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The influence of systematic errors on the tracks

track of radar #3



The influence of systematic errors on the tracks

Suppose that several radars observe an aircraft. Every radar gives its own
track. Here, three tracks are schematically shown. It is very good if these
tracks are close to each other. But if they are far against each other, the
true target trajectory will not be easily tracked in online mode.

The reason of divergence of the tracks is a presence of systematic errors in
radar measurements.

IIpeamonokumM, 9TO HECKOIBKO PAJIMOJIOKATOPOB HAOIIOAAIOT 38 JIBUKEHUEM
camouiéra. Kaxxmas PJIC naér ceoit Tpek. Ha sTom craiine cxeMaTUudHO
MMOKA3aHBI TPU TPEKA. XOPOIIO, €CJN STU TPEKU OJIU3KU MEXKIY CODOiA.

Ho ecnu ounm ymanens! apyr oT Apyra, TO TPYIHO BOCCTAHABINBATH

B peajibHOM BPEMEHU MCTUHHYIO TPAEKTOPUIO CAMOJIETA.

IIpuanna pacxoXxKaeHUsS TPEKOB — HAJIUIHE CHCTEMATHIECKUX OIMMOOK
Y PaJnOIOKaTOPOB.



Moscow air traffic control zone
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Moscow air traffic control zone

Let we have radar measurement data from a lot of aircrafts for a large time
period in a big geographic region. In this slide, for example, we see
observations of air traffic in the Moscow air traffic control zone during

8 hours.

There is the following question. Can we identify the systematic errors of the
radars in the considered zone? If yes, then we can use them in future in
a trajectory tracking online process.

So, our aim is to identify the systematic errors for radars in a large zone.

We should emphasize the following: In our approach, we don’t know what
radars have no systematic errors, i.e., are ideal.



Moscow air traffic control zone

IIycTs HaM u3BeCTHBI JaHHBIE U3MepeHnii HeckobKux PJIC 3a 60sb1m0it
MMPOMEXKYTOK BpEeMeHH B OOJIBINON reorpadudaeckoit 3oue. Hampumep,
Ha 9TOM CJjaiifie BUINM TpeKu JaBrmkeHuit B MOCKOBCKOI 30He 3a 8 9acoB.

Bonpoc: MoxHO 11 uIeHTHDUITUPOBATH CUCTEMATHIECKHAE OINOKN

B paccmaTrpuBaeMoil 3oue? Ecau ma, TO MBI CMOXKEM HCIOJIB30BaTh UX

B JaJbHEHIeM IIpu HaOJIIOJEHUH 38 KOHKPETHBIM CAMOJIETOM B PEaIbHOM
BpPEMEHNU.

Takum obpazom, HaIIa [eJdb — UACHTH(MUIUPOBATL CUCTEMATHICCKIE
ommbku PJIC B Gosbiioi 30He.

Ho;mepKHéM cileJyriiee: 3apaHee Mbl HE 3HaeM, KaKHue JIOKaTOPbI HE
HUMEIOT CUCTEMaTUIECCKUX OH_II/I6OK7 T. €. ABJIAIOTCA UAcaJIbHBIMUA.



Radar measurements. Systematic errors
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Radar measurements. Systematic errors

The primary surveillance radars (PSR) measure slant range to a target and
its azimuth. So called the “secondary” surveillance radars (SSR)
additionally receive a value of altitude from an aircraft. The accuracy of
altitude measurement is suitable.

The systematic error in azimuth consists of rotation of observations on
some angle. Very often, the systematic error in azimuth does not depend on
geographic location of a target. In this case, we name this error as the
“constant” systematic error in azimuth. A similar consideration is true for
the systematic error in range.



Radar measurements. Systematic errors

IlepBuanble Tpaccosbie pamnonaokaropbl (PSR) msmepsior HakIoHHYTO
JIAJIGHOCTD JI0 LEJIM U €€ a3uMyT. Tak Ha3bIBaeéMble «BTOPHYHBIE>
pagnonokaTopsl (SSR) JOMOMHATEBHO MOIYyYalOT OT CAMOJIETa 3HATCHUE
BBICOTHI. TOYHOCTH M3MEPEHUsI BHICOTBI MOYKHO CIUTATH
YJIOBJIETBOPUTEILHOMA.

Cucremarndeckast OmuOKa 10 a3UMyTy — 3TO «IIOABOPOT» HAOJIIONEHUI Ha
HEKOTOPBIN yroj. OdeHb 4aCTO CHCTEMATHYECKas! OIMNOKa 110 a3UMyTy He
3aBUCHUT OT reorpadu4ecKoro IOJOXKEHH: [eu. B 9TOM cilydae Ha3bIBaeM
TaKyIO0 OIIMOKY «IIOCTOSTHHOIN» OIIMOKOM 1O a3uMyTy. AHAJIOIMYHO JJIst
CHCTEMATHIECKON OIMIMOKU 110 JJaJIbHOCTH.
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Studies of other authors

Here, three papers devoted to determination of systematic errors are shown.
Really, their number is larger and, possibly, we do not know many of them.

The radar systematic error is often named as the radar (or, maybe, sensor)
registration error. Another equivalent variant is the “bias estimation”.

31ech moKa3aHbl TPU CTATHU, IMOCBAMIEHHBIE CUCTEMATHIECKUM OIIMOKAM.
B neiicTBuTesbHOCTH, X YKCIO OOJIBINE, U, BOSMOXKHO, MBI HE 3HAEM
MHOTHE U3 HUX.

Cucremarndeckue ommMOKN paJMoOJIOKATOPOB Y9aCTO HAa3bIBAIOT «radar
(sensor) registration errors», ApyToll SKBUBAJICHTHDIH BapumaHT — «bias
estimation».
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NITA company is our partner

We collaborate with NITA company from St. Petersburg. We use real data
that were obtained at the Moscow and Novosibirsk air traffic control
centers.

Now we present schematically three algorithms.

Mpur corpyauaunaaem ¢ komnanueit HUTA u3 Cankr-IlerepOypra. B arom
JOKJIaJIe WCIIOJIb3YEeM PeAbHbIE JaHHbIE, KOTOPBIE OBLIN MOy IeHBI

B MockoBckoMm 1 HoBocnOMpPCKOM MeHTpax yIpaBeHHs BO3LYIITHBIM
JIBU2KEHUEM.

Hpe,ILCTaBI/IM CXeMAaTHU4YIHO TPHU aJITOPUTMA.



The first algorithm:
finite-dimensional
optimization procedure



The first algorithm is based on a finite-dimensional optimization procedure
using Hooke - Jeeves method.

Initially, such an algorithm was developed for a case of constant systematic
errors in azimuth and range.

[lepBoiit aaropurm 6a3upyercss Ha KOHEYHO-ONTUMUBAIIMOHHON TIPOIIE/LY PE,
ucnoap3ymoneit Meron Xyka — Jl>xusca.

HepBOHa‘{aﬂbHO aJI'OPUTM OBbLI pa3pa60TaH JJIdd Ciiydasd IMOCTOAHHBIX

CHCTEMATUIECKUX OIMUOOK IO a3uUMyTy U JaJIbHOCTH.



Systematic errors shift the tracks

Radar #1§

Radar #3



Systematic errors shift the tracks

For simplicity, let us consider the case when all the radars have the
systematic errors in azimuth only.

In this slide, there are three tracks by three radars.

151 TpOCTOTHI PACCMOTPHUM CJIydail, KOrJia BCE JIOKATOPHI UMEIOT
IIOCTOSIHHBIE CUCTEMATUIECKUE OIMMOKHU TOJIBKO 110 asuMmyTy. Ha saTtom

citaiizie MOKa3aHbl TPU TPeKa, mopoxkaéunbie Tpems PJIC.



Aligning of the tracks

Radar #1

Radar #2




Aligning of the tracks

We can align the tracks through rotations of each track on some angle.
These angles correspond to the systematic errors in azimuth taken with the
opposite sign.

MsI MOXKEM COBMECTHUTH TPEKH, HOABOPAYMBAs KaXKIbIii U3 HUX HA
HEKOTOPBIN yrosl. Takue yriIbl COOTBETCTBYIOT CACTEMATHYIECKUM OITNOKAM
110 a3UMYTY, B3ATBIM C IPOTUBOIIOJIO?KHBIM 3HAKOM.



Reconstructed track

Radar #1 $~_ "Reconstructed" track




Reconstructed track

In the process of finding rotation angles, we additionally build
a “reconstructed” track, i.e., some kind of estimation for the true aircraft
trajectory.

IIpu HaxOXKA€HUM YTJIOB BPAIIEHUs JOIMOJTHUTETHHO CTPOUM
«BOCCTaHOBJIEHHBIN» TPEK, T. €. HEKOTOPYIO TPAEKTOPHUIO, KOTOPasd
OIEHUBAET UCTUHHYIO TPACKTOPUIO CAMOJIETA.



The finite-dimensional optimization procedure
minimizes D

All radar
tracks

D=X%(3.)
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The finite-dimensional optimization procedure

minimizes D

The sum of squared deviations between rotating radar tracks and this
reconstructed track is calculated. This value D is used as a characteristic of
quality for aligning process.

The finite-dimensional optimisation procedure minimises the value D.

Beruncisiercst CyMMa KBa/IpaTOB OTKJIOHEHU I Me2K /1y II0ABOpavYrBaeMbIMU
TpeKaMU U BOCCTAHOBJIECHHBIM TPEKOM. Bemuauna D UCIOJIb3yeTCA KaK
XapaKTepUCTUKa KadeCTBa IIpoliecCa COBMEUICHUA.

IIponenypa KOHETHOMEPHOHN ONTUMHUIAINY MUHUMUIUPYET Beaundauny D.



The arguments of optimization function

D(Ala .. '7Ak7x17y17Z17 cos Ty Yy Zm)

Ay is a systematic error in azimuth of the first radar,

*

A} is a systematic error in azimuth of the kth radar,

T1,Y1,21 are 3D coordinates of the first vertex of the
reconstructed track,

Ty Ym, 2m are 3D coordinates of the last vertex of the
reconstructed track.



The arguments of optimization function

Here, the arguments of optimization function are shown.

31ech MOKa3aHbl APIYMEHTBI OIITUMU3UPYEMOil (DY HKIIH.



Real tracks before aligning
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Real tracks before aligning

Several radars in the Novosibirsk air traffic control zone observe an aircraft
motion. This figure shows tracks before aligning, i.e., before correction on
the systematic errors. The picture is made in middle scale. Therefore,

a divergence of these radar tracks are not noticeable but it exists.

Heckombko okatopos B HoBocubupckoit 30He HAOTIOZAIOT 38 JBUZKEHUEM
OJIHOT'O CAMOJIETa. DTOT CJIalil MOKA3LIBAET TPEKU 10 COBMEIIEHUS, T. €. JI0
KOPPEKIINH Ha cUcTeMaTudecKue omubku. M3obpaskenue ciieiaHo B CpeIHEM
macrmrtabe. [ToaTomy pacxoxkieHre TPeKOB HE 3aMETHO, HO OHO CYIIECTBYET.



Real tracks before aligning (enlarged fragment)
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Real tracks before aligning (enlarged fragment)

Here, we see an enlarged fragment of the tracks before aligning.

B,ZLer BUIUM yBeJ’IPI‘{eHHI:IfI cbparmeHT TPEKOB 10 COBMEUICHUA.



Real tracks after aligning (enlarged fragment)

: =l
Values of the systematic errors in azimuth
PSR Irtish: 0.25° SSR Kemerovo: 0.07°
PSR TRLK: 0.15° SSR Kolpashevo: 0.13°

PSR Krasnoyarsk: -0.56° SSR Yeniseysk: -0.51°
PSR Tolmachevo: 0.54°  SSR Krasnoyarsk: -0.49°

SSR Irtish: 0.23° SSR Novokuznetsk: 0.13°
SSR TRLK: -0.13° SSR Tolmachevo: 0.69°
Wﬁ-ﬁﬁgﬁm“—w"ﬂ




Real tracks after aligning (enlarged fragment)

This is the same fragment after the aligning corrections. The values of the
systematic errors are shown.

Tor xe dparmMenT nociie y4éra KOPPEKIHIl COBMENIEHN. Y Ka3aHbl
3HAYEHUS CUCTEMATUIECKUX OITUOOK PaINOIOKATOPOB.



The dependence on the azimuth of an aircraft
for the systematic error in azimuth

of the Volgograd radar
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The dependence on the azimuth of an aircraft
for the systematic error in azimuth

of the Volgograd radar

However, we rapidly verified that the systematic errors of some radars are
not constant. For example, this slide shows the dependence on the azimuth
of an aircraft for the systematic error in azimuth of the Volgograd radar.
This plot was made with the help of statistical analysis of a lot of
trajectories.

O 1HAaKO MBI OBICTPO YOEIUINChH, YTO CHCTEMATHYECKNE OIMNOKN HEKOTOPBIX
PJIC ne siBnatorcs nocrossHHbIMEA. Hanpumep, 9ToT ciraiis HOKa3bIBAET
3aBHCUMOCTD CUCTeMaTndeckoil ommbku o asumyty PJIC «Bonrorpamy or
a3UMyTa I[eJId. 3aBUCHMOCTD IIOJIyY€Ha [IPHU IIOMOIIM CTATUCTHIECKOrO
aHaJIu3a OOJIBIIIOrO YNCJIA TPAEKTOPHIl.



The field of the systematic error

The field of the systematic error in azimuth for the Kemerovo radar
in polar coordinates

Value of error

® -1.14546
® -0.859098
-0.572732
-0.286366
0
0.286366
0.572732
® 0.859098
@ 1.14546




The field of the systematic error

The algorithm of estimation of the systematic errors by means of the
finite-dimensional optimization procedure was modified for some cases when
the systematic errors depend on mutual disposition of an aircraft and

a radar. But in this case, the algorithm contains a lot of empirical
constructions.

Here, we see a field of the systematic error in azimuth for the Kemerovo
radar in polar coordinates.

AJ'IFOpI/ITM OLCHUBaAHUA CUCTEMATUYICCKUX OIMOOK OBbLIT MOAEPHU3UPOBaAH Ha
HEKOTOPHbIE C/Iy4dau, KOrJga CUCTEMAaTUICeCKUue OIMOKY 3aBUCAT OT B3aWMHOTO
PacCIIOJIOZKEHU A caMoJIéTa U JIOKaTopa. O,HH&KO MOﬂepHH:ﬁHpOBaHHbII‘/JI
AJITOPUATM COAECPXKHUT MHOT'O IMIIUMPUICCKUX KOHCprKL{I/Iﬁ.

Ha stom cnaiine Buaum 1mosie cuCTeMaTHYIeCKUX OMIHOOK II0 a3UMYyTy LIt
PJIC «KemepoBo» B MOJSPHBIX KOOPANHATAX.




The second algorithm:
set-valued function and
single-valued selector



The second algorithm was, from the beginning, focused on variable
systematic errors.

Bropoit anropurm 6611 ¢ caMOro HadasIa OPUEHTUPOBAH Ha MTEPEMEHHBIE
CHCTEMATHYECKHUE OIINOKH.



The model of radar observation

The following equation describes a measurement of the radar ¢
at instant ¢:

zi(t) = x(t) + si(z(t)) +wi(t),
zi,x € X CR?, s;€ Spi(x(t)) C R?, w; € R2.

z;i(t) is a measurement,
x(t) is the true location of an aircraft at instant ¢,

X C R2 is a set of all possible locations of an aircraft,

e 6 6 ¢

s;(x) is a shift vector connected with the sysmematic error
of the radar 1,

Soi(z(t)) C R? is a set of possible shift vectors,

©

@ w;(t) is a random error vector.



The model of radar observation

Before consideration of the algorithm, let us show the observation equation.

Here, z(t) is the true location of an aircraft A at an instant ¢ in the
geocentric coordinates, s;(x(t)) is a shift vector connected with the
systematic error of the radar . The systematic error depends on the true
location of the aircraft. The symbol z;(A,t) is a measurement of the radar ¢
at the instant ¢ for the aircraft A. The random error is referred to w; here.
Characteristics of the random error are given.

IIpex e gem paccMaTpuUBaTh AJITOPUTM, TTOKAXKEM ypPaBHEHNE HAOIIOIEHNUSI.

3mech z(t) — UCTHHHOE TIOJIOKEHNE CaMOJIETa, A B MOMEHT ¢

B TeOIEHTPHUYIECKOIl cucTeMe KoopauHart, s;(x(t)) — BekTop capura,
CBSI3AHHBINA C CHCTEMaTHYIeCKON ommnbKoil Jokaropa ¢. Cucremarndeckas
ommbKa 3aBUCAT OT UCTHHHOTO MOJIOXKeHus camoséra. Cumsoi z;(A,t)
03HAYAET U3MEPEHNe TIOJIOKEHNsT CaMOoJIéTa A JIOKATOPOM 4 B MOMEHT ¢.
CuMBOJT w; — CaydaifHast OrmubdKa. XapaKTePUCTUKU CJIYyIalHON ONMTUOKHI
W3BECTHBHI.



Example of real data for 3 radars

trajectories
figures of measurements
+ SSR Tolmachevo

SSR Novokuznetsk
0SSR Kemerovo

125 -




xample of real data for 3 radars

This slide shows mutual configurations of measurements of three radars in
the Novosibirsk air traffic control zone. There were several aircrafts in the
40 km x 40 km area at different time periods. We see that the mutual
configurations do not almost change. Small changes can be explained by
random errors in measurements.

The stability of mutual configuration of measurements is compatible with
a hypothesis that the systematic errors depend, in the main, only on
mutual disposition of a radar and a target.

The red marks connect configurations which belong to one aircraft.

DTOT cjIaiif] MOKa3bIBAET B3aNMHBIE KOH(MDUTYPAITMU U3MEPEHMI TPEX
snokaropoB B HoBocubupckoit 3oue. B obmacti 40 km X 40 kM 65110
HECKOJIbKO CaMOJIETOB B Pa3JIMYHbIe IIPOMEXKYTKYU BpeMeHu. BuyiHo, 1To
B3aMMHbBIE KOH(PUTYpAIUU MOYTH He MeHsifoTcsa. Hebobinme nm3mMeHeHnsT
MOI'YT OBITh OObSICHEHBI CJIyYalHBIMU OIIMOKAMYU B U3MEPEHUSIX.

CrabuyIbHOCTD B3aMMHON KOH(MUIYPAIHU COIVIACYETCS C TUIIOTE30i, ITO
CHCTEeMATHYIECKUE OIMUOKY 3aBUCST, B TJIABHOM, TOJIBKO OT B3aWUMHOTO
PACIOJIOXKEHHUST JIOKATOPA U IEJIU.

KpacHbie ormerku coeiuHSAIOT KOHDUTYPAIUN, OTHOCSIINECS K OJTHOMY
CaMOJIETY.



Shift vector in azimuth — range coordinates

TNorth

[} % ]
== LEas

We interpret the systematic error as the shift vector s. In the
polar coordinates, this vector has the following components:

T

fitr) = [fi(2), ff@)]", filz) =pilsi(x) + ) - pi(x) .

pi: x> [ r(x), a(a:)]T; reX, r(x)eRy, afx)est.



Shift vector in azimuth — range coordinates

We will interpret the systematic error of radar as a vector that depends on
the geographic coordinates of observed target. The vector consists of
azimuth and range components.

Mpr 6ymeM HHTEPIPETHPOBATH CHCTEMATHIECKYIO OIMIIOKY JTOKATOPa KakK
BEKTOD, KOTOPBIIl 3aBUCUT OT reorpaduiecKux KOOPIAUHAT HAOIIOAAeMOIt
1eJi. ITOT BEKTOP MMEET KOMIIOHEHTBI [0 a3UMyTy U HAJTHHOCTH.



Vector field of the systematic error
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Vector field of the systematic error

Our aim is to obtain the vector field of systematic errors for every radar in
the observation region. This picture shows an example of vector field of
systematic errors for one radar.

Harrra nesis — mory9nTh BEKTOPHOE TOJIE CUCTEMATHYECKUX OIMIMOOK JIJTst
KaKJIOTo JIOKATOPa B PACCMATPUBAEMOI 30HE. DTOT CJIAMN/] IIOKA3BIBAET
IpuMep BEKTOPHOI'O IIOJIA AJIA OJHOTO U3 JIOKATOPOB.




Partition of the observation zone into cells
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Partition of the observation zone into cells




Partition of the observation zone into cells

We divide the observation zone into small regions with square shape. The
side of every square is about 50 km.

Pasz6usaem 30ny Habmiofenus: Ha MajgeHbKue KBaJparbl. CTOpOHA KaXKI0ro
KBaJpaTa — OpuMepHO 50 KM.



The model of radar observation in a cell

Observation model

2i(t), (1), si(x),w;(t) e R®, i=T,m
zi(t) = x(t) + si(x(t)) + wilt)

Moving object Systematic error Random error
x(t) =z +g(t,0) ) Efwi(t)} =0
0 €RP : Var{wi(t)} = Vi(z(t))

What vectors s; are compatible with measurements z; in the
considered cell?



The model of radar observation in a cell

In every square, we take into account only the measurements which belong
to sections of practically straight-line motion of aircrafts. We know
characteristics of the random errors but we do not know the systematic
errors. So, the main question is the following. What is the set of shift
vectors s; which are compatible with the measurements z; in the considered
cell?

B kazk1oM KBajpaTe MpuHUMaeM BO BHUMaHUE TOJIBKO T€ U3MEDEHUsI,
KOTOPBIE€ OTHOCATCA K yqaCTKaM IPpaKTUYICCKH HpSIMOJIHHefIHOI‘O JABUZKECHUA
caMoJIeTOB. VI3BECTHBI XapaKTEPUCTUKN CIyYaHBIX OIMHOOK, HO MBI HE
3HaeM cHCTeMaTU4YecKue omuoKu. Takum o6pa3oM, IJIaBHBIA BOIIPOC
cienytommit. Yo mpeacraBisier co60f MHOKECTBO CHCTEMATHIECKUAX
OH_II/I6OK Si, KOTOPbI€E COBMECTUMbBI C USMEPCHUAMHU Z; B paCCMa,TpHBa,eMOfI
ageiike?



Uncertianty of vector s
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Uncertianty of vector s

Measurements of three radars at the same instant are shown here. Even in
the absence of random errors, we can not reconstruct exact location = of an
aircraft. Any point near this configuration of measurements is suitable for
the true location x of the aircraft.

31ech mMOKa3aHbI U3MEPEHUsT TPEX JIOKATOPOB B OJIMH U TOT K€ MOMEHT
Bpemenu. /lake Mpu OTCYTCTBUM CJIyYAHBIX OMIMOOK MBI HE MOMKEM
BOCCTAHOBUTH TOYHOE IOJIOYKEHUE T caMoJjiéTa. JI1obast ToOuKa 0KOJIO
KOH(MUTYpAIUU 3aMEPOB BO3MOYKHA KaK MCTUHHOE TOJIOXKEHUE CAMOJIETA.



Uncertianty of vector s

TNorth

23

51 21 I>y2
So = 29 — Iovo x, T € Rz.
53 23 I>y2

The shifts of true systematic errors belong to an affine manifold
with the dimension 2.

We will name this manifold as the “uncertainty set”.

Taking into account random character of measurements, we will
use the mean uncertainty set.



Uncertianty of vector s

If there are 3 radars for observation, the space of shifts has the dimension 6.
In such a case, the shifts of true systematic errors belong to an affine
manifold with the dimension 2. We will name this manifold as the
“uncertainty set”.

Ecmu ects 3 jtokaTopa, MpoCTpaHCTBO CABUTOB UMEET PA3MEPHOCTH 6.

B Takom ciydae CIBU'M MCTUHHBIX CUCTEMATUYECKUX OIMIUOOK
npuHaAIeRaT adGuHHOMY MHOTOOOpasnio padmepuoctu 2. Hazosém aTo
MHOI00Opa3ue «MHOYXKECTBOM HEOIPEIEIEHHOCTH ».



Constructions in the space of all vectors s; for
three radars

A
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Constructions in the space of all vectors s; for

three radars

In this picture, the 3-dimensional space is shown conditionally instead of

the space with the dimension 6. The affine manifold of the dimension 2 is
replaced by a manifold of the dimension 1. The presence of random errors
shifts this manifold in the shift space. Let us fix the “mean” manifold.

Ha stom cnaiine 3-pasMepHoe TPOCTPAHCTBO MOKA3BIBAETCSA YCJIOBHO BMECTO
nmpocTpaHcTBa pasmepHoctH 6. Adpdunaoe MHOroobpasue pasMepHOCTH 2
3aMeHeHO MHOroobpasueM pasmepHoctu 1. Hasnmuwme cirygaitubix ommbok
CMeEIaeT 9TO MHOroobpa3ne B MPOCTPAHCTBE CABUTOB. 3aduKrcupyem
«CpemHee» MHOroobpa3ue.



Constructions in the observation zone
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Constructions in the observation zone

We see the mesh of “small regions” here again. There is the affine manifold
in every cell.

CHOBa CeTKa «MaJIbIX PaiioHOB». B KaxKmoii siueiike — adpuHHOE
MHOT00bpasue.



Set-valued function

The symbol f corresponds to the systematic errors in polar
coordinates.

We can get the estimate for systematic errors as

set-valued function F'(-) which value at every & is the mean
uncertainty set.

We must choose an appropriate selector f(-). One of the rational
conditions is in the smoothness of the function f(-). Let us
introduce an appropriate functional:

) — f(0)]|12
e 3 M@-s@r

12— ll%
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J(f) =0, J(f)=0<« f=const.



Set-valued function

We have a set-valued function as an estimate for the systematic errors, and
we must choose an appropriate selector. Consider the functional J of
smoothness for the systematic errors. By minimizing J on the set-valued
function, we get a single-valued function.

HNmeem MHOTO3HAYHYIO (DYHKIIHIO B KAUECTBE OIEHKU CHCTEMATHIECKUAX
omunboK. ITorpobyem BBIOpATH MOAXOASIINAN OJHO3HATHBINA CEJIEKTOP.
Paccmorpum st cucremarndeckux ommboK DYHKITHOHAI TIIATKOCTH J.
Munnmuzupys J Ha MHOTO3HAYIHONW (DYHKITUN, TTOJTYIaeM OJHOZHATHYIO
byHKIHTIO.



Set-valued function

If we want to choose the function f(-) outside the graph of F(+)
but close to it, then we can use the functional I of a penalty:

I(f) = Y _(f(@) = fo(@)TP@)(f (&) — fol@)).

TEX

Here, P(%) is the singular covariation matrix that corresponds
to F(&).

The total functional is

(L=XN)J(f)+M(f), Ae(0,1).



Set-valued function

Additionally, we can introduce a functional I which makes a penalty on
choosing values outside the set-valued function. The coefficient A € (0,1)
regulates influence of functionals J and I on the result.

JomomauTeibHO BBOAUM (DYHKIIMOHAJ [, IPH ITOMOIIA KOTOPOIo mTpadyem
3HaYeHUs], BEIONpaeMble BHE MHOTO3HAYHON (DYHKIIAH.

Koadbdumment A € (0,1) perynupyer Bausinue Ha PE3yIbTAT
dyuknnonanos J u I.



The field of the systematic error in azimuth
for Kemerovo radar
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The field of the systematic error in azimuth

for Kemerovo radar

In this slide, we can see the field of the systematic errors in azimuth for
Kemerovo radar. This field was obtained by the algorithm described above.

Ha stom cnaiine mokasano mose CHCTEMATHIECKUX ONMINOOK 10 A3UMYTY JJIsI
PJIC «KemepoBos». 910 moJie moIydIeHo Ha OCHOBE OMMCAHHOTO AJTOPUTMA.



The third algorithm:
calculations without using
time stamps



In the analysis of real data, we found out that there are errors in time
stamps of measurements.

The following question has appeared: Can we do not use time in the
computation of the uncertainty sets?

A corresponding algorithm was elaborated.

HpI/I aHaJIN3€ peaJIbHbIX JAaHHBIX 06Ha,py)KI/I.HOCI:»7 YTO IIPUCBOECHUE BPEMECHU
B JaHHBIX TOXK€ COLEP2KUT OIIINOKMU.

Bosuuk ciemgyromuit Bonpoc: MOXKHO JIU He UCIOJIb30BATh BPEMs IIPU
IIOCTPOEHUN MHOXKECTB HEOIPEIeTEHHOCTH !

Br11 pazpaboran cOOTBETCTBYIONIUI AJITOPUTM.



Geometric alignment of tracks from two radars

There are tracks from “red” radar.
There are tracks from the “green” radar.
Dsoq is the difference shift vector.



Geometric alignment of tracks from two radars

This slide explains the main idea of the third algorithm. Namely, the
difference vector between two vectors of the systematic errors can be
geometrically determined without using time stamps on the crossing air
traffic routes with straight motion sections (and not only in this case).

dror cnaﬁa IIOsICHAET OCHOBHYIO HUJICIO TPETHEro aJaropurMa. A MMEHHO,
TreOMEeTPpUIECKH, 0e3 UCIOIb30BAHMST OTMETOK BpPEMEHH, OIIPpEaeadaeTCAa
BEKTOP Pa3HOCTU CABUI'OB CHUCTEMaTUIECCKUX OImnbOK Ha IIepeCeKaAITUXCA
y4dacTKax Hpi{MOJ’IHHeﬁHbIX ,JBI/I)KGHI/Iﬁ (I/I HE€ TOJIBKO B 3TOM cnyqae).



Geometric alignment of tracks from two radars

Ds,,

81 is the systematic error shift of “red” radar;
S9 is the systematic error shift of “green” radar;

D91 is the difference shift vector.



Geometric alignment of tracks from two radars

The difference shift vector is determined separately for every pair of radars.
This vector gives an affine manifold with the dimension n — 2 in the space
of the systematic error shifts where n is the whole dimension of the space of
the systematic error shifts.

Taking into account all the “pairwise” manifolds, we get the affine
uncertainty set with the dimension 2 as before. But now it is obtained
without time.

Thus, we get uncertainty set in every “cell”. We employ further the
algorithm of choosing a selector that uses the functional J of smoothness,
and the functional I of penalty.

Besides, we can use mean-square functional for choosing the best constant
systematic errors in azimuth and range.



Geometric alignment of tracks from two radars

PazHocTHBIN BEKTOP CABUTOB OIPEJIEISIETCS PA3IAEIBHO JIjIs KaXKI0W Iapbl
JIOKATOPOB. DTOT BEKTOP 3a1aéT addunnoe Mmuoroobpasue

Pa3MEPHOCTH N — 2 B IIPOCTPAHCTBE CABUIOB CUCTEMATUYECKUX OIINOOK,
rJie N — Pa3MEePHOCTh BCETO IPOCTPAHCTBA CIABUTOB.

IIpunuMmasi Bo BHUMaHME BCE «IIAPHBIE» MHOI00Opa3usi, MOJIyIaeM
adduHHOE MHOrOOOpa3re pasMepHOCTH 2, KakK U paHbiine. Ho ceituac ono
IOCTPOEHO 6e3 yIéTa BpeMeHN.

Takum o6paszoM, mosrydaeM MHOXKECTBO HEOIIPEIEIEHHOCTH B KaXK10i
kuterke. [Ipumensiem masee ajropuTm BbIOOpaA CEJIEKTOPA, KOTOPBIi
HCTIOJIb3YeT (PYHKIMOHAT IIagKkocT J u pyHKnmonas mrpada I.

Kpowme Toro, MokeM HCIIOIB30BATh CpeTHE-KBAIPATHIHBIN DOYHKIINOHAIT
715 HAXOXKJIEHUs HAWJIYYIINX IIOCTOSHHBIX CHCTEMATHYECKUX OIMHOOK II0
A3UMYTy U JAJTbHOCTH.



Results of the algorithm work using real data

Before aligning After aligning

Here, we used the best constant systematic errors in azimuth
and range for aligning.



Results of the algorithm work using real data

This slide shows the effect of finding the best constant systematic errors.
We see two pictures. The left one gives a fragment of trajectories before
aligning, the right one is after aligning. The corrections by the best
constant systematic errors in azimuth and range made closer all the tracks
of distinct radars.

OTOT caiid mokasbBaeT 3PMEKT OT HAXOXKIEHHUS HAMIYYIINX TOCTOSTHHBIX
cucreMaTuyeckux omubok. IIpeacraBiens! aBe KapTUHKHA. JleBast qaéT
dbparMeHT TPEKOB JI0 CBEJIEHUsI, IIpaBasi — Iocje cBeseHusi. Koppeknun Ha
HAWIYYIIAe CUCTEMATUIECKUE OITUOKHU 110 a3UMYTY U JaJbHOCTUA COJTMXKAIOT
PJIC-Tpekn.
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Model data

Finally, let us show simulation results on the basis of model data.

Here, we see 60 trajectories which are going from the center of the picture.
The coordinates in the picture are geographic. Every trajectory is observed
by 12 radars. The observation zone of each radar is bounded.

For each radar, we simulate the constant systematic errors in azimuth
(up to 5°) and range (up to 1000 m).

B zakiroueHne nmokaxkem pe3yabTaTbl BBIUHUCJEHUI A1 MOJIeJIbHBIX JaHHbBIX.

Mgt BugnMm 60 TpaeKTOpHil, KOTOPBIE BBIXOAAT W3 TPAHUIBI KPYTa B IIEHTPE.
Wcnonn3ytorces reorpaduyueckne KoopanuaTel. Habmromnenns BegyTcst
12 siokaTopamu. 30Ha AEWCTBUAS KayKIOro JIOKATOPa OrpaHUYeHa.

JlJ1st KaXKI0ro JIOKATOPa BBOJSATCH MOCTOSIHHBIE CUCTEMATUYECKHE OIUOKU
o asumyTy (1m0 5°) m mamproctr (o 1000 ™).



Results of the algorithm work using model data
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Results of the algorithm work using model data

This is the result of trajectory alignment after the correction on the
constant systematic errors.

We used the third algorithm. The result is quite suitable.

ITokazanbr pe3yabTaTbl CBEJACHUA TPEKOB IIOCJI€ KOPPEKIIUU Ha HaliJIeHHbIe
IIOCTOSIHHBIE CUCTEMaTUYECKHE OIINOKH.

Wcnonp3oBaicsa Tperuit anroputM. Pe3ynbTar yI0BIE€TBOPUTEIbHBIH.
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Publications

In this slide, we present our publications.

Ha sTom ciraiizie npeacraBieHbl HAIIY TyOJTUKAIIAN.



