Reachable sets with ¢ computed by modulo 2=
In the symmetric case
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ITokazannl emé IIpuMeEpPbI BBIYNCJICHUIT MHO2KECTB JOCTUZKUMOCTH 110 MOIYJIIO 2m JJI TpéX MOMEHTOB BpEMEHU.

Slide 36

Some more examples of calculations of reachable sets by modulo 27 for three instants are shown.



Reachable sets at the instant in “cylindrical” coordinates

tf =2r
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3/1eCch IPEICTABIEHBI MHOYKECTBA JJOCTHKUMOCTH, IEPECUUTAHHBIC B IICEB/IOIIMHIpIIecKre KoopauHater. K pa-
nuycy Jo0aBIeHa HEKOTOpasl KOHCTAHTA.

Slide 37

The reachable sets converted to pseudocylindrical coordinates are shown on the slide. Here, some constant is
added to the radius component.



Reachable set up to instant t;
in the symmetric case

@ € (—o0, +00) ¢ computed by modulo 27

............
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B naganbnoil 4acTu JeKnuu ObLIO OTMEYCHO, UTO MHOXKECTBA JOCTUKHMOCTH K MOMEHMY ty CIEIyeT HUCCile-
J0BaThb OTIEC/JIBHO. MHO}KGCTBO JOCTU2KUMOCTHU K MOMEHTY tf =27 JJId CUMMETPUYIHOI'O CJIyYdad IIPeJCTaB/JICHO Ha
caaiiyie B IByX BapuanTax. KapTuHka cjieBa cooTBeTCTBYeT ¢ € (—o0, +00). Crpasa TO Ke MHOXKECTBO MIPOCIUTAHO
10 MOJTYJTIO 27T.

Slide 38

In the initial part of the lecture, it was noted that the reachable sets up to instant t; should be investigated
separately. The reachable set up to the instant ¢t; = 27 for the symmetric case is presented on the slide in two
versions. The picture on the left corresponds to ¢ € (—00,4+00). On the right, the same set is calculated by
modulo 27.



3D-Printing

Starodubtsey, I.S., Fedotov, A.A.,
Averbukh, V.L., Patsko, V.S. (2016)
Reachable sets for Dubins car in control
problems: Physical visualization
24th International Conference in Central
Europe on Computer Graphics,
Visualization and Computer Vision.

WSCG 2016, Posters Proceedings,
Plzen, Czech Republic, pp. 49-52

Example of a stable support during printing
for the reachable set

Reachable sets at instant for t; = 2r, 3n, 4n Reachable set at instant for t; = 5n

(symmetric case) (asymmetric case)
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Heckoumbko Jier wazan 1.C. Crapoay6ues (MMM ¥YpO PAH, cekrop KOMIBIOTEPHO BU3yaJM3allui) Haleda-
tas Ha 3D-npuHTEpE pAST MHOYXKECTB JIOCTHXKUMOCTU C UCIIOJIb30BaHUEM OJHOIBETHOIO pekuMa. Hareuaranmnbre
MHOKECTBa, ObL/IM UCIIOJIb30BaHbI B 00PAa30BATE/ILHBIX U MTPE3CHTAITMOHHBIX E/IAX.
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A few years ago, I.S. Starodubtsev (Computer Visualization Laboratory of the IMM UB RAS) printed a num-
ber of reachable sets using a 3D printer (in single-color mode). The printed sets were used for education and
presentation purposes.
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i FIGURE 4. solutions of the stationary optimal
control problem for different target points

0<t<0.35 0.35 < +< 0.8 0.8<t<15 15<t<12

FIGURE 1. tentacle dynamics for a full contraction control
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B sroM rojy BhIIIA CTATHS UTATLIHCKAX aBTOPOB, MOCBANIEHHAS HEOOBIYMHOMY ITPUMEHEHUIO MHOYKECTB JIOCTHU-
KuMmocTu Mamuiabl Jlybunca mpu uccjaeoBaHuN «THOKIX POOOTOB.
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In this year, an article by Italian authors was published on an unusual use of the reachable sets for Dubins car
in the study of “flexible robots”.



