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CITMCOK OBO3HAYEHUI

B pabore ucnonb3yiorcs ciaeayionie 0003HAYEHUSI:
R"™ — cTaHZApTHOE €BKJIMIOBO IPOCTPAHCTBO PA3MEPHOCTH N
(x,y) — cKaJsgpHOEe MPOU3BE/CHNE BEKTOPOB &,y € RF;

||z|| — nHopma BekTOpa x;

D,(z) = {z : ||z — 2z|| < r}; — 3aMKHyTbIl map pagmyca 7 C
IIEHTPOM B TOYKE Z;

DY%z) = {z : |z — 2|| < r}; — OTKpBITHIF Wap pagmyca r C
[EHTPOM B TOUKE Z;

Sp(z) = {z : |Jxr — z|]| = r}; — cdepa paguyca r c nenrpom B
TOUKE Z;

A. = A+ D2(0) — smcuion oKpecTHOCTh MHOMKecTBa, A;

IntA — BHyTpeHHOCTH MHOXKeCTBa A;

A — 3aMbIKaHEe MHOMXKeCTBa A;

0A — rpanuta MHOXKeCTBA A;

dim A — pa3smepHOCTH MHOXKeCTBa A;

aff A — adpunnas o6os10uKa MHOKeCTBa A;

c0A — BBIIyKJIasi 000JI0YKA MHOXKeCTBa Aj;

riA — oTHOcHTebHASI BHYTPEHHOCTh MHOXKeCTBa A;

lexmin A — nekcukorpadpudecKuii MUHAIMYM MHOXKeCTBa Aj;

extA — COBOKYIIHOCTBH BCEX KPalHUX TOYEK MHOXKeCTBa A;

conA — KoHMYecKast 000JI0UKa MHOXKECTBa, A;

H~, HY — 3aMKHyTBHIe HOJyIIPOCTPAHCTBA, OIpejiessdeMble TH-
MEPIIOCKOCTHIO H ;

|M| — uuncio snementos MuOXKecTBa, M

diamA — auamerp muOxkectBa A, diamA = sup ||z — yl|;
z,yeA

h(A, B) — paccrosinue 1o Xaycgopdy Mexkjy MHOXKecTBamu A
u B;

¢(A, ) — onopHas dbyHKIUsS MHOXKeCTBa A;

rangG — panr marpunsl G;

gradf — rpaguent GpyHkun f;

trX — cimen marpunnsr X;

suppf — Hocuresb pyHKIUU f;



Q(R"™) — COBOKYNIHOCTH BCEX OIPAHMIEHHBIX HOJIMHOMKECTB IIPO-
crpaHcTBa R";

K(R"™) — COBOKYHIHOCTb BCEX KOMIIAKTHBIX IO/MHOKECTB IIPO-
crpaucrBa R';

coK (R™) — COBOKYIIHOCTH BCEX BBIILYKJIBIX KOMIIAKTHBIX IIOJ[MHO-
JKeCTB IpocTpancTtsa R™;



NPEANCJIOBUE

Brimykiibiv anamnzoM Ha3bIBAIOT Pa3/iesl MAaTeMATHKU, B KOTOPOM
U3yYaloTCs BBIIYKJIble MHOYXKeCTBa U (yHKIuu. [[oHsITHE BBITYKJIO-
CTU WrpaeT BaKHYIO POJIb B PA3JIUYIHBIX 00/acTdaX (hyHIaMEHTaIb-
HOI U TPUKJIAIHON MaTeMaTHKU. BBIMYK/bI aHAJIN3 HAXOIUT MHO-
TOYNCJIEHHbIE TPUJIOXKEHN B BAPUAIMOHHOM HCYHUCIEHUN W MaTeMa-
TUYIECKOW TEOPUU yIpaBJieHusd, B nuddepeHImaabHbIX UI'Pax, TECOPUN
HpUOIMKEHNI U SKOHOMUKE.

B macrosiiiee BpeMsi nMmeeTcst JOCTATOYHOE KOJIMYECTBO 3aMeda-
TeJIbHOW MOHOIPAMUYECKOl JInTepaTyphl 10 BLIITYKJIOMY AHAJIU3Y U
ero mpujaoxkeHusM. K cokayleHnIo, B yKa3aHHbIX U3JAHUSIX CONEPKUT-
cst 60JIBITION 00 beM MaTepuasa, OPUEHTHUPOBATHCH B KOTOPOM CTY/IEH-
Ty JOCTATOYHO CJIOYKHO, KPOME TOTO, JaHHAs JINTepATypa IJIsl CTY-
JEHTa SIBJSIETCS TPYIHOIOCTYIITHOM.

Hacrositiiasi pabota mocBsiiieHa, ¢ OJHON CTOPOHBI, 0A30BbIM TOHSI-
TUSM BBIIIYKJIOTO aHAJIN3a, 8 C APYTOil CTOPOHBI, MTOHITUAM, KOTOPBIE
UCIIOJIBL3YIOTCS B TEOPUU YIIPpaBJIeHusi U Teopun JuddepeHmaabHbIX
urp. B mocobue BKJIIOYEHO JIOCTATOYHOE KOJIUYIECTBO 33144 110 BBITYK-
JIOMY aHaJu3y JJis 3aKpeIieHus COOTBeTCTBYIOIIeil Teopuu. B mo-
CJIeJTHEM Da3jiesie TPUBOIUTCA HAOOP OJHOTUIIHBIX WHIUBUIYAILHBIX
3aJTaHnit 77151 CTyIeHTOB. OrpaHnaeHHb 06HeM MTOCOOHST He TTO3BOJIIIT
[IPUBECTH MOIPOOHBIE PEIEeHUs] U OTBEThI KO BCEM 3a/1adaM.

Cnncok UTepaTyphl, KOTOPYIO aBTOP HCIOJIB30BAJ JIJIsT HATIMCA-
HUsI JAHHOTO 1TOCObUsi, TpuBeJieH B KOoHIe. Kpome Toro, JaHHBIN Criu-
COK MOKHO PEKOMEHIOBATD JIjIsI 3HAKOMCTBA C BBIIYKJIBIM aHAJII30M
U €r0 CEPbE3HOr0 U3YUIEHUsI.

ApTop Oyzer 6/1aroJlapeH U IMpU3HATEIEH BCEM YHTATENsIM 34 3a-
MeJYaHUus U MOKeJIAHUs, KOTOPbIE TPOCUM HAIPABJIATH 1O e-mail:

npetrov@udmnet.ru

mwim 0ObIYHOI 1T0YTOH 10 azpecy: 426034, r. VxkeBck, yii. YHUBEpCH-
TeTckasd, 1. 1, YaMmypTckuii yaHuBepcuteT, kKadeapa auddepeHiimaib-
HBIX YpPaBHEHUI.



§ 1. BorrykJybie MHOXKecTBa

Onpengedaenuell MaokectBo A Ha3bBAETCS BBHIMY-
KJIBIM, eciu u3 ycsosust ¢,y € A, a € [0, 1] ciexyer, aro

azx + (1 —a)y € A.

[Tycroe MHOXKeCTBO Oy/1eM CUUTATH BBIILYKJIBIM 110 OIIPE/IeJIEHHIO.
TeoMmeTpuyecKn JJAHHOE OLPEJIEICHNE O3HAUAELT, ITO MHOKECTBO A
ABJIACTCHA BBIIIYKJIBIM, €CJIN BMeCTe C .HIO6I:)IMI/I ABYMA CBOUMU TOYKaMU
OHO COJIEPXKUT U BECH OTPE30K, COEUHSIIONINT TH TOIKU.
PaCCMOTpI/IM IpuMEPDbI BBITYKJIBIX MHOXKECTB.
1. R" — BBIIYKJIO€ MHOYKECTBO.
2. Orpesok [a,b] = {z = aa+(1—a)b, a € [0,1]}, coeauusitonmit
TOYKU a U b.
3. lllap Dy,(a) ={z ‘ |z — al| < r}. HdeiicrBuresnbHo, mycThb
z,y € Dy(a),a € [0, 1]. Torga

laz + (1 — @)y —al| = laz + (1 — @)y — (aa + (1 - a)a)|| =
= lle(z —a)+ (1 —a)(y —a)| < aflz —al + (1 - a)lly — o <
<ar+(1—-a)r=r.

CanenoBarensruo, azx + (1 — a)y € D,(a).
4. Tlonmynpocrpancteo HT = {x ‘ (c,x) < a}, rne c€ R", c#0.

Teopewmall Ilycte A, B C R" — BBIIYKJIbIE MHOXKECTBA.
TOF,Z[& BBIIIYKJIBIMA MHO2KECTBaMU ABJIAIOTCA:

1) AN B,

2) A+ B,

3) 4,

4) A, a>0.

JJokasatTenabcTB o CupaBemlnBoCcTh YTBEPXKIEHUI
1) u 4) cnenyer u3 onpesenennst 1.1.



2). Ilycts z,y € A+ B, o € [0,1]. Torma x = a1 + b1,y = as + by,
npudeM ai,as € A, by,bs € B.

ar + (1 —a)y = alar +b1) + (1 —a)(az + b2) =
= (aa1 + (1 — a)ag) + (aby + (1 — a)by) = a + .

Tak Kak A — BBINYKJIOE MHOXKECTBO, TO a = aaj + (1 — a)ay € A.
Anagnormuno b = ab; + (1 — a)by € B. Tlostomy a+b€ A+ B.
3). llycrs z,y € A, a € [0,1]. U3 oupenenenus A ciemyer, 9ro
z= lim ag, y = lim by,
k—o0 k—o00
npudeM ay, by € A s Becex k. Ilostomy

aag+ (1 —a)bp € A, az+ (1 —a)y = klim (avag + (1 — a)by).
—00

Cnenosarenbho, ax + (1 —a)y € A.

Teopewmal2 Ilyctrb A — BBIIyKIOE MHOXKecTBO. Torma
JIs JTI0D0Tr0 HATYPAIBHOTO YnCaa k, Jijisd JIOOBIX TOYEK daf,. ..,k €
A, jtst JIIOOBIX HEOTPUIIATEJIbHBIX BEIMIECTBEHHBIX UUCETT (U, . .., (g,

a1+ -+ ap =1 cupaBeauBo
ara1 + -+ agag € A.

JJoxaszaTeuabcT B o. /lokassBarh Teopemy OyzieMm Me-
TOJIOM MaTeMarwieckoil mumyknun. [lpm k = 1 yTBepxkKmenmne ode-
BUJHO, & IPU k = 2 yTBEPKJIEHUE CJIEyeT U3 BBIMYKJIOCTH MHOYKE-
cra A. Ilpenmnosiozkum, 94To TeopeMa JoKasaHa s Bcex k < m.

Jokazkem Teopemy st ciaydas k= m + 1.
m—+1
IIycts a1,...,ame1 € A, a; 20, > o =1,
i=1

Yy=oaq1a1 + -+ Qnlm + pi1Am.



Ecmn apmy1 =1, 10 y = apmy1 € A. Ilyets aupe1 # 1. Torma y
[IPEICTABAM B BUIE

(65} «
y=(1—am1) [7@ 4oy — am]+am+1am+1.
1 —amq1 I —amn

Taxk kak a1 + -+ =1 —apmy1, aj 20, TO

Q; > 07 Z Qg -1

1 —amy = 1 —amt1
HOSTOMy, B CI/I.Hy I/IH,ZLyKHI/IOHHOFO IIPEeaIToONIOZKeH A, TOIKA

aq [0

z= 7a1+"‘+7mam]€ A.
1 —am1 I — amy1

CueioBarenbio, y = (1 — upt1)2 + @mt1Gmy1 € A B CUILY BBIIYK-

noctu muoxkectBa A. Teopema sokazana.

T eopewmald. Ilycrb a — BHyTpeHHsisE TOYKA BBIILYKJIOIO
muoxkectBa A, b € A. Torma mist Beex a € (0,1) Touka
aa+ (1 —a)b € IntA.

HJokasareasbctso Iyecrb a € (0,1). Tak kak
@ — BHYTPEHHSIsI TOYKa, TO CyllecTByeT &€ > () Takoe, YTO OTKPBITHII
map D%(a) C A. Uz ycnosust b € A ciejyer, 4To CymecTByeT TOIKa

y € A Takas, ITO
!

1-a
Pacemorpum Touky 2 = aa + (1 — o)y uw map D9_(z). Us coorHo-
IIICHUST

ly — bl < e

Doe(2) = aD2(a) + (1 - a)y
W BBITYKJIOCTH MHOXkecTBa A crmemyer, uto DY _(2) C A. Tak kak

[z = 2| = llea + (1 = )b — aa — (1 — a)y|| =
= (1 —a)lly = bl < ae,

to ¥ € DY_(2) m nosromy x € IntA.



Cnanemxmcrtsuell Ecm wvuaoxectso A Beimykio, To IntA
TaK¥Ke BBITYKJI0€ MHOYKECTBO.

T eopewmald Ilyctb A — HemycToe BBIMYKIOE HEOTPAHN-
genHnoe noamuoxKkecrso R™. Torma
1) st 06Goit Touku a € A cymiecTByer HeHnyseBoil Bektop h € R"
TaKOM, YTO JIyd

I={zc€R"|z=a+th, t >0} C A
2) ecsin Jyist HEKOTOPBLIX ag € A,h € R™ h # 0 Jsyu

loz{xeRn|x:ao+th, t >0} C A
TO J71sT JiI00oi Touku a € A Jjiyu

l={z€R"|z=a+th, t >0} C A

JokasarTeannbctTso. Ilyctb a € A, t > 0. Tak kax
MHOXKECTBO A HeorpaHMvYeHo, TO CyIIEeCTBYeT IIOCIeI0BATEILHOCTD
Touek {a}pe, Takas, aro ar € A u |ag|| = oo mpm k — oo.
O6o3HaunM

ap — a t
b = 37——— =7, Yk = tpar + (1 — t)a.
lax — all lax — all
Torna ||hg|| = 1, u mosromy MoOKHO cumTarh, yro hy — h 1pH
k — oo. Ormerum, uro ||h|| = 1. 13 cBoiicTBa mocie10BATEILHOCTI

{ar} ciemyer, 4ro cymecTByer HaTypaJbHOE YHCIO ko TakKoe, UTO
Jutst Beex k > ko Bbinosnseno ¢y € [0;1]. TTosromy mist Becex k > ko
y €A mn

yp = a+ ti(ay —a) = a+thy — a+th

npu k — oco. B cuny samuyroctn A mosydaem, uro a + th € A.
Orcrona, B cuity npousBojibHocTr t > 0, cieayer aro [ C A.



Jokaxkem BrOpoe yrTBep:kaenue. Ilycrs g C A u a € A. nsa
aroboro t > 0 oboznayuM
1 1
xp = ag + (tk)h, yr = %xk + (1 — %)a
Torma z € ly C A. B cuny Beimykioctn A mosydaem, 9to gy € A
g Beex k. Tak kak

1 1 1

Y = —(ao +tkh) + (1 — —)a=a+th+ —(ap — a),
k k k

TO Y — a + th upu k — oo. B cuiy samkayroctn A mosydaem

a+th € A, unosromy [ C A. Teopema mokazana.

Ounpenxnemnennel2 Bekrop h € R" nasbiBaercs pe-
IIECCUBHBIM HAIlIPaBJICHUEM JIJIsi MHOXKecTBa A, eciu jist jiio60i Tod-
Ku a € A, s moboro HeOTPUIATEILHOIO YHCIa ¢ CHpaBeInBO
a +th € A. CoBOKyIHOCTh BCEX PEIECCUBHBIX HalpaBjeHuit majis A
oboznaunm 0T A.

OrmernM, uTo mHOKecTBo 0T A Beerma HemycTo, Tak Kak
0€0tA.

Cnencteuel2 Ilycrb A — Hemycroe HeOrpaHHIEHHOE
BBINTyKJI0e MHOXKecTBO B R™. Torma cymecrsyer h # 0 Takoif, 9To

h €0t A.

T eopewmalb Ilyctb A — 3aMKHYTOE BBITYKJIOE TOIMHO-
xxectBo R, B — BeinykJbiil komnakt R™. Torma A4 B BbIyKIIO€,
3aMKHYTOE MHOKECTBO.

JoxasarTenancTBs o Bemykmocrs A+ B crenyer us
BRIMYKJIOCTH A uw B u omnpejejeHnst CyMMbl JIByX MHOXKecCTB. Jlo-
KakeM 3aMKHyToCcTh MHOXkKecTBa, A + B. Ilycrs {yp}p2, — mocie-
JIOBaTeJIbHOCTL Touek A + B, cxojsimasicst K Touke y. Torma s
Bcex k yr = ag + bg,ar € A, by € B. Tak xak B KOMIIakT, TO
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U3 [OCJIEJIOBATEIbHOCTH { by} MOXKHO BBIJIEUTH CXOAILYIOCS MTOIIO-
ceroBaTeIbHOCTh. MoxKHO cunTaTh, uto by — b € B. 13 paBencrsa
ar = yr — by caemyer, 9T0 noOCIE0BATENLHOCTE {ag} cxopuTes u ee
upeges (Touka a ) npuHaggiexur A, tak kak A 3amkayTo. Meem
y=a+b € A+ B, aro u TpeboBajIoCh J0Ka3aTh. TeopeMa JOKa3aHA.

YIIPAZKHEHNW A

1.1. IIyctb M — MHOXECTBO BCEX KBaJIPATHBIX TPEXIJIECHOB BUIA
w2+bx—i—c, MMEIOIINX XOTsT OBbI OJINH BEIeCTBEHHBIN KOPeHb. SIBIIsIeTcst
JIK MHO>KECTBO M BBITYKJIBIM?

1.2. Moxker jin cymMMa JIBYX 3aMKHYTBIX MHOXKECTB, JICZKAIITIX Ha
OJTHOM TIPSIMOi, OBITH HE3AMKHYTBIM MHOXKECTBOM !

1.3. [okazark, 9T0 MHOKECTBO A BBIIYKJIO TOT/A U TOJBKO TO-
raa, Korma fjist Jio0erx A1 = 0, Ao > 0 crpaBeqinBO PaBEeHCTBO

()\1 + )\2)14 = MA+ A

1.4. ITycrs MHOXKecTBO A 061a712€T CIIEIYIONIM CBORCTBOM: JIJIsT
Jobex x,y € A touka 0,5r + 0,5y € A. Bepno s, uro A —
BBIMTYKJI0€ MHOYKECTBO?

1.5. Ilycre 3amHyTOE MHOXKECTBO A 00J1a/12€T CJIEIYIONUM CBOIi-
cTBOM: 151 JioObIX ,y € A touka 0,5x + 0,5y € A. Bepno i, aro
A — BBIYKJI0€ MHOXKECTBO?

1.6. Ilyctb

M ={z € R" | (Az,z) < 1},

rae A — HeOTpUIATEIBLHO OIpeesieHHas CUMMETPUIHAS KBaIpaTHAs
MaTpPHUIIA [MOPSIAKa 7. ZIBJsieTCs M MHOXKeCTBO M BBILYKJIbIM !
1.7. Haiitu MmuanMaabHOEe Kk, IPH KOTOPOM MHOXKECTBO

A={(z,y) e R* | 2> +y* > 1, 2 +y >k}

SIBJTSIETCST BBITTYKJIBIM.
1.8. Ilyctrb A C R", B C R™, A, B — BBbIIyKJible MHOYKECTBA.
JlokazaTh, 4TO MHOKECTBO A X B BBIIIYKJIO.
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1.9. Ilycts L : R* — R™ — nuneitnoe oToOpakeHue.
A CR" B C R™ — BolllykJjible MHOXKeCTBa. Jlokazarh, 4T0 MHOMXKe-
CTBa

L(A)={y € R™ | y = La,x € A},
L' (B)={z€R"| Lz € B}

SBJISIIOTCS BBIITYKJ/IBIMH.

1.10. Byzmer i BBIIYKJIBIM MHOXKECTBO KBaIPATHBIX MATPHUIL BTO-
POTO TOPSIIKA C TOJIOKUTETbHBIM OIPE/IEIUTEIEM !

1.11. Bepwno Jiu, 9T0 ecyin BhITyKJI0e MHOXKecTBO A C R™ TakoBo,
quro A+ A=A, o 0 € A?

1.12. /lokazarh, 9TO eC/iu BBITyKJI0e MHOXKeCcTBO A C R™ TakoBo,
qyro A+ A=A, 10 0 € A.

1.13. Bepno s, uro eciin MHOXKecTBO A C R™ TakoBo, UTO
A+A=A, 1o 0 A?

1.14. /Tokazarh, 9T0 €CJIU MHOXKECTBO A SIBJISIETCSI BBIITYKJIBIM, TO
JII0001 JTyd, TPOBeIEeHHbBIN U3 J1I000i BHYTpPEHHEH TOYKN MHOXKECTBA
A, 1mepecekaer ero rpaHuily He 060jiee YeM B OJIHOM TOUKe.

1.15. [okazarh, 9TO €CJIM MHOXKECTBO A SIBJISIETCS BBITYKJIBIM U
OTPaHUYIEHHBIM, TO JIIODOU JIyd, MPOBEJIEHHBIN 13 JII000 BHYTpEHHEH
TOYKH MHOXKECTBa A, IepecekaeTr ero rpaHuIly POBHO B JIByX TOUKAX.

1.16. Ilyctb Z — BBIIYKJI0€e MHOXKeCTBO B R™ X R™.

X={zeR"|(z,y)€Z yeR"}—

npoeknusa Z Ha R". /lokazaTh, 9T0 MHOKeCTBO X SIBJISIETCSI BBITYK-
JIbIM. BepHo s, 4To eciim Z — BBIILYKJIOE 3aMKHYTOE MHOXKECTBO, TO
u X — BBINYKJIOE 3aMKHYTO€ MHOYKECTBO.

1.17. Bepno /n, 9TO MHOXKECTBO TOUEK IpocTpancTBa R", cym-
Ma PACCTOsiHUN OT KOTOPBIX JI0 Kk 3a/JJaHHBIX TOYEK HE IIPEBBIIIAET
€JIMHUIIBI, BBITYKJIO.

1.18. MoxeT Ji cymMMa JIBYX HEBBIILYKJIBIX MHOYXKECTB ObITH MHO-
2KECTBOM BBIITYKJIbIM?

1.19. Moxer Jm cyMMa BBIIIYKJIOIO U HEBBIIIYKJOIO MHOXKECTB
OBITH MHOXKECTBOM BBIITYKJIbIM ]

12



1.20. Byjer Jin BBITYKJIBIM MHOYXKECTBO
A={z e R" | |z] + (p,2) <1}?

1.21. Ilycre A — mommuoxkecTtBo R™ Takoe, 4TO st JIIOOBIX
r,y € A TOUKH

min{z,y} = (min{:):l, Y1}, ..., min{zy,, yn}>,
max{z,y} = (max{xl, Y1}, ..., max{x,, yn})

npuHajgexar A. MOoXHO Jin yTBEPKIaTh, UTO A — BBIIIYKJIOE MHO-
JKeCTBO?

1.22. JlokazaTb, 9T0 JiI0O0OE BBIITYKJIOE MHOYKECTBO CBSI3HO.

1.22. Jloka3arh, 9T0 JIOObIE JIBa BLIMTYKJIbIX KOMIIakTa R ¢ Herry-
CTOI BHYTPEHHOCTHIO TOMEOMOPQHBI.

1.23. Jlokasars, uro muoxkecrso A = {(z,y) € R? | y > 2?}
SIBJISIETCST BBIITYKJIBIM.

1.24. Ilycts A — BBRIyKJI0€ TOAMHOXKECTBO R,
f:[0,1] = A — unrerpupyema no Pumany dbyHkius, g — cKaasp-
Hasi HEOTPHUIATEeIbHAs UHTerpupyemas o Pumany byHKINS Takas,

1
aro [ g(t)dt = 1. Iokasars, uto
0

1
/ F(Hglt)dt € A.
0

1.25. [Ipusecru npumep MHOXKeCTB A, B, KaxJj0e u3 KOTOPBIX HE
SIBJISIETCsI BBIIIYKJIBIM, a MHOXKecTBO a) AN B, b) AU B BbIIyKJIO.
1.26. Ilyctb aq,...a; € R,

Ai={z € R" | ||z — a;| < ||z — aj||ans Bcexj # i}.

1. JlokazaTrb, ur0 A; — BBIIYKJIbIE MHOYKECTBA.
2. Ilycts k = 2. Hokazark, uro IntA; NIntA; = @.
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3. Ilycte n = 2,k = 3. IlpuBectu npumepsl TOYEK a1, a2, A3 TAKUX,
4TO a) A1 NAyN A3 = @, b) AiNANAs #D.

1.27. Ilycte A — MHOXKECTBO HEOTPUIATETHHO OIPEIeIEHHBIX
KBaJ[PaTHBIX MATPUIL MOPsiJKa 7. $IBjseTcs U MHOXKECTBO A BbI-
ITyKJIbIM?

1.28. /loka3arb, 9TO cCyMMa JABYX He HapaJlIeJIbHBIX OTPE3KOB B
R? conep:KuT BHYTPEHHUE TOUKH.

1.29. Ha miockocTn JaHO KOHEYHOE MHOYKECTBO TOUEK, MPUIEM
Jiiobast mpsiMasi, MPOXOIasl Yepe3 JIBe TOUKU JAHHOIO MHOXKECTBA,
COJIEPKUT, O KpaliHeil Mepe, eme oxHy Touky. Jlokasarb, 9TO BCe
TOYKHU JIe?KaT Ha OJHON IIPAMON.

1.30. Ilycrs MHOXKECcTBa A M B Ha IpsIMOii SBJSIIOTCS 00beI-
HEHUsSIMA 1M W 7 OTPE3KOB coOTBeTcTBeHHO. JlokazaTh, uro A N B
— obbequuenue He 6osee n +m — 1 orpeska.

1.31. Touka a 3aMKHYTOro BBIMYKJIOro MHOXKecTBa A C R"™ Ha-
BBIBAETCS JONYCMUMOT, €CITH He CYIIeCTBYeT ToUkn b € A Takoii, 910
b; < a; ms Beex 1.

Bepmo jiir, 970 MHOKECTBO JIOIIyCTUMBIX TOYEK 3aMKHYTO.

1.32. Ilycts A — HemycToe IOAMHOXKecTBO R3| mpudeM Jist Bcex
c € R' mmoxecrso A. = {(x1,72,¢) | (x1,72,¢) € A} saBnserca
BBINMYKJIBIM. CJIeyer Jin OTCIo/ia, 9TO MHOXKECTBO A BBINYKJIO?!

1.33. MuoxkectBo A C R™ HasbIBaeTCsI 0€32pAHUMHO JeAUMDBIM,
eCcau JIIsE KaXkJOro HATYPaJbHOTO YHCIa Kk HAWJIETCss MHOXKECTBO
B, C R™, Takoe, 9To

A = By + By + - - - + By(k craraembix).

Bepno snm, 4To Hemycroe KOMIIAKTHOE MHOXKeCTBO A 6Gesrpanmdno
JeJIMMO TOoTrJa M TOJIBKO TOI'Zla, KOT'Jla OHO BBIITYKJIO.

1.34. [okazarh, 9TO €cju MHOXKeCTBO A BBIIYyKJO0, TO IntA =
IntA. OTMeTHM, YTO €C/Ii MHOXKECTBO A He sIBJISETCS BBITYKJIBIM, TO
JIAaHHOE PaBEHCTBO, BOOOIIE roBops, HeBepHO. JlocTaTodno paccmor-
PEThb KPYT C BBIKOJIOTBIM IIEHTPOM.
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§ 2. BoirykJiiast 060JI09Ka MHO>KECTBA

k
Ounpepgenenue?l Touka a = ) aja; Ha3bBaeTCH
i=1
BBIIYKJIOH KOMOMHAaIMeil Tod4eK ai,...,ag, ecam Bce «; = 0 m

k
Z oy = 1.
i=1

Onpegagednenue?22 Bouykiaoit 06070UKON MHOXKECTBA
A Ha3bIBaeTCH Iepecevdenne BCeX BBITYKJIBIX MHOXKECTB, COIEPKAIINX

A.

Brimykiyto obosouky muOXKecTtBa, A Oymem obosnadats coA. Ot-
METHUM, 9TO JJIsl JIIOOOTO MHOXKECTBA A MHOXKECTBO COA sIBJsIeTCst
BBIITYKJIBIM.

OrmeruM, 9TO ompejesieHne 2.2 KOPPEKTHO, Tak Kak A comep-
JKUTCsA, 110 KpaifHe#l Mepe, B OJHOM BBIIYKJIOM MHOMXKECTBE — CAMOM
npoctpancTse R".

OrpeiesiuM MHOXKECTBO

m m
B:{z‘z:Zaiai, a; €A, o; =0, Zaizl,mEN}.
i=1

=1 =
T eopewma?2l Jna moboro muoxkecrBa A mHOXKecTBO B
SIBJISIETCSI BBIITYKJIBIM.

HdoxaszatTeuabctso. Ilyers by,by € B, B €[0,1]. U3
omnpenenenus B cieayer, ITO

m m
b1 :Zaiai, a; € A, a; =0, ZO&Z‘:L
=1 =1

k k

bQZZ’)/jCj, CjGA, '7]')0’ Z’}/jzl.
=1 1=1

Torna

m k
Bby+ (1= B)by = > Bayai + Y (1 - B)yjcy.

i=1 Jj=1
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Tak kak Sa; >0, (1 —f)y; =0 s Beex 4,j u

m k m k
Y Bai+d (1=Br=B8Y ai+(1=8)) %=1
=1 j=1 =1 j=1

To b1+ (1—p)be € B 1o onpeniesieHnio B U BBIIYKJIOCTH MHOKECTBA
B noxkaszana.

Teopewma?2?2 J[iag moboro muHoxkecrBa A cupaseimpo
paBeHcTBO COA = B.

IJJokasarTeanscrTsB o Brmouenne B C coA cuenyer
n3 TeopeMbl 1.2, a BRitoueHne coA C B cieayer w3 IpeablayIneit
TEOPEMBI.

T e opewma?23. (Kapareogopu). Ilyctrb A C R", = € coA.
Torna cymecTByIOT HATYpaIbHOE YUCTAO 7" < N1, TOYKHA a1, ...,0, €
T

A, HeoTpUIATEJbHBIE BEIIECTBEHHBIE UHCIA (1,...,0pr, Y, 0 = 1
=1

TaKue, 4To
r=aial + -+ apap,.

JJokaszaTeuabcTB o Takkak & € coA, TO 1O IpeIbl-
Aylieid Teopeme

m
T =101+ -+ pay, a; €A, a; >0, Zajzl.
=1

Moxkno cunrarh, uro BCe o > 0. Ecimm m < n + 1, To Teopema
JIOKa3aHa.

IIycts m > n + 1. Paccmorpum cucremy JIUHEHHBIX ypaBHEHU
OTHOCHTEJIBHO [3;.

prai + -+ + Bmam = 0,
Bi+ -+ Bm =0. (2.1)
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MpbI mMeem cucteMy U3 n+1-ro ypaBHeHHus ¢ m > n+1 HeM3BeCTHDI-
Mmu. VI3 Kypca JimHeiiHoil aareOphl cileyerT, 9To JAaHHAA CUCTeMa UMeeT
nerpusnambaoe pemerne (0 = (8Y,...,89). Ormernm, 1To s Jmio-
6oro BemecTBeHHOro Ynciaa t nabop t4Y TakiKe SIBIISIETCS PeIIEHHEM
cucreMbl. g BeKTOpa T MMEEM IpeICTABICHIE

T =a1a1 4+ Qmam +H(Blar + -+ Bohbm) =
=ai(ar + A7) + -+ + am(am +tﬁ%).

U3 coornomenuns: (2.1) ciuejyer, 9To cpesy duces B? €CTh OTpHUIla-
Tenabuble. [IycTn

= min —23 = %
j1BY<0 /30 B89
Torna
as +t° B =0, aj +t*B) >0

JIJISI BCEX j |

m m
:Z (0 4+t BO )aj, Z aj—i-t*ﬁ?):l

J=1 J=1

TeM CaMbIM KOJIMYIECTBO CJIal'a€MbIX B IIPEJCTABJACHUNU TOYKHU T yMe-
HBIIUJIOCH, IO KpaifHell Mepe, Ha eIUHUILY. FKCIH KOJUIECTBO OCTAB-
IIUXCsI CJIAraeMBIX He IpeBocxoauT 7 + 1, To Teopema jokasana. B
MPOTUBHOM CJIydae TIOBTOPSIEM OTMCAHHYTO TIPOIEAYPY eIlle OJInH pas.
Teopema jokazana.

T eopewma?24 Ilycrs mHO)KeCcTBO A KoMmmakT. Torma mMHO-
JKECTBO COA — KOMITIaKT.

JJlokaszaTeuagbcTB O B KOHEYHOMEDHOM IPOCTPAHCT-
Be R" KOMIIAKTHOCTH PABHOCUJIbHA 3aMHYTOCTH U OIPDAHMYEHHOCTH.
OrpanndyeHHOCTh MHOXKeCTBa COA oueBmjHa. JlokaxkeMm, 9to coA —
3aMKHYTOe MHOXKECTBO.

IIycts  {br}32, — IOCIEIOBATEILHOCTh TOYEK TaKas, HTO
b, € coA nna Bcex k m klim b, = b. Jokaxkem, uro b € coA.
— 00
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N3 reopembr Kapareogopu ciemyer, 4ro s Todek by clpaBejInBO
IIpe/ICTaBJIeHIEe

b = agragr + - + Qgnt 10k, (2.2)
n+1

rae ag; =0, Y oy =1, arj € A. BodMokHO, 9TO HEKOTOPBIE Clla-
Jj=1

raemble B (2.2) paBHBI HYJIIO, 3aTO KOJIMYIECTBO CJIATAEMBIX CJIEJIAHO
OJIMHAKOBBIM LISt Beex k.

Ilo Teopeme Bombrano-Beitepirpacca us 1oc/ie10BaTeIbHOCTH
{o1}72, MOXKHO BBIIETNTH CXOISIIYIOCH TOJIIOCITE[OBATETLHOCTE.
MoxkHO cuuTaTh, 9T0 (/)1 — p npu k — 0o. Ormernm, aro oy = 0.

Janee u3 mocienoBaTenbHOCTH {ag1}32 1, B CHIy OIDaHIYEHHO-
cTH MHOXKecTBa A, MOMKHO BBIIEIUTL CXOAAINIYIOCS IOANOCTIEI0BA-
TeJLHOCTE. MOXKHO CIMTATE, 9TO caMa, II0C/IeI0BATEBHOCTE {ak1 }io
CXOIUTCA K TOYKEe ai. B cmiay sammHyTocTH MHOXKecTBa A Toduka
a; € A. Tlpomoskast TaHHBI MPOIECC JTAJIBIIE, TOJIYIUM, YTO MOXKHO
CUNTATH

Qpo — (2, Gy — ao, Tpu k — o0.

[Tepexonst B (2.2) K mpejiesty pu k — 00, MOJIydaeM

n+1 n+1

b= lim bk:Zajaj, aj>0,Zaj:1, ajEA.
k—o0 — =
Ji =

CnenoBaresibHO, b € COA U TeopeMa JI0OKa3aHA.

Teopewma2b Ilyctrb A — oTKpbITOE MOAMHOXKECTBO R™.
Torma coA — OTKPBITOE MHOMXKECTBO.

JoxasarTeuaubctTso Takkak A Ccod u IntA= A,
To cpady nosydaeM, uro A = IntA C Int(coA). Tak kak MHOXKe-
crBo Int(coA) sBistercss BbmykibiM, To c0A C Int(coA). Bmecre ¢
coorHomenneM Int(coA) C coA mosyuaem Tpebyemoe.
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Ounpenagenemnue?2d Bomykias 000J09ka KOHETHOTO
qucIa TOYEK a7, ...,a; € R™ Ha3bIBAETCs BBITYKJIBIM MHOIOIDAH-
HUKOM, HATSHYTBIM Ha a1,...,a. Touka b € M = co{ai,...,ax}
Ha3bIBaeTCst BepIInHOil MHOrorpanuuka M, eciu M # co(M \ {b}).

OTMGTI/IM, q9TO BbIHYKHbIﬁ MHOT'OTPaQHHUK ABJIFAETCA BbBIITYKJIBIM
MHOZKECTBOM.

T eopewma?26. (Pagona). Ilycre A = {ay,...,ax} C R",
k > n+ 2. Torma cymecrByior muokectBa B, C' Takue, 9410

BUC=A, BNC =g, coBNcoC # @.

JlokaszaTeabcT B 0. Paccmorpum cucremy JIMHEHHBIX
YPaBHEHMI OTHOCUTEIBHO YUCET (v :

ara; + -+ agap =0,

a1+...+ak:0_ (2.3)
TaK KaK 4Y9uCJIO ypaBHeHI/IfI MeHbIIle YMCJia HEU3BECTHBIX, TO CHUCTEMa
HMeeT HeTpuBHAIbHOE pemerne al = (oz(l), e ag). 3a cuer mepeHy-
Mepalun MO2KHO CIUTaTb, 9YTO
0 0 0 0
oy >0,...,03 >0, ag <0, ...,05 <0.

Torma B cuiy cucrembl (2.3) moJiydaeM CIPABEIMBOCTD CJIE/LYIOIIUX

PaBEHCTB:
s k
g ajaj = E (—ay)ag,
j=1 i=s+1
a4+l =—@% + +ad)
Ob6o3na4as
0 O‘? _O‘?
a=o]+ - Fog, bj=—, V= s
« «



IIoJIydaeM CIIpaBeIJINBOCTD CJIEAYIONINX PABEHCTB:

s k
Z/Bjaj = Z Vi,
=1

i=s+1
k
j=1 i=s+1
ITIycTb
B ={ai,...,as}, C ={ast1,...,ar}.
Torna BUC = A, BNC = @ u u3 (2.4) ciexyer, 9T0 TOYKaA
S
x = Y fpja; npuHagiexur kak coB, tak u coC. Teopema mokasa-
i=1

Ji
Ha.

T eopewma?27 [naaobex gByx MmHOKecTB A, B crupasej-
JINBO PABEHCTBO
co(A + B) = coA + coB.

JoxasarTeuabctTso Tak kak A C coA, B C coB,
0 A+ B C coA + coB u nosromy

co(A + B) C co(coA + coB) = coA + coB.

O6parnoe Briovenune coA+coB C co(A+ B) MOXKHO JJOKa3aTh TeM
Ke crocoboM, uTo u Teopemy 1.2.

T e opewm a2l Ilycrs TOuku x0,21,...,T, € R" TaKOBHI,
4TO BEKTOPBI 1 — I(,-...,Tn — Lo JHUHEAHO He3aBucuMbl. Toria
Intco{xg,...,xn} # 2.

JokaszaTenabcTso. B caty Teopembl 2.2 TouKa
x € co{xg,x1,...,Tn} TOLJA U TOJBKO TOLJIA, KOIJIA CYIIECTBYIOT
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HEOTPUIATEIbHbIE BEIleCTBEHHbIE 9NCIa (), . . . , Oy TAKHAE, ITO
ag+---4+a,=1u xr=aprg+- -+ apr,. BozbMeMm TOUKY

n
Y = oTo + - + apy, TIe 0 > 0, Zajzl.
=0

IlycTh € — HOJIOXKHUTEILHOE YUCIO TaKoe, 9TO «(j > € JJIsl BCEX J,
By — BemlecTBeHHbIC wUMCla, Takue, 4ro || < £ g Beex
[=1,...,n, Touka

z= y—i—Zﬁl(xl — Zp).
=1

[Mokazkem, uro z € co{xg,...,Ty}. HeilicTBuTenbHO,

z = Zaj:cj + Zﬁl(xl —1x0) =
=0 =1
= (a0 — Y _B)zo+ Y (o — Bj)a;.
=1 j=1

B cuy Beibopa ;) crupaseiyinBbl HepaBeHCcTBa «f + [ = 0,
n

ao — > B >0, u, kpome Toro,
=1

(a0 =Y B+ > (o5 —B) =1,
=1

J=1

CtetoBaTe/IbHO, TpebyeMoe BKJIIOUEHUE JTOKA3AHO.

Ilycts nasee e;,4 = 1,...,m — CTAHIAPTHBI OPTOHOPMUPOBAH-
uolit 6asuc R™. B cuiy juneiiHOl HE3aBUCUMOCTUA BEKTOPOB
T1— TQ,..., Ty — Lo KaKJIBIA U3 BEKTOPOB €; MOXKHO IIPEJ/ICTABUTH B
BHUIe JIMHEHHON KOMOMHAITIN

ei = a;1(z1 — xo) + aie(z2 — xo) + - - - + ain(x; — 20).
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O6o3naunM depes s HamboJblllee U3 4ucea |a;jl, 4,7 = 1,...n u
OTIPEJIEIIM YUCIIO T = —5—.

Hokaxkem, uro map D,(y) C co{xo,z1,...,2,}. Ilycrs
w € D,(y). Torma

W=y = p1er + -+ fimen, THE 15+ 4 g < 72

u nosromy |u;| < r s Beex . danee nmeem

n n n

w—y = mer— > () am(zr —x0))=
=1 =1 k=1

n

(wk —x0) - > ak = Br(xk — 20),
k=1

1 =1

I
NE

i

n
riae By = Y, mak. Tak kax
=1

- € €
1Bl <)l - law| < nsr=ns - —— = =,
n%s n
=1
TO, B CHJIy paHee Jl0Ka3aHHOro, w € co{xy,..., oy }. [omyanam, aro
nmobast Touka mapa D, (y) npunamiexur co{zg,x1,...,x,}. Teope-

Ma JIOKa3aHa.
VIIPAXKHEHI A

2.1. Ilycte A COBOKYIHOCTH BCEX KBaJIPATHBIX TPEXUICHOB BH/IA
22 + bz + ¢ ¢ HyneBpIM ucKpuMuHanToM. Hajiti coA.

2.2. BepHo s, uT0 eciim MHO)KeCTBO A 3aMKHYTO, TO COA Takke
3aMHYTOE MHOXKECTBO.

2.3. Bepno s pasenctBo co(AU B) = coA U coB?

2.4. Bepuo jm pasencrso co(AN B) = coANcoB?

2.5. Jlokazatb, uro coA = oA, e c0A — nepeceuenue Beex
BBIIIYKJIBIX 3aMKHYTBIX MHOXKECTB, COJePpzKallux A
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2.6. HaiiTu BbIyKJIyI0O 000/I0UKY CJIEJYIOIIIX MHOXKECTB:
a) A={(x,y) € R* | xy =1}
b) A={(z,y) e > |y=e"};
c) A= {(z,y) € R? ’ z,y€ (0,1} U{(z,y) e R* |y=2>1}.

2.7. Ilycrs A, B mnopmuoxKecTBa R?, SIBIISIONIMECS TPEyTOJIbHI-
KaMu (BBILYKJIO 060/104KOiT Tpex Touek). Haiitu A + B.

2.8. [Tycrb A — kommnakr R"™, f:[a,b] - A — unrerpupyemasi
o Pumany dynkimus. Joka3aTb, 910

b
fo= b_la/f(t)dt € coA.

2.9. BepHo yin, uTo eciin cOA OTKPBITO, TO A OTKPBITO.

2.10. Bepno jm, uro eciim coA 3aMKHYTO, TO A 3aMKHYTO.

2.11. Ha mrockocTu JaHBI N TOYEK, IPUUEM JIIOObIe YeThIpe dB-
JISIIOTCSl BEPIIMHAMU BBIIIYKJIOI'O YeThIPEXyroJjibHUKA. Jloka3arh, 4To
BCE TOYKU SABJISIIOTCS BEPITUHAMU BBITYKJIOIO 7 -yTOJBHUKA.

2.12. Ha miockocTu maHBI TOUKHU A1, ..., 0k, 01,...,0,, JIOOBIE
TPHU U3 KOTOPBIX He JIeXKaT Ha OJHOM mpsamoit. MokeT i MHOTOyTO/Thb-
HUK co{ai,...,ak,b1,..., by} MMETHh YMCIIO BEPIIMH CTPOTO MEHbIIEe
9HC/Ia BEPIIMH KayKJI0r0 U3 MHOTOYTOJbHUKOB co{ai,...,ax},
co{b1,...,by}?

2.13. Ha mtockocTu j1aHbl 5 TOYEK, JiIoOble TPU U3 KOTOPBIX HE JIe-
JKaT Ha OfHON npsMoit. /lokaszaTh, YTO MOXKHO HAWTU U€ThIPE TOUKH,
PAaCIoIOYKeHHBIE B BEPIINHAX BBIITYKJIOTO UeTHIPEXYTOIbHUKA.

2.14. Ha mrockoctu jmaubl 2000 ToueKk OOIIEro moJIOXKeHUs, T. €.
JioOble TPU TOYKHM He JieXKaT Ha OJIHOH 1psmoii. Jlokazars, 4To cyte-
ctByeT He MeHee 400 mOMApHO HENEPECEKAIONUXC s BBIMYKJIBIX YeThI-
PEXyTO/IbHUKOB C BEPIIUHAMU B 9TUX TOIKAX.

2.15. [Iycte M — BBINYKJIBIH MHOTOYTOJIBHUK Ha TJIOCKOCTU C
geprmaamMu A = {a1,...,ax}, h: A — A — B3aUMHO OJJHO3HAYHOE
orobpaxenue, A\ € (0,1),

Ay =co{ra; + (1 = Nh(a;), i =1,...k}.
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Jokazarb, 9TO

k
1
— E a; € Ay.
n -

=1

2.16. IIyctb M — BBIIYKJIBIH MHOTIOYI'OJBHHUK Ha ILJIOCKOCTU C
seprmaamMun A = {ay,...,a}, H, — COBOKYIHOCTb BCEX B3AMMHO
OJIHO3HAYHBIX OTOOpaxkenuit h: A — A, X\ € (0,1),

Ap = co{Aa; + (1 = Nh(a;), i=1,...k}.
HokazaTb, 9T0
ﬂ Ay + 2.
heH,

2.17. Ha miockoctu gaubl n(n > 3) TOYEK, HpudeM JoOble TPH
He JIeKaT Ha OJJHOMN mpsiMoil. /[oKasaTh, 94TO CyIECTBYeT OKPY KHOCTD,
IPOXOJAIIAs, 110 KpaiiHeil Mepe, 4epe3 TpH JaHHble TOUYKU 1 He COAep-
JKalasi BHyTpu cebsi HU OJHON M3 OCTAJIbHBIX TOYEK.

§ 3. Teopembl OTAEJIMMOCTH

Oupepgenennedl Muoxecrsa A u B (A,BC R")
OTJIEJIIMBI, €CJIH CyIecTByloT p € R™, p #0,a € R' taxue, aro

(p,a) < a st Beex a € A,
(p,b) = o st Beex b € B.

leomerpudeckn oTmemMocTb MHOXKeCTE A u B o3Hadaer, uto A u
B pacmiosioxkeHbl 110 pa3Hble CTOPOHBI OT I'MIIEPIIOCKOCTH

H={z|(p,z) =a}
II pume p3.l. Ilycrs

A={(z,y) e R’ |y=12, z >0},
B={(z,y) eR* |y==, <1}

Torna muoxkecrsa A u B oTnemMBbl.
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II puwme p32 llycts
A={(zy) € B | 2 +y> <1}, B={(0:0)}.
Torma muoxkecrBa A 1 B HEOTIEIUMBL.

Ounpepgeunenued2 MuooxecrBa A u B (A, BCR")
CTPOTO OTJIEJIMMBI, €C/IH CyIecTBYIoT p € R™,p # 0,a € R' Takue,
970

(p,a) < o mast Beex a € A,
(p,b) > a mus Beex b € B.

TeomeTpuyecku cTporasi OTAEJINMOCTh MHOKeCTB A n B o3naua-
er, uro A u B pacrosioxKeHbl 110 Pa3HbIE CTOPOHBI OT MMIIEPILIIOCKO-
cru H = {z| (p,x) = o} un xax/0e n3 MHOXKECTB He MMeeT OOIIX
TOYEK € MMIEPIIOCKOCTBIO H.

II puwme p3.3. Ilycrs

A:{<$,y)€R2}y:
B={(z,y) e R* | y=0, x> 0}.

, x>0},

8|

Torna muoxkectBa A u B ormenmumbl. OToesIONell MUIEPILIOCKO-
crbio Oyner ocb OX. Opaako mHO)KecTBa A 1 B HeNb3s OTIE/INTDH
CTpOro.

T eopewmadl MuoxecrBa A u B oruejuMbl TOrIa U
TOJIBKO TOIJIa, Korja MHOXKecTB0 A — B u touka {0} ormesumbl.

JdJoxasarTeuabctTso. Ilycrb A u B ornenumel. To-
raa

(p,a) < a s Beex a € A,
>

(p,b) > o nist Beex b € B.

25



[Mostomy (p, —b) < —« u, creoBaTENbHO,
(p,a—0) <0 mns Becex a € A, b€ B.

Do o3nadaer, uro runepiiockocts H = {z ’ (p,z) = 0} ormensier
A — B ot nys.
IIycto A— B u {0} ormemmmsr. ITosromy

(p,c) < a s Beex ¢ € A — B,
(p,0) 2 a.

Bunaunt o < 0. CnemosarenbHo, 1 Becex ¢ € A — B cupaseijimBo
HepaBeHCTBO (p,c) < 0 win

(p,a—>b) <0 mia Beex a € A, b€ B.

[TosTomy
(p,a) < (p,b) nyist Beex a € A, b € B.

Orcrofa moJiyyaeM, 9TO CIIpaBeJInBO HEPABEHCTBO

sup(p, a) < inf (p, b).

inf
acA beB
[Iycte o — BelecTBEHHOE YUCJIO TAKOE, 9TO

sup(p,a) < a < inf (p, b). (3.1)

inf
acA beB
Paccmorpum rumnepiiiockocts H = {x| (p,z) = a}. U3 (3.1) ciue-

ayer, uro sup(p,a) < « u nosromy (p,a) < « miada Beex a € A.
acA
Awnanornano nosygaem, aro (p,b) > « js Beex b € B. D10 u 03Ha-

qaer, ur0 A u B orpenumbl. Teopema mokazaHa.
AHaJIOrMTYHO JIOKA3BIBAETCS CJIELYIONIast

T eopewmas32 Ecmu vmaoxectBo A — B ¢Tporo otaeammo
OT HyJIsI, TO MHOKeCTBa, A n B CTPOro OTIe/NMBbl.
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OTMeTnM, 9TO U3 CTPOroi OTAETUMOCTH MHOXKeCTB A u B He ciaemy-
er crporast oraenuMmoctb A — B u Hyns. PacemMoTpumM cooTBeTCTBY-
TOIINAIA

II pume p3.4 Ilycrs

1
AZ{(w,y)ERQ}y>;,m>0},
1
B:{(gg,y)eRQ\yg—;,x>o}.

Torma muoxkecrBa A u B ¢Tporo oTIe/JIMMbI THIIEPILIOCKOCTHIO

{(z,y) | y=10}, no
A—B={(z,y) € R* | y >0},
u HOQTOMy MHO2KECTBO A — B HEJIb34d CTpOFO OTACJIMTH OT HyJIfI.

Ounpegagenenuedd. Ipoekiueit Touku b € R" Ha MHO-
xkectBo A C R"™ nasbiBaercs Touka mwa(b) € A Takas, uro

lma(b) —al|| < |la —b|| qnst Beex a € A,
T.e. TOYKa MHOXKecTBa A, sBjsomasics mKaiineii Kk Touke b.

OrmerumM, uro ecim b € A, 10 m4(b) = b. Ecim xe Touka b ¢ A
1 MHOXKeCTBO A OTKpHITO, TO T4 (b) HE cyIiecTByer.

Teopewmadd Ilyerb A — Hemycroe 3aMHYTOE BBIITYKJIOE
muO)ecTBo, b ¢ A. Torma npoekunust 74 (b) cymecrByer u obiajaer
CJIe/IYIONUMHI CBOHCTBAMMU:

(ma(b) —b,a—ma(b)) > 0 nusa Beex a € A; (3.2)
(ma(b) —b,a —b) = ||ma(d) —b||* >0 a1 Beex a € A. (3.3)

HJoxkasarTeuabcts o Touka ma(h) sBistercst TOUKOI
riobasbaoro MunnMmyMa yuxmuun f(a) = ||a — b|| ma muoxkectse A.
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ITo obobrennoit Teopeme Beitepirpacca perenne 3a/1a49u CyIeCcTBY-
er. Ormernm, ato w4 (b) # b.
IIycte a € A,a € [0,1]. Torna aa+ (1 —a)ma(b) € A u nosromy

Ia(b) = b)) < [laa + (1 = a)wa(b) — b]|* =
= |Ja(a — ma(b)) + wa(b) — )|> =
= QQHQ — 7TA(b)||2 + 2a(a — 7TA(b)77TA(b) — b) + H7TA(b) _ bHQ-

Orcroga
2(a — wa(b), Ta(b) — b) + afla — wa(b)||? > 0.

ITepexo/st B moCIIeIHEM HEPABEHCTBE K Ipejesty npu o — 0, mosryda-
eMm HepaseHcTBO (3.2). laree nmeem

0< (TFA(b) —b,a— 7T,4(b)) = (71',4([)) —b,a—b+0b— WA(b)) =
= (ma(b) = b,a — b) — [[7a(b) — 0|,

orkyza cieayer (3.3). Teopema jjokazana.

3amMeuadnuedl Moxno J0Ka3aThb, YTO €CJIN MHOXKECTBO
A saBasiercs BBIITYKJIBIM 1M 3aMKHYTBIM, TO IIPOEKINA TOIKN bua A
onpeneadercd e JMHCTBEHHBIM o6pa30M.

T eopewmasdd Ilyctrb A — HemycToe BBIMYKIOE 3aMKHYTOE
muoxecrso, 0 ¢ A. Torma A u {0} crporo ormesuMbL.

HdoxaszartTeubcT B o Iloupenbyiyiieii reopeme cyiie-
crByer Touka 74 (0), yIOBIETBOPSIONIAs HEPABEHCTBY

(m4(0),a) > ||m4(0)||* mst Beex a € A.
PaccMOTpUM IHIEPIIOCKOCTD
1
H = (x| (ra(0),2) = Sllma(0)|}

KOTOpasi, OYEBUJIHO, SBJISIETCA CTPOTO Pa3JeIAIoNell TUIepILIOCKO-
CTBIO.
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Cnanemcrtsuedl Ilyeth A — HemycToe BBIMYKIOE 3aMK-
HyToe MHOXKecTBO, b ¢ A. Torma A u {b} crporo ormesuMmsbI.

Canemcrtsued2 llyetrb A — Hemycroe BBIIYKIOE MHO-
xkectBo, b ¢ A. Torma A u {b} crporo oTmesuMBbL.

Cnemcrtsuedd. Ilycrb A, B — HemycTble HEllEpeCEKaio-
IIUecs BBIMYKJIbIE 3aMHYThIE MHOXKECTBA, IMIPUIEM XOTd ObI OIHO U3
Hux orpanndeno. Torma muoxkectBa A m B CTPOro OTIEUMBL.

Joxasareancts o. [lycrb A orpanndeno. Pacemor-
pum mHO)kecTBO C' = A— B. C' — BBIIyKJI0€ MHOXKeCTBO. JloKaxkeM,
gro C' dBJIsIeTCsl 3aMKHYTBIM MHOXKecTBOM. Ilycrs {cx} — mociemno-
BaTEJIBHOCTH TOUeK MHOXKecTBa (', cxojsimiasicst K Touke c. Tak Kak
¢, € C, T0 ¢ = ap — by, e ar € A, by € B. B cuny orpannduerto-
cru A W3 [OCJIeI0BATEIbHOCTH {af} MOXKHO BBIODATH CXOJISIILYIOCS
TTO/TITOCTIEIOBATEIHHOCTE. MOYKHO CINTATh, ITO CaMa MOCIe0BATE Th-
HoCTh {ag} cxomurcst K Touke a. B cmiy samrHyTocTH A TOUKA
a € A. Torna by = ¢ + aj sABIsIeTCs CXOASIIEHC 10C/IEI0BATEILHO-
croio, by — b, mpuuem b € B. Ilosyumnu, uro ¢ = a — b, orkyna
cremyer 3aMKHyTOCTH C.

Tak kak AN B = @, 1o 0 ¢ C. Ilo Teopeme 3.4 C u {0}
crporo ornenuMbl. CjenoBaTe/ibHO, IO TeopeMe 3.2 MHOXKecTBa A u
B crporo otpesnmmmvbt. Crie/icTBHE JTOKA3AHO.

T eopewmadb Ilycrb A — Hemycroe BLITYK/I0€ MHOYKECTBO,
b — rpannynas juyist A Touka. Torma A u {b} orgenumbr.

HJoxaszareuanbcrts o Takkak {b} — rpanmanas Tou-
Ka, TO CYIIECTBYeT IIOC/Ie0BATEIbHOCTD ToueK {by}7o | Takast, 4TO
bp ¢ A m b, — b upu k — oo.

Ilo Teopeme 3.4 A u by crporo orjaenumbt. CieoBaresbHo, cy-
IIECTBYIOT HEHYJIEBbIE BEKTOPHI ) W BEIICCTBEHHBIC Yncaa () Takue,
9TO JIst BCeX K CIpaBe/[INBbI HEPABEHCTBA

(qr,a) < B nast Beex a € A,
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Ilomaras

QK B

pk == 77 ak - 77
x| llax|

IHoJjiydaeM, 9TO JJJId BCEX k CIIpaBeIJ/INBbI HEPpaBEHCTBA

(pk,a) < oy st Beex a € A, (3.4)
(Pr: b)) > o, (3.5)
upudeM ||pgl| = 1. Tlosromy u3 nociemosaressrocT {pg} MOXKHO

BBIJICIUTH CXOJSIILYIOCS IOJIOCIIEI0BATE/ILHOCh. ByjleM canTarh, 9To
pr — p. VI3 HenpepbIBHOCTH HOPMBI ciejyer, 1aro ||p|| = 1.

[Mocaenosarenvaoch {by} orpannuena, Tak Kak sIBJISETCS CXO-
Jmmeiics. TTosromy, ncnosb3yst HepaBercTBo Ko, u3 HepaBeHCTBA
(3.5) cremyer cupaBeIIMBOCTH HEPABEHCTBA

ap < (pr, br) < ||pkl - ||bx]] < D
Jtst Beex k. Amasormano us uepasenctsa (3.4) ciemyer, 9To
ag > (pr,a) = —|lpkll - |lal] = d.

[Mosyuniu, aro nocsenosaresbHoctb {ay} orpanndena. Cienoba-
TEJILHO, M3 HEee MOXKHO BBIIEIUTH CXOJAILYIOCS IIOJOC/IEI0BATE b
HocTh. Cumraem o — «. Ilepexonst B HepaBencTBax (3.4),(3.5) k
upejiesly upu k — 00, MOoJIydaeM CIpaBeJIMBOCTb HEPABEHCTB

(p,a) < a 1us Beex a € A, (3.6)
(p,b) = o, (3.7)

orkyna ciegyer orgeaunmoctb A u {b}. Teopema nokazana.

Cunemnmcrsuedd Ilycrb A — HelycToe BBIIYKJIOE MHO-
)ecTBo, b — rpanuunas Touka. Torga A u {b} ormenumsl.

CupaBeyIMBOCTL CJIEJICTBHsI Cpasy cJeiyer u3 HepaBeHCTB (3.6),
(3.7).
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Cnemcrtsuedb Illycth A, B — HemycThle BLITYKIIbIE He-
IepeceKaroImecs MHOKeCTBa. Torma A u B OTIe/JIrMBblL.

JokasarTeanbcTB o PaccMorpuM MHOXKECTBO BHIA
C = A— B. Torma C — Hemycroe BLITYKJIOE MHOXKECTBO, MPUIEM
0 ¢ C. Cuenosarensio, C' u {0} ormemmmer. Ilo Teopeme 3.1 mmuo-
kecrBa A u B OTIEIUMBL.

[Tepedopmymupyem ciencTBue 3.5 B HECKOILKO HHOM BHJIE.
IIycrs H = {z | (p,z) = a} — IUNepIIIOCKOCTD, Pa3/IeJIsioIast Helle-
pecekaronmecss MHOKecTBa, A u B.

(p,a) < a mus Beex a € A,
(p,b) >

Beesem obo3nadenus

o 11 Beex b € B.

b1 =Dp, p2=—p, 01 =&, Q2 = —Q.
Torna ciencreue 3.5 MOXKHO COOPMYJIUPOBATH B CJIE/LYIONIEM BU/IE.

T e opewm a3.6. Eciu Bommykiabie MmuoXkectBa A n B He me-
PeCceKaroTCs, TO CYIeCTBYIOT HEHYJIEBbIe BEKTOPBI Pi, P2, BEIIECTBEH-
HbIE TUCTa (], (k9 TAKHUE, ITO

(p1,a) < a1 i Beex a € A,
(p2,b) < a2 i Beex b € B,
p1+tp2=0, a1 +az=0.
IIpusenem obobIIeHNE TIPEABIAYINENH TEOPEMBI.

T e o pewm a3’ (Hybosurnkoro- Mumoruna). [Tycrs BbimyK-

k
able MHOXKecrBa Aj,..., A rakosel, uro (| A = @. Torma cy-
i=1
IECTBYIOT BEKTOPBI P, ..., Pk, OJHOBPEMEHHO HE ODpAIAOIINecs B
HYJIb, BEIECTBEHHDbIE TNUCTA (1, ..., TAKHAE, 9TO

(piya;) < «; s Beex a; € Aj,
p1t--+pe=0,
a1+ +ay =0.
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JJokasaTeuabcTB o. Paccmorpum ITPOCTPAHCTBO
RF* = R"X R"x - - - x R", muoxkecTBO A = A1 X Ay X ---X A}, 1 MHO-
xecro B ={z € R*" |z = (z,...,2),x € R"}. Torna A, B — Herne-
PEeCeKaIoIuecst BIMYKJIble MHOYXKeCTBa. [109TOMY JaHHBIE MHOYXKECTBA,
ornenumbl. CiiefoBaTesbro, cymectsyior p € R™ . p # 0,a € R!
Takue, 4To

(p,a) < o st Beex a € A,

(p,b)

HOSTOMy CIIpaBe€/IJINBO HEPABEHCTBO

<
> «, g Beex b € B.

(p,a) < (p,b) nyist Beex a € A, b € B,

nim
k k
(pj,a;j) < (ij,b) st Beex aj € Aj, be R". (3.8)
J=1 J=1
k k
Hokazxem, aro Y p; = 0. Ilpeamonoxkum, uro z = Y p; # 0.
j=1 Jj=1
[Momaras B (3.8) b= —Aa, HepaBeHCTBO Oy/eT UMETH BHUJL

(pj,a;) < —Xa,a).

k
=1

J

[Tocneatee HEpaBEeHCTBO JOIYKHO BBITOJIHSITHCS JUIA Bcex A > 0, UTO
HEBO3MOKHO, TaK KaK P A — +00 IIpaBasd 9acTh CTPEMUTCA K —00.

k
CrenoBaressro, » . p;j = 0 u mepasencrso (3.8) Oymer nmers BuJ
j=1
k
Z(pj,aj) <0 st Beex aj € Aj, (3.9)
j=1
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KOTOpPOE€ MO2KHO IIEpEIncaTb B BUJIE

k k

(piya;) < — Z (pj,a;) < (ij,b) s Beex aj € Aj. (3.10)
j=L i i=1

[Iycrs @ € {2,...,k}. Baduxcupyem B npasoii yactu (3.10) HEKOTO-

pble aeMenTsl aj € Aj, j # 4. Iomy4aum, aro (p;, a;) ecTb BeandnHA,
orpanuveHHas Ha A;, W I03TOMY CyIIECTBYET BEINECTBEHHOE UUCJIO
a; = sup (p;,a;). Kpome roro, n3 nepasencrsa (3.8) cieayer Hepa-

aiEAi
BCHCTBO
(p1,a1) < —(p2,a2) — -+ — (Pr> ax) <
< —og — o — Q.
ITonarast a; = —ag — -+ + — a, IOJIy4aeM YTBEDXKJEHUE TEOPEMBI.

Teopema JoKazaHa.

IIpuBenem HekoTOpBLIE IPUMEHEHUsS TeopeM oTaeaumocTtu. s
IpomU3BOIbHON Marpunsl H Oynem depes H.; obosnadarn ee j-if
cTosibery, a yepe3 H;. ee ©-10 CTPOKY.

T eopewmadl8 Ilyctb H — npousBosibHAS MATPUIIA TOPSI -
Ka n X m. Torma BepHO, IO KpaitHeil Mepe, OHO U3 CIEIYIONINX ABYX

YTBEPKJICHUIA:
n

a) cymecrByer Bekrop X = (z1,...,2,) Takoii, yro x; = 0, > x; =1
=1

u XH ;>0 nnascex j=1,...,m;

b) cymecrByer Bektop Y = (y1,...,Ym) Taxoit, uro y; > 0,

m

Yyi=1mu H;. YT <0 musiBeex i =1,...n.

i=1

JJoxaszaTeuabcTBs o. [lycts
C=co{H1,...,Hm,e1,...,en},

rie ei,...,e, — CTaHIAPTHBII opTOHOpMUpOBaHHLII 6a3uc R™. Bosz-
MOXKHBI J[Ba CJIyYast:
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a) 0¢ C. Torma {0} u C crporo oTe UMbl DTO O3HATAET, ITO Cy-
MIECTBYIOT HEHYJIEBOI BEKTOP p € R™, BeleCcTBEHHOE YUCIIO Y TaKHe,
9TO

(p,0) <7, (p,c) >~ nnsa Beex ¢ € C.

CaenoBarensio, (p,c) > 0 musa Becex ¢ € C. Tak xak e; € C, 10

n
(p,ei) = pi > 0. Orcroma s = >, p; > 0. Paccmorpum BekTOp
i=1
n

X = (z1,...,2n), tie z; =2, Torma 2; >0, z;=1u

s
=1

XH; = é(p, H.;) >0,

tak kKak H.; € C. CiesioBaTeIbHO, CIIPABEINBO yTBEPIKICHHE A);
b) 0 € C. Torga o Teopeme 2.2 Touka ( sABJIAETCS BBLIITYKJIOMH

koMOuHarme Touek H.q, ..., H.p,e1,, e,. DTO 03HAYAET, ITO CYyIIle-

CTBYIOT HEOTPUIATEJbHBIE TUCIA (O, ..., Qm, B1, - - -5 On, CYMMa KO-

TOPBIX paBHA €JMHUTIE U

O=o1H1+ - +anH,+ Brer + -+ Bpen.

[Tepernucap mocjegaee paBeHCTBO B KOOPIAUHATHON (hopMe, IOy M,

9TO JIjIst BcexX ¢ = 1,...,n CIpaBeIIMBO PABEHCTBO
m
> ajhy + B =0. (3.11)
j=1

m
Tak xkax 3; <0, T0 ) ajhsj > 0. Ecim 6bl Bce o paBHSJIACDH HYJIIO,
Jj=1
to u3 (3.11) ciemoBaso Gbl, YTO U BCe (3 PABHSINCEH OBl HYIIIO, ITO
HEBO3MOXKHO, TaK KakK CyMMa oy, [3; pasusiercs exunure. ITosromy
m
s = Y a;j > 0. Oupenemum Bektop Y = (Y1,...,Ym), HOJATasd
Jj=1
(67} o
y; = —. Torma Bektop Y wuckowmbrit. Teopema moxkasamna.
s
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Teopewmad9 Ilyctrb A — sBemykmoe MHOXKeCTBO R",

a1,-..,0yn € R" TakoBBI, UTO cucTeMa
(aj,z) <0, i=1,...,k, (3.12)
(aj,z) =0, i=k+1,....m (3.13)

He umeer pernernii Ha A. Torma cyiecTByIOT BEIECTBEHHBIE YMCJIA
M 20,0, 20, Agy1,..., Ay, OJHOBPEMEHHO He OOpAINAIOIINECT
B HyJIb U TaK#e, UTO JJIsd BCeX & € A cIpaBelIMBO HEPABEHCTBO

)\1(611,1’) —+ -+ )\m(am,aj) > 0.
HJdokaszaTenabcTs o OuperesuMm MHOKECTBA

Uy ={u € R™ | cymecreyer x € A, (a;,z) <wu;y 1 =1,...,k,
(ai,z) =u;, t=k+1,...,m},
UQI{UERm ’ up <0, 1=1,...,k, ugy1 :...,:um:()}.
MuozkectBa U7, Us BBIIYKJIBI B HE IEPECEKAIOTCs, TaK KaK CHCTEMA
(3.12), (3.13) me umeer pemennii. Cieoaresibho, Uy, Us OTIe/MMBL

910  o3Hayaer, YTO  CYHIECTBYIOT  HEHYJIEeBOil  BEKTOp
A= (A1,..., Am) € R™, BellleCTBEHHOE YUCJIO 7Y, YTO

(A, u) =7 st Beex u € Uy,
(N, v) <7, aus Beex v € Us.

Orcrona

k
(Nu) = (\v) = Z/\ivi’ ansa Beex u € U, v € Us. (3.14)
i=1

Hokaxkem, aro Ay = 0,...,\x = 0. Ilpemmomoxum, aro Ay < 0
npu mekoropom s € {1,...,k}. Paccmorpum mociesoBaTebHOCTh
BEKTOPOB
-1, j#s
l l l l
v = (vh,...,0,0,...,0), Tae v; = e ’
-1, j=s.
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Torma, B cuy (3.14), (A\u) > (A o!) aas seex [. Ilepexons B
[IOC/IEIHEM HEPABEHCTBE K IIpejiesly Upu | — 00, IOJIyIaeM, d9To
llim (/\,vl) = 400, a cjJeBa CTOUT KOHKPETHOE BENIECTBEHHOE YHC-
—00

0. IlosToMy nosrydenoe IpoTuBopeyne JIoKasbiBaeT, uTo Bee A; > 0,
ji=1,... k.
Ilycts x € A. PaccmoTpuM BEKTOPBI

U= ((al,x),...,(am,:r)), v=I(g,...,&0,...,0), (¢ <0).

Torma u € Up,v € Uy u nostomy, B cuiy (3.14) , noxygaem

m
Z)\i(ai,z) > Me+ -+ e ana Beex € < 0.
i=1

Ilepexons B mociiemaeM HepaBeHCTBe K Ipelieny mpu € — 0—, momy-
qUM

m

Z )\i(aiv .%') P 07

=1

4TO 1 TpeboBasIoCh J0Ka3aTh. Teopema jloka3aHa.
YIIPAZKHEHNW A

3.1. Hanucarh ypaBHEHHE THIEPIIOCKOCTH, OTAEISIONICH TOUKY
(—1;2;1; —3) or muoxectBa A C R*, ompenensiemoro cucremoit

)

51+ 19 — 53 — 314 < 1
4<27

—3x1 — 229+ dx3+
3xg + w3+ 224 <0,
1+ a2+ 323 —24 < 9.

3.2. Ilycts A, B — HelycTble BBLIIYKJIbIE MHOXKECTBA, IIPHIEM
IntA NIntB = @. Bepno qiu, uro A u B orpeaumbr?
3.3. Ilyctb

A,B) = inf inf ||la —b].
p(A, B) = inf inf |la — b
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Jokazarb, 4To HelycTble BBIIYK/ble MHOXKecTBa A, B cTpOro orje-
JIMMBI TOTJIa M TOJIBKO Torja, Korja p(A, B) > 0.

3.4. Oraemumer (cTporo orgennmer) Touka ag = (1;—1;0) u MHO-
JKECTBO

co{(—1;1;2),(2; =15 -3), (=2;3; = 1), (=5; =15 3)}7

3.5. Ilycre Ay, A5 — BBIIYKJIbIe KOMIIAKTE R" Takue, 970 MHO-
kectBo A1 U As Boeinykiio. Jlokazars, uro A; N As # @.

3.6. CymecrByoT u MHOXKecTBa A, B, KOTOpBIE CTPOro OTIie-
JINMBI, & COA,CcoB Heab3st OTIEIUTh.

3.7. CymecrBytor ju MHOXKecTBa, A, B, KOTOpBIE OTJEJINMBI, a
MHOXKeCTBa COA, coB HeIb3sl OTIEIUTh.

3.8. B R} nexur BeinyK/blil Muororpannuk A. Jlokazarsb, uTo
JIst 1000l Touku z € A Hadijercs BepIInHA U MHOTOrpaHHuUKa A,
Takas, YTo U; < N2; JJjs Bcex ¢ =1,...,7n.

3.9. Ilpu kakoMm a > 0 MHOXKecTBa

A = {(z1,22,23) € R? | x; € 10,4},
B = {(z1,%9,x3) € R3 | x1 + x2 + 23 = a}

a) orgesumbl? b) croporo orienumbl?

3.10. JIoKa3arh, 4TO TPHU BLITYKJILIX MHOTOYTOJILHIKA B K2 HelIb-
35 Ilepecedb OJHOI INPsAMOIl TOIJIa U TOJIBKO TOTVIA, KOTJIa KaXKJIbIil
MHOT'OYTOJIbHUK MOXKHO OTJIEJIUTH OT JIBYX JIDYTHUX.

3.11. Byznem roBoputh, uTO MHOXKecTBa A u B pasmesnsiorcs
muoxkectBoM C, ecqm it T00bIX a € A,b € B CyIecTByeT Iucjio
a€0,1], aro aa+ (1 —a)b € C.

JlokazaThb, 4ro eciau MHOXkKectBa A m B ormenumbl u H — or-
JIEJISTIONIAsT THIIEPIIOCKOCTh, To H paznenser A u B.

IIpusectn npumep muoxkectB A, B, C' takux, uro A u B pa3sme-
JstioTest MHOYKecTBOM () HO A m B HeNb3sl OTIE/UTh.

3.12. /lokazarh, 94T0 3aMKHyTOE MHOXKeCTBO A C R™ BBIILYKJIO
TOIJIa U TOJIBKO TOTJa, Korja Jiobas Touka b ¢ A u muOxkecTBO A
CTPOTrO OTJEIUMBI.
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§4. OTHOCuTe AbLHALA BHYTPEHHOCTDb MHO2KeCTBa

Onpenxnemaemnunedl Muoxecrso M Buma M =a+ L,
rme a € R", L — nuueitHoe noanpocTpancTBo R™, HaszbiBaeTcs ad-
PUHHBIM.

Pazmepnocteio M mHaspiBaloT pasmMepHOCTb L.

B R? addUHHBIME MHOKECTBAMH SIBJISIOTCS TOYKH, BCEBO3MOK-
HbIe IIPSIMBIE I CAMO IIPOCTPAHCTBO R2.

T eopewmadl MuooxecrBo M spisercsa apdUHHBIM TOTIA
I TOJILKO TOTJIa, KOrJa Jyis mobbix x,y € M,a € R! cupasemiuso
ar + (1 —a)y € M.

JdJoxasarTeuabcTtTs o. Illyctb M — adbdpunnoe MmuoxKe-
crBo, z,y € M, a € R'. Takxkak M = a+L, 10 © = atu, y = a+v,
rne u,v € L. Orcioga

z=ar+(l-a)y=ala+u)+(1-a)lat+v)=
=a+ou+ (1—-a)v.

Touka w = au+ (1 — @)v € L, Ttak Kak L «BJIsAeTCA JIHHEHHBIM
nogpoctpancTBoM. [lostomy 2z = a +w € M.

IIycrs M Taxoso, 4ro misg mobbix =,y € M,a € R' cnpase-
mBo ax+ (1 —a)y € M. okaxewm, uro M addunHOE MHOKECTBO.
BosbpMmeMm mpomsBosibHYI0 TOUKY @ € M u paccMOTPUM MHOXKECTBO
L =M — a. HokaxeMm, uTo L guHEHHOE MOJIPOCTPAHCTBO.

a) myctb y € L,a € R'. Torna y =2z —a,z € M,

ay=az—aa=az+ (1 —a)a—a.

Touka u = az+(l—a)a € M o ycaosuio. [lostomy az = u—a € L.
b) mycrs y1,y2 € L. Torma y1 = 21 — a,y2 = 22 — a,

Y1+ Y2 = 21 + 2o —2a:2((0,521+0,522) —a).

Touka z = 0,521 + 0,520 € M 1o ycmoBuio, modtomy z — a € L.
CieroBaTe/IbHO, IO paHee JoKasaHHoMy Y1 + yo = 2z € L. Tewm
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caMbBIM JIOKa3aHo, 4To L — JimHelHOe TOIIPOCTPAHCTBO. Teopema
JIOKa3aHa.

Bameuanuedl U3 goxkazaHHOH TEOpPeMBbI CJIEIyeT, UTO
adPUHHOE MHOXKECTBO MOXKHO OIPEIE/INTh KAK MHOXKECTBO, KOTOPOE
BMECTE C JIIOOBIMU JIBYMSI CBOUMU TOYKAMU COIEPXKUT U IIPOXOISIILY IO
qepe3 HUAX IPAMYIO.

Cunengctsuedl Illycerb M — addunHoe MHONKECTBO.
Torma s smoboro marypajabHoro k, jjs JO0OBIX Ti,...,Tp € M,
k
JEOOBIX BEIIECTBEHHBIX YHCEN Al,..., Ak, », Aj = 1 Touka z € M,
i=1
rie

z=Mx1+ -+ AT

JoxasaTeuabcTB o. [okazaregbcTBo OyaeM IIPOBO-
JUTHh METOJOM MareMmaTumueckoit muaykiuu. Ilpu k = 1 yTBep:xkue-
nue odeBuaHO. llpu k = 2 yTBepKaeHue ciemyer u3 teopembr 4.1.
[Tpeamosioxkum, 9T0 yTBEPXKIAECHNE TOKA3AHO JIJISI BCEX HATYPAJbHBIX
k <m —1. Hokaxem yTBepKIeHue i k = m.

IIycts x1,...,Tm € M, a1,...,0m € RY, a1+ 4+ oy, = L.
Torma (o, # 1)

m m—1 s
— . . — — 7'7 >
z= E a;jx; = (1 —ayy) E 1 Tj + QT
- - — Qg
J=1 Jj=1
m—1
T o
aK Kak ), 7—2— =1, TO B CHJIy MHJYKIIMOHHOI'O HPEIIOJIOKECHISA
. m
J=1
m—1 o
y= >, —e—%; € M. Ilosromy 2z = (1 — am)y + amay € M.
J=1

Ecm xe oy, =1, T0 2 = x5, € M. CilesicrBue j10Ka3aHo.

Cnanemcrtsued2 Addunnoe MHOKECTBO BBITYKJIO.
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Bameuamnued2 Illycrb M — addunnoe MHONKECTBO,
a € M,L = M — a. Torma muHeitHOe TOAIpocTpaHcTBO L He 3a-
BUCHAT OT BBIOOpA TOUKH d.

HeiicrBurenvuo, nyctb L = M —a, Ly = M — a1, a,a1 € M.
Bosbmem mpoussosibhyio Touky x € L. Tak kak a; —a € L, 1o
T+ a1 —a € L u nosromy

re€Ll4+a—ar=M—a = L.

Tem cambiM fmoKazano, 9ro = € Ly, 3umauur L C Lq. Anajgormdso
nokasbiBaercs, ato L1 C L. Ilosromy L = L.

Tem cambIM ompejesieHne pasMepHOCTH A(MEOUHHOIO MHOXKECTBA
KOPPEKTHO.

Teopewmad2 Ilycrb M — adpdunnoe muoxkectso R™.
Torma cymecrByior matpunia H u Bektop b Takwme, 9To

M ={z € R"| Hz = b}.

JdJoxaszaTrTeanbcTsBo M=a+L Ws3BectHo, uyro au-
Helinoe moanpocTpancTBo L B R™ MOXKHO Tpe/ICTaBUTL KaK MHOXKE-
CTBO PEIIeHNl CUCTEeMBI JIMHEHHBIX OTHOPOIHBIX ypaBHenuii. [lycts L
nuMeeT BUJ

L={ze€R"| Hz =0}.
Torna

M ={z € R" | Hz = b},
rme b = Ha. Teopema mokaszaHa.

Cunenctuedd Illycrb M — adpdunnoe MHOXKECTBO.
Torna M — 3aMKHYTOE MHOXKECTBO.

Onpegednenued2 Addpunnoit 060709kl MHOKECTBA
A C R"™ HasbiBaercs nepecevderre Bcex ad@UHHBIX MHOXKeCTB (IIpo-
crpanctBa R™), conepxkamux A u obosnadaercs aff A.
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T eopewmadld. [ra npousBospbHOro MHONKecTBa A crpa-
BeauBo pasencrBo aff A = aff A.

JoxasarTeanbcTBs o Bcunycnencrsusa 4.3 aff A sas-
JISTETCST 3aMKHYTBIM MHO»KecTBOM. [losromy n3 Britouenust A C aff A
caeayer, uro A C aff A, n smaunt aff A C aff A. O6parnoe BKiIOUe-
mne affA C aff A oueBmano. Teopema jokaszaHa.

Ounpenenenuncedd Touka a € A C R™ nHasbiBaercs
OTHOCHUTEILHO BHYTPEHHOM, ecjin cyinecTByer € > (0 Takoe, 4TO

{x € R" | |z —a| <e}naffAC A

COBOKYIIHOCTL BCEX OTHOCUTEJILHO BHYTPEHHUX TOUEK MHOXKecTBa, A
HA3bIBAECTCS OTHOCUTEILHON BHY TPEHHOCTBIO MHOXKeCTBa A 1 0603Ha-
qaeTca riA.

3awmeuamnuedd Janaoe omnpeaeneHne MOXKHO epedop-
MYJIIPOBaTh CJIEJIYIONIUM 00Pa30M: TOUYKA @ $BJISETCS OTHOCUTEIBHO
BHYTPEHHEeH TOYKOi MHOXKecTBa A, eciu Ijist JIIOOOH [OC/Ie10BaTe b-

HOCTH TO4YeK {aj}io, TaKoii, 4T0 klim ar = a, ag € aff A nya Becex
— 00

k cymecTByer HaTypaJjbHOe Yuciao [, 4ro ap € A gjst Bcex k > [.

Ounpenenenuedd Muooxecrso A Ha3bIBAeTCA OTHO-
CUTEIBLHO OTKPBLITBIM, eciin A = riA.

Ecim A — adpdunrnoe MHOKECTBO, TO A SIBJISIETCS] OTHOCUTE b~
HO OTKPBITHIM. [109TOMY TOUKa SIBJISIETCS OTHOCUTENHHO OTKPBITHIM
MHOKECTBOM.

Ecmm A = {ax 4+ (1 —a)y | @ € [0;1]} — orpesok B R", TO
riA={ar+ (1-—a)y | ae (0;1)}.

JIewm ™ adl Ecm IntA# @, o IntA = riA.

Joxasarennbctso Tak xak IntA # @, 1o
IntaffA # @. Ilostomy affA = R™ u B manHOM Ciydae ompejerie-
mua IntA u rid cosmamalor.
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Teopewmadd Ilyctrb A — Hemycroe BBITYKJIOE ITOAMHOMKE-
ctBo R™, a €riA, be A
Torma st Becex a € [0,1) rouka (1 —a)a + ab € riA.

st moKa3aTeIbCTBa JAHHON TEOPEMBI JJOCTATOIHO TOBTOPUTD 10~
Ka3aTejbCTBO TeopeMbl 1.3, mpoBost paccyzkjeHus B aff A.

Cnemgcrtsuedd Ecm A Bbmykioe MHOXKECTBO, TO TiA
TaK¥Ke BBITYKJI0€ MHOYKECTBO.

Teopewmadb Ecmm A — Hemycroe BBITYKIIOE MTOIMHOMKE-
crBo R", 1o 1iA # @.

JJokasaTenncrts o. Ilycrs ag € A. Paccmorpum Bee
BEKTODPBI BUJa G — ag,a € A. VI3 Kypca JuHelHOH anrebpsl moryda-
€M , 9TO CpeJIl PACCMaTPUBAEMbBIX BEKTOPOB uMeeTcst k < n JIMHEHHO

HE3ABUCUMBIX: G] — Qy, . ..,0; — ap (k HanbosbImee U3 BO3MOXKHBIX
sHavennii). BoamoxkHo JBa corydast:
1. k = n. Paccmorpum muoxkecrBo S = co{ag,a1,...,a,}, S C A.

ITo Teopeme 2.7 muOxkecTBO S COMEPKUT BHyTpeHHUE TOUKHU. [ToaTo-
My U MHOXKecTBO A comepkut BHyTpeHHHEe ToUYKHU. CjieqoBaTebHO,

TiA # ©.
2. k < n. Paccmorpum juHeiiHOe MOAIIPOCTPAHCTBO L, HATIHYTOE
Ha aj — ag,...,ar — ag. 1lo mocrpoermio A —ag C L.

Paccmorpum orobpazkenne F : RF — L Buna

k
F() =Y Xi(ai—ao), A=(M,...,\) € R
=1
U MHOXKEeCTBO
k
A={XeR | A=\, ) >0, ) A <1}
=1

Tak kak

Z)\l(al —ag) = Z)\l(al —ap)+ (1 — Z)\l) -0,
=1 =1 =1
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To mpu Jo6oM A € A Touka F(\) mpescrasiisier cobOil BBILYKIIYTO
KOMOUHAIINIO TOYEK a1 — ag,-..,akr — Gg,0 u3 A — ap u, 3HAYUT,
F(\) € A—ag. Ilostomy F(A) C L.

Hokaxem majiee, uto F' — romeomopdusm.
a). lokaxem, uro F B3auMHO OJHO3HAa4YHOE OTOOpaykeHue. IlycThb
F(\) = F(n). Torpa

k

k k
Z Ai(a; — ag) = Zm(al —ap), W Z(/\l — mw)(a; — ag) = 0.
=1 =1

=1

Taxk Kak BEKTOpPBI a1 — aq, - . ., G — Qg JIMHEHHO HE3aBUCUMBI, TO JIJIs
Bcex [ crpaBeiuBbl paBencTBa A; = L. [losromy A\ = p.
b). Jokaxkem, uro F HempepbIBHOE 0TOOpaKEHIE.

k
Q) = FQo)l = (= M) — ao)| <

=1

k
< max [la; — ao =A<k max [|la; — aol[[|A = Ao]|-
=1

13 110J1y9€HHOr0 HEPaBEHCTBA CJIEAYeT HENPEePhIBHOCTL F.

c). Uz myrKTa a) ciefyert, 9to cymecTsyeT F 1, koTopoe sBster-
Csl JIMHEHHBIM U, CJI€JI0BATEIHHO, HEIPEPLIBHBIM OTOOpasKeHueM (CM.
HyHKT b).

Tax kKak A SBIAETCSA OTKPBITHIM MHOYKECTBOM, TO MHOKECTBO
F(A) orkpeiro (B L). [osromy ri(A — ag) # &. Orciona 1iA # &.
Teopema mokasaHna.

Ounpenagenenuedb PasMepHOCTHIO BBITYKJIOIO MHOYXKE-
crBa A HazbBarOT pasMmepHocTh aff A.

U3 onpesiesiennst pa3MEPHOCTH BBIYKJIOTO MHOYKECTBA IMOJIyYa-
eM, YTO pa3MepHOCTb OTpe3Ka PaBHA €JIMHUIE, PA3MEPHOCTb Kpyra
{(z,y) | 2> + y* < 1} pasua aBym.
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Teopewmadb. Ilyctrb A — BeIyKI0e MHOXKecTBO. Torma
A =r1iA.

JJoxaszarTeabcTs o Tak kak 1id C A, 1o 114 C A.
[ycts a € A. Tlo teopeme 4.5 1iA me mycto. Ilycts b € riA. Pac-
CMOTPHM CEMEHCTBO TOueK T, = ab + (1 — a)a, o € (0;1]. Torma

To € TiA 1o Teopeme 4.4 u lim0 Tq = a. Iosromy a € riA. Cneno-
a—

Barenbro, A C riA. Buaunt rid = A. Teopema jmokazana.

Onpemgemnmenuedb MuaoxkecrBa A uw B cobcTBeHHO
OTJIEJTUMBI, €CJIM CYIIECTBYIOT HEHYJIEBOW BEKTOD P W BEIIECTBEHHOE
ynucso  Takue, 4To

(p,a) < B < (p,b) nist Becex a € A, b € B,
(p,ap) < (p,bo) myist HekoTOpbIX ag € A, by € B.

W3 ompenenenust ciemyer, 9TO IPpu COOCTBEHHON OT/IEJTMMOCTH HC-
KJIIOYAETCs BBIPOXKIEHHBIN ciiydail, Korma oba MHOXKECTBA JIeZKAT B
pas3nesIsTionieit X TUMnepIIOCKOCTH.

II pume pd.l. Ilycrs

A={(-1;0),(1;0)}, B={(x,y) |y =0}.

Torma A u B orumenumbl, Ho A u B He sBAsSIOTC COOCTBEHHO OT-
JIeJINMBIMH.

II pume p4d.2 Ilycrs

A={y) [y=0, 220 B={@y) |2>0 y>}

Torma A m B coGCTBEHHO OTIEJIMMBI, HO KaK OBLJIO OTMEYEHO paHee
UX HeJIb3sI CTPOrO OTIE/UTh.

T eopewmad7 Ilycrb mookectBa A mw B cobCTBEHHO OT-
nemambl. Torna riANriB = @.
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JokaszarTeuansbcrtTso. Illyctrb A u B cobcTBEeHHO OTIE-
JINMBL. DTO O3HAYAET, UTO CYIIECTBYIOT HEHYJIEBOI BEKTOP P ¥ UUCJIO
v TakKue, YTO

(p,a) = v st Beex a € A, (p,b) < v st Beex b € B, (4.1)
(p,ap) > (p,bo) myist HEKOTOPBIX ag € A, by € B.

Jokaxkem, aro riANriB = @. Ilycts x € riA NriB. Torma cyrme-
crByeT € < 0 Takoe, 4TO

a=z+elap—z) €A b=x+e(bp—z) € B.
Torma (p,a) < (p,b), aro nporusopeunt (4.1). Teopema gokazana.

Teopewmad8 Ilyctrb A u B — HemycTbie BHITYKIbIE O~
MHOXKecTBa R™ Takwme, yro riANriB = @. Torna A u B cobcTBeHHO
OT/ICJTUMBI.

JokazaresbcTBO JaHHOl TeopeMbl MOXKHO Haiitu B [13].
YIIPA?KHEHI A

4.1. Bepuo ju, uro ecoit A C B, to riA C riB?

4.2. Jokazars, uto ecit A C B u ANriB # @, 10 1iA C 1iB.

4.3. JlokazaTn, uro ecan 1riB C A C B, 10 1iA = 1iB.

4.4. Ilycrs A, B — BBINyKJIble MHOXKeCTBa, TIANTIB # @&. oka-
3aTh, 4T0 1i(ANB) = riANriB. IIpuBecTn npumMep, MOKa3bIBAIOIINIA,
qTo yesioBue TiA NriB # & sBIsIeTcst CyIeCTBEHHBIM.

4.5. Ilycto A, B — BbImyKJble MHOXKeCTBa. JlokasaTh, dTO
ri(A+ B) =riA +riB.

4.6. Haiitu pasmepnocts MuoxkectBa A C R3, ompenesiemoro
CUCTEMOM

2x1 — 8xo + 323 < —1
2x1 4+ 8o — 323 < 1,
621 + 8xo — 3x3 > 1,
23+ 23 — 23 < 1.

)
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4.7. Ilycrb A — BBIIYKJIO€ MHOXKECTBO TAKO€, UYTO MHOXKECTBO
R™\ A rakxke BbInyKJ0. Bepro s, uro aff A = R™?

4.8. Ilyctb A — BBRIMyKJI0€ TTOAIMHOXKECTBO R™, B — BBITyKJI0€
noxmuo)kectBo R™. Jlokasars, uro ri(A x B) =riA x riB.

4.9. Ilycte A — Bumykioe moamuoxkectBo R™. JlokasaTb, 9T0
Jutst sioboro b € R™ Bepuo paencrso dim(A + b) = dim A.

4.10. Ilycts A, B — BBIIyKJblEe HOAMHOXKecTBa R™, mupuuem
riANriB # @. Jlokasarh, 4T0

dim(AN B) = dim A + dim B — dim(A + B).

4.11. Ilycte A — BBIIyKJIOE TOAMHOXKecTBO R™, mpudem
AN B # &. BepHo Jin, 9T0

dim(AN B) = dim A + dim B — dim(A + B)?
4.12. Ilycte G — maTpuna nopsiaka n X m, b € R™ rtaxue, 910
A={zxeR" ‘ Gz = b} # @. Jlokasarb, 4To
dim A = n — rangG.

4.13. Ilycrb mHOXKecTBa A1, Ao oTnenumbl u IntA; # &. Joka-
3aTh, 4T0 A1, A9 COBCTBEHHO OTIEIUMBI.

§ 5. OnmopHasi TMIEPIIIOCKOCTDH

Ounpenaenenuebd.l. NuuepmiockocTs

H={z|(pz) =1}

HA3BIBAETCs OLOPHON K MHOKecTBY A, ecim (p,a) < 7y JJIsl BCex
a€ A u (p,ag) = I HEKOTOPOit TOuKH ag € A.

ITpu 9TOM yTOUHSIOT, YTO THIEPIVIOCKOCTh H sIBJISIETCS OLOPHOMN
K MHOXKecTBy A B Touke ag, a mnosynpocrpancrso {x | (p,z) < v}
HA3BIBACTCsI OIIOPHBIM KA.

leoMmerpuyecku runepiLiockocTb H saBiisiercs omopuoii Kk A, eciu
MHOXKeCTBO A JieKuT 1o ofHy cropony or H u H upoxomuT depes
OJIHY U3 I'PAHMYHBIX TOYEK MHOXKecTBa A.
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Ounpenaenemnuebd2 lNuuepmiockocTs

H={z|(pz)=1}

Ha3bIBAETCsI COOCTBEHHO OIOPHO K MHOXKECTBY A, €CJIi OHA sIBJISIeTCsT
OLIOPHOIT U cyiecTByeT Touka a € A jyist Koropoit (p,a) # 7.

II pume pb.l Ilycrs
A={(z,y) e R* |2>0, y > 0}.

Torna runepmiockocts H = {(z,y) | y — kx = 0} ssisercs onopuoit
K A mpu sobom k < 0.

IT puwmepb2 Ilyere A= {(0;0)}. Torga mobas runeprioc-
kocte H = {z | (p,z) = 0},p # 0 sBisiercst OHOPHOI.

T eopewmabdl Ilyctb A — HemycToe BLITYKIIOE TOJIMHOKE-
creo R"™. Torma mist 060it ToUKu ag € A CyLIECTBYET TUIIEPILIOC-
KOCTh, OIOpHasi K A B TOUKe ag.

JloxkaszaTeuabcTB o. Ilo creacrsuio 3.4 cymecrByoT
HEHYJIEBOIl BEKTOD P M BEIECTBEHHOE YHCJIO Y TaKHe, 9TO

(p,ao) =, (p,a) <y aus Bcex a € A.

Cnenosarenvho, (p,ag) <7 (ap € A). Orciona (p,ag) = . 3naunr,
runepiiockocts H = {x | (p,x) = 7} saBusiercs onopuoit k A B
Touke ap. Teopema joKazaHa.

T e opewm ab2 Bceakoe mHemycroe 3aMKHYTOE MHOXKECTBO
A # R™ mupeicTaBUMO B BHJI€ TIEPECEUEHUs] OTKPBITHIX MOJIYITPO-

CTPpaHCTB.

JdJoxasarTeuabct B o CoriacHo ciueacrsuio 3.1 st
J000i ToUKM b ¢ A CyImecTBYeT MHIEPITIOCKOCTh
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Hy = {z | (py,x) = W} Takaa, ato (pp,a) < yp g Becex a € A n
(pb, b) > ~vp. CitemoBaTesibHO,

Ac (e | (o z) <)

b¢ A
TToxaxkem, 4TO HaA CaMOM JieJie

A=({z | () < ).

b A
IIycTb

ye [z | (s 2) <}

b A

uy¢ A Torma (py,y) > vy, U HOITOMY TOUKa y HE MOKET IPHHA]-
nexarhb nepecedernio. CiieoBaTeIbHO, BCAKAsi TOUKA Y, IIPUHAJIE-
JKarmasi nepecedenuio, npunaiexxut u A. Teopema jokazana.

T eopewmabdd. Bceakoe Hemycroe 3aMKHYTOE MHOXKECTBO
A # R™ upeictaBuMO B BHUJE [EPECEUYEHUs 3aMKHYTBIX IIOJIYIIPO-
CTPAHCTB.

Jloka3aTeIbCTBO JAHHON TeOpeMbl ITPOBOAUTCS aHAJIOTMYHO JOKa3a-
TEJIbCTBY TEOPEMBbI .2 .

T e o pewm abd. Beakoe Hemycroe BBITYKJIO€ 3aMKHYTOE MHO-
KecTBO A # R™ TUpeJCTaBUMO B BH/IE TIEPECEUEHUsT BCEX CBOMX OIIOP-
HBIX IIOJIYIIPOCTPAHCTB.

HJoxkasaTeunahbcTBsB o. g mokazarelbCcTBa TEOPEMBI
JIOCTATOYHO JI0KA3aTh, YTO JJIsd JII00O# Toukn y ¢ A cymectByer
onopnas rutnepiviockocts H = {z | (p,z) = a} rakasi, 9r0

(p,y) > «, (p,a) < a mis Beex a € A.
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1. IIycto IntA # @ u ag € IntA, 2z — rpannvyHast To9Ka MHOYKECTBA,
npunaiexkammas orpesky {8y + (1 —B)ag | B € [0;1]}. Pacemorpum
runepiiockocts Hy = {z | (¢,2) = ~}, onopuyio Kk A B TOUKE 2.
Ormernm, uro v = (q,z). Ilokaxewm, uro Hy uckomasi runepiuioc-
KOCTb. JIefCTBUTEIHLHO, MBI IMEEM:

(q,a) < (q,2) s Beex a € A,
(¢,2) = B(g,y) + (1 = B)(g,a0), B € (0;1).

Tak kak ag € IntA, To (q,a0) < (¢, 2). Tosromy

(¢,2) = Bla,y) + (1 = B)(q,a0) < Blg,y) + (1 = B)(q,2) =
= 6(((171/) - (Q> z))+(Q7 Z)

Caenosarensno, (q,y) — (q,2) > 0, wm (q,y) > (¢q,2) = (q,a) nusa
Bcex a € A.

2. Illycte IntA = @. Torma affA # R™. Ilycte H — rumepiuioc-
KOCTb, cofepkammasa aff A n me comepxkamag y. I'unepriockocrs H
SIBJISIETCsT OIOPHON K A THIEPIJIOCKOCTBIO, W OHA HCKOMasi. Ecin
(p,y) < @, TO paccMaTPUBAEM T'HIIEPILIOCKOCTD

H = {z| (—p,x) = —a}. Teopema nokazaHa.

YIIPAZKHEHNW A

5.1. CocTaBuTh ypaBHEHUE THUIEPIIOCKOCTH, OMOPHON K MHOXKe-
CTBY
3 2 2
A={z e R’ | x3 > a7 + a3}

B Touke (2;1;1).

5.2. lNunepmiockocts H HA3BIBAETCsT KACATEBHONW K MHOYXKECTBY
ACR" BTouke a € A, ecim H aBisercs eMHCTBEHHON OMOPHOI
IUTEPIIOCKOCTBIO K MHOXKecTBY A B Touke a. OmmcaTh Bce Kaca-
TeJIbHBbIE THIIEPILIOCKOCTH K OTPE3KY, KBaIPaTy, KPyry Ha ILIOCKOCTH.

5.3. Ilyctb A — orpanudeHHOE BBIMYKJIOE MMOJMHOKECTBO R™.
JokaszaTb, 9To 1715 Jiroboro p € R™, p % (0 cymecTByer 9ucjio -y, 9To
runiepiiockocrb H = {x | (p,z) = v} Gyumer omopuoii Kk A.
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5.4. Ilyctb A — BBIMyKJIOE TOAMHOXKeCTBO R"™ Takoe, d9TO
AC H ={z € R" } (p,x) = B},p # 0. Bepno smn, 4ro cyrue-
cTBYeT « Takoe, uTo runepiiockocts H = {z € R" | (p,z) = o}
Oyjier onopHoit Kk A.

5.5. Byner smm BepHa TeopeMa 5.2, ecju BBITYKJI0€ MHOXKeCTBO A
HE SIBJISIETCS HU 3aMKHYTBIM, HU OTKPBITBIM ]

5.6. Ilyctb A C R™ — BBIIYKJIO€ 3aMKHYTOE MHOYKECTBO TaKOE,
9TO MPOEKIUS Ha JIIOOYI0 THUIEPINIOCKOCTb €CTh BBIMYKJIBIE MHOTO-
IpaHHUK. BepHOo i1, ur0 A MHOrOrpaHHUK, ecjiu a) n = 2,

b) n>3.

5.7. [lycts A C R? — BBIIYKJIBII KOMIIAKT C HEIIYCTO# BHYTpEH-
HoCThIO. JloKa3aTh, YTO MOXKHO OTMETUTH YeThbIPe TOUYKU HA I'DAHUIIE
MHOXKeCTBa A Tak, ITOOBI OITOPHAsT IIJIOCKOCTh B KaXKJ0# OTMEUIeHHON
TOUKe ObljIa HapaJsyiebHa IJIOCKOCTH, TPOXOJIAIIEN Yepe3 TPU OCTaJb-
HBIE OTMEYEHHBIE TOUYKH.

5.8. Brimykioe MHOokecTBo A C R? HasbIBaeTCsS MHOMCECTNEOM
NOCMOARHOT, UWUPUHDL, €CTH PACCTOSTHAE MEXKJIY JIIOOBIMU JBYMS €r0
rapaJijieJIbHBIME OTIOPHBIMU IIPSIMBIME OJTHO M TO YKe.

1. Ilpusectu npunmep B R? BBITYKJIOr0 MHOYXKECTBA MOCTOSHHON IIH-
PUHBI, OTJIMIHOI'O OT KpyTa.

2. JokazaTb, 9TO JTI000€ BBIMYKJIOE MHOXKECTBO IIJIOCKOCTH JIAAMET-
pa eJINHUIA TTOKPBIBAETCS MHOXKECTBOM ITOCTOSIHHOM IITUPUHBI, PABHOI
€JINHUIIE.

3. Hokazarh, 9TO BBIIYKJI0€ MHOXKECTBO IOCTOSTHHOIN ITUPUHBI, paB-
HO¥l e/iuHuIle HeIb3s pa30uTh Ha JIBE YaCTU MEHBIIETO JHAMETPA.

5.9. Touka a € OA, rge A — BBLIIYK/IOE HOIMHOXKeCTBO R,
Ha3bIBAETCH pe2yAApHOoU, €CIU B TOUYKE G CYIIECTBYET €JINHCTBEHHAs
OTIOPHAST TUIEPILJIOCKOCTh.

1. Bepuo s, 9t0 eciit A —BBITYKJIO W 3aMHYTO, TO MHOYKECTBO Pe-
TYJISIPHBIX TOYEK MHOYKeCTBa A TakyKe 3aMKHYTO?

2. CymiecTByIOT JIn 3aMKHYTBIE BBITYKJIbIe MHOXKecTBa, A # R" Ta-
KHe, 9T0 A He mMeeT PeryaspHbIX TOUeK?

3. CyIiecTByOT Jiu 3aMKHYTBIe BbINYKJjble MHOXKecTBa A #= R™ ¢
HETyCTOM BHYTPEHHOCTHIO U TaKWe, 9TO0 A He UMeeT PeryIsipHBIX TO-
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ek ?

5.10. /Ioka3arh, 9TO €c/iu B HEKOTOPOIl TOUKE BBIITYKJIOTO MHOYXKE-
CTBa CYIIECTBYIOT JiB€ OIOPHBIE IMIIEPIIOCKOCTH, TO B JAHHON TOYKE
CYIIeCTBYeT GECKOHEYHO MHOI'O OITOPHBIX T'HIIEPIIJIOCKOCTEN.

5.11. Bepno 11, ITO CTPOro BBIIMYKJBII KOMIIAKT B JII000OH I'pa-
HUYHOI TOYKE MMeeT POBHO OJIHY OIOPHYIO UIEPILIOCKOCTH?

5.12. Ilycre Hy = {z | (ag,x) = Y}, |lax|| = 1 — nocnenosa-
TEJIbHOCTh TUIIEPILIOCKOCTEH. By/ieM roBOopuTb, UTO MOCse 0BaTe b
HocTh Hj, cxomurest K runepiuiockocru H = {z | (a,x) = v}, ecin

lim ap =a, lim vy ="7.
k—4o0 k—o0

IIycte A — Beimykislit kommakT R", {ap}72, — mocienoBaTennb-
HOCTb TOYEK Takas 4To ap € 0A,ar — a upu k — 00, npuuem
a € 0A, Hjp — rumepuiockKocTb, omopHas K A B Touke ai. Bep-
HO JIU, YTO [OCJIEIOBATEIbHOCTD Hj CXOIUTCs K rUnepiuiockoctu H,
onopHoii K A B Touke a?

5.13. oka3zars, 4TO Jit0basi TUIEPIIOCKOCTh, OTIOpHast K adduH-
HOMY MHOXKECTBY, €10 COJIEPKHUT.

5.14. JlokazaTh, 9TO OKOJIO KazKJIOr0 BBIIYK/IOro KoMIakTa R2 ¢
HEIIyCTOI BHYTPEHHOCTBIO MOXKHO OIUCATH KBaJpAaT.

§ 6. BoImykJible KOHYCBI

Ounpegagenenueb6l. MuokectrBo K Ha3bBaeTCs BBIILY-
KJIBIM KOHYCOM C BEPIIIUHOH B HYJIE, €CJIM OHO YJ/IOBJIETBOPSIET CJIELY-
IOIIIUM CBOMCTBAM:

1) K — BBIIyKJIO€ MHOXKECTBO;
2) ecrn = € K, 1o jst Beex t >0, tx € K.

MmuoxkectBo K Ha3bIBAETCs BBIIMYKJIBIM KOHYCOM C BEPIIUHON B
TOuKe I, ecoim K = xg + Ky, te Ky — BBIIYKJbBI KOHYC C Bep-
IUHON B HyJIe.

MmuoxkectBo K Ha3bpIBaeTCs KOHYCOM C BEPITUHON B HysIe, ecan K
YZIOBJIETBODSIET CBOCTBY 2).

PaccmorpumM npuMepsl BBITYKJIbIX KOHYCOB C BEPIIMHON B HyIIe. 1.

K =R", K ={0}.
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2. K={z|z=txy, t >0}, rue v9 — bukcuposannas Touka R".
3. K={(z,y) € R* | s <y <2z, x>0}
4. K={zeR"| (p,x) <0}.

T eopewm abl MuooxkxectBo K sBIsSeTCS BBITYKIBIM KOHY-
COM C BEPIIMHON B HyJI€e TOrJa U TOJLKO TOTJA, KOUJA JIjis JIIOOBIX
T1, 20 € K, mst mobeix t1 > 0,19 > 0 Touka tixy + toxs € K.

JJoxaszaTeuabcTtTBs o. [Ilyctrb K — BBIIYKILIH KOHYC,
r1,20 € K, t1 > 0,15 > 0. Torma ((tl —l—tg) 7é O)

t1 to
1+ o).
ti+ty - b+t 2)

t1zy + tawo = (t1 + t2)(

Taxk kak K BBIIYKJIOE MHOXKECTBO, TO TOYKA

tq to
z = 1+ c K.
(t1+t2 ! t1+t2)

[Mostomy tixy + taxe = (t1 + t2)z € K. Ecimm t; +t2 = 0, 10
tix1 +toxo =0 € K.

IIycte Temepr K  oOagaeT COOTBETCTBYIOIINM —CBOMCTBOM.
x1,r2 € K,a € [0,1]. B3as B kauectBe t; = a,ty = 1 — «a, ume-
eM t1>0,t220 "

tixy + taxy = ax + (1 — a)zg € K.

[TosTromy MHOXKecTBO K sBiIsteTcss BbIIYKJIbIM. Ecu x € K, t > 0,
To tr =tr+1-0 € K. CrnenoBaresibHo, K — BBINYKJIbII KOHYC.

Canemgcrsuebl KCR" — BBOyKIBI KOHYC C BEPIIH-
HOIl B HyJIe TOT[Ia M TOJLKO TOTa, KOIJa I JIIOO0ro HATypaabHOIO
qucaa k, [js ao0bIX T, ...,Tr € K, I JTI0OBIX HEOTPUIATETHHBIX
quces ti,...,t; CIPaBEIJIUBO

tixy + -+t € K.
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Onpemgemnmenueb62 Ilycth A — Hemycroe MHOXKECTBO
R™. MHOXeCcTBOM, IBOWCTBEHHBIM K A, HA3BIBAETCS MHOXKeCTBO A*
BHJIA

A*={yeR" | (z,y) <1mna Beex z € A}.

Teopewmab2 Ilycrp K, Ky — BBIIYyKIble KOHYCHI C Bep-
IUHOM B HyJe. Torma BBIIYKJIBIME KOHyCaMU C BEPIIUHON B HyJie Oy-
JIYT CJIEYIOIIe MHOXKECTBA!

1) Ki+ Ko;

2) KjN Ko

3) K

4) IntKjy;

5) Kf, npuuem K7 = {y ‘ (x,y) <0 s Beex x € K;}. Konye K*,
Ha3bIBAETCS KOHYCOM, COIPSI’KEHHBIM K KoHycy K.

HJoxkaszatTeubcTB 0. YrBepKIeHUs HYHKTOB 1) - 4)
OYEBH/IHBI, JOKAsKEeM yTBepzKieHue myHkra 5). [lycrs y € R™ Taxoii,
qro (z,y) <0 qs Becex z € K. Torma y € K.

[Iycrs y € K{. D70 o3navaer, uro (z,y) < 1 s Beex z € K.
Bospmem zg € K1,t > 0. Torma mrs Bcex t > 0 cupaBejinBO Hepa-

BencTBo t(zo,y) < 1. Ilostomy (zo,y) < 7 AnA Beex t > 0. Ilepe-

X075 B IIOCJIEJIHEM HEPABEHCTBE K Ipesesly npu t — 400, HoJLydaeM
(z0,y) < 0. Cuemnosaresbro, (x,y) < 0 just Bcex x € K. Teopema
JlOKa3aHa.

Ounpengeanenueb6.3 Kouumgeckoil 060/109KOii MHOYKECT-
Ba A Ha3BLIBAETCsl IepecedeHre BCeX BBIIMYKJIBIX KOHYCOB C BEPIIHHON
B HyJsie u copepxKammx A. Konmdeckyo 060/1049Ky Oymem 0603HAYATH
cond.

Sawmeugamnueb.l U3caeacrsua 6.1 ciemyer, 910

ConA:{z’z:tlxl—i—---—i—thk, ke N, x; € A, t; > 0}.
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Teopewmabd. Ilycrb C — Bbinykioe mojgmHokecTso R”™.
Torna
conC' = B, rne
B={\zx|zecC\=>0}
JlokaszaTeuabcTB o. Jlokaxkem, uro B — BBIIYKJIbIil

KoHyC ¢ BepmmHO# B mHysne. Ilycte x1,22 € B,t1,t2 > 0. Torma
T1 = My1, 72 = Aaya 1 (At + Aoty # 0)

t1z1 + taxo = t1AMy1 + tadays =

Aty Aaoto >
T T2 |= (A1t1 + Aato)z,
Mt + Aats P T N+ Aoty 2 (Mt1 + Aoto)

= (Mit1 + A2t2)(

Aty Aoto

rme z = x
A </\1t1 Fhots N At + Aoty
muo)kecTtBa C. [losromy t1x1 + toxe € B. Ha ocHoBanum Teopembl

6.1 B saBisieTcs BBIIYKJIBIM KOHYCOM C BepIInHON B Hyse. I3 ompe-
nesienusi B cpasy cienyer, uto C C B, nostomy conC C B. U3
onpeJie/ieHnsl KOHM4eCcKoil obostouku cieayer, yro B C conC. Teope-

mg)e B B cuity BbIIyKJOCTH

Ma JIOKa3aHa.

Teopewmabd Ecm Ci,..., % — BBHIIYK/Ible MHOXKXECTBA,
0 € C; nna seex i. Torma

k k

ﬂ conC; = con(ﬂ C’i)

=1 =1

JJoxkasarTeuabcTsB o. [lycts xEcon(ﬂ C’i). 910 03-
i=1
k
Havaer, uro = = txy,x1 € () C;. Iosromy x1 € C; u 1o Teopeme
i=1
k
6.3 = € conC; mus Beex i. CoenoBaresbro, x € () conC.
i=1
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k
[Iycre x € () conC;. 3nauur, x = t;z;,x; € C;, t; > 0. Torma
i=1

x .
— € (C; nnstBCeX 1 U
i

t(t;'e) = (1 —t)-0+t(t; x) € C; mpu t € (0;1)

ans Becex ¢ =1,..., k. Boibupag uncio p u3 ycjaoBus
0 < p < min %, nosysunm px = (ut;)(t; ') € C; s seex i. Taxim
7 7

00pa3oM, Oy INIIH

k k
e 10, 2=y o).

i=1 =1

910 U TPpebOBAJIOCH JOKA3aTh.

T eopewm ab6.5 Bcesgkas onopHasi THIIEPIIOCKOCTD K BBITYK-
JIOMy KOHYCY C BEpIINHO# B Hyse mpoxoauT 4depe3 Hyqb (IIpemmosa-
raercsi, YT0 KOHYC He COBIAJAET CO BCEM MPOCTPAHCTBOM. )

HJdoxaszatreuancrtso. Illyerb H={x | (p,c) = (p,ap)
— OIIOpHAasI TUIIEPILIOCKOCTh K KoHycy K B Touke ag € K. Nmeem

(p,x) < (p,ap) aa Beex z € K. (6.1)

Hoxkaxem, aro (p,ap) = 0. JokasbiBaTh Oy/eM METOJIOM OT IPOTHUB-
HOTO.

[Mycrs (p,ap) < 0. BosbmeMm Touky z € K 1 110C/1€10BATETHHOCTD
aj > 0,05 — 0 mpu j — oo. Tak Kak Toukn oz € K, To 14 Bcex j
CIpaBeIJIBBI HepaBeHcTBa (P, ojz) < (p, ap). Ilepexoss B mocieaem
HEPABEHCTBE K IIpeJey Ipu j — 00, moiydaeM (p,ap) = 0, [ro
IPOTUBOPEYUT TIPENOIoKeHuto (p, ag) < 0.

IIycre (p,ag) > 0. Ecam 6br mast Bcex © € K BBIIOIHAIOCH
HepaBeHCTBO (p,x) < 0, uMmeso OBl MECTO W HEpaBeHCTBO (p,ap) <
0. 3mauur, cymecrByer Touka a € K Takas, uro (p,a) > 0.
PaccmorpuM mocsieioBaTeIbHOCTE (¢ — 00 mpu j — oo. Torma
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aja € K u nosromy mist Becex j (p,aja) < (p,ap). Taxk kak
]lgrolo (p,ja) = 00, TO IPH JOCTATOYHO OOJBIIUX j BBIIOIHSIETCI
HepaBeHCTBO (p,aja) > (p,ap), dro nporusopeunt (6.1). Teopema
JIOKA3aHA.

YITPAZKHEHU S

6.1. Jokazarp, 9To ecmm K C R"™ — BBIIYKJIBIH KOHYC C BEPINH-
moit B mayne, o K + K* = R™.

6.2. JlokazaTh, 4TO BBIIYKJIOE 3aMKHYTOE MHOXKECTBO, UMEIOIIEe
POBHO OJIHY KPAWHIOK TOUKY, SIBJSIETCS BBIMYKJIBIM KOHYCOM C Bep-
IINHON B JAHHOU TOYKeE.

6.3. [Iycrs K — BBINYKJIBII KOHYC C BEPIIMHON B g . Jloka3ars,
49TO J1I00ast OMOPHAS FUIEPIJIOCKOCTD IIPOXOJIUT YEPE3 I .

6.4. IlycTn

K = con{(—3;1),(2;3),(4;5)}.

Haiitu n m306pa3utsh Ha mI0CKOCTH KOHYC K *.
6.5. Ilyctro K — komyc B R", upuuem s aobbix =,y € K
roukn max(z,y), min(z,y) € K, rue

max(z,y) = (max(xl,yl), . ,max(xn,yn)),
min(x, y) = (Hlil’l(l‘l’ y1)7 s ,Hlil’l(l‘n, yn)) :
Hokazarh, uro K — BBIIYKJIBII KOHYC.
6.6. Bepno sn, uro ecsiu C' — 3aMKHYTOE MHOXKECTBO, TO MHOYKE-

CTBO COHC TaK2Ke fABJIACTCA 3aMKHYTBIM.
6.7. Jloka3aThb, 9TO MHOXKECTBO

K ={(z,y) € R* | 5y* — 2zy — 3y*> <0, y > 0}

SIBJISIETCsI BBIITYKJIBIM KOHYCOM C BepInHOi B HyJie. Haiitu konyc K*.
6.8. Ilycrb A — BeimmykJblit kommakT R'™. Bepro jm, 4ro
conA — 3aMKHyTOE MHOKECTBO?
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6.9. Ilyctrb A — Bemmykuienii kommaktT R™,0 ¢ A. Jlokasarb, 9To
conA 3aMKHYTO€ MHOYKECTBO.

6.10. Ilycte K — komyc B R™ Takoit, 410 s JIOOBIX
x,y € K roukn min{z,y}, max{z,y} € K. MoxKHO /i1 yTBEPKIATh,
ar0 K — BBIIYKJIBIH KOHYC?

6.11. Ilycte A mommuoxkectBo R™, B mnoamuoxkecTtBo R™.
0€ A, 0€ B. J/lokazarb, 4TO

con(A x B) = conA x conB.

6.12. IIycte A mommuozkecTBo R™, B mommuoxkectBo R™. Bep-
HO JI¥, 9TO

con(A x B) = conA x conB.

6.13. Ilycte A mommuOXKecTBo R, B momMmHOXKecTBo R™,
0€ A, 0€ B. JlokazaTrb, 9TO

con(A + B) = conA + conB.

6.14. ITycto A nogmuoxkecTtBo R™, B moamuoxectBo R™. Bep-
HO JIU, 9TO

con(A + B) = conA + conB.

6.15. Ilyctb A noxmuoxecrso R"™. Bepmo jm, uro 0T A — BbI-
IIyKJIbIl KOHYC C BEPUINHONA B HYyJIE.
6.16. Ilyctb A momMmuOXKecTBO R™ BHIA

A={zeR" ’ (aj,z) <bj,i=1,... k,
(ai,:c):bi,i:k—i—l,...,m}#@.

Jokazarb, 9TO

0"A={hecR" } (a;,h) <0,i=1,...,k,
(ai,h) =0,i=k+1,...,m}.
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6.17. Konyc K Ha3bIBaeTCH 3a0CTPEHHBIM, €CJIA OH HE COJIEPXKUT
OJIHOBpeMeHHO Touku x u —x, e x # 0. lokazarb, ¥To ecian
BBINYKJIBbIH KOHYC K 3a0CTPEH, TO OH SBJISIETCS BBIITYKJIBIM KOHYCOM
C BEPIUHON B HyJIeE.

6.18. Bagars con{(1;0;—1),(—2;1;0),(0; —1;2)} cucremoii yu-
HEHHBIX HEPABEHCTB.

6.19. Haittu con{(z,y) | z > 0, |y| < 2?}.

6.20. MoxkeT Jin BepITuHA KOHYCa OBITH €r0 BHYTPEHHEH TOYKOiI?

§ 7. Kpaiinue Toukn

Onpemagedaenuelfdl Touka a BemykIoro Muoxkectsa A
Ha3bIBAETCs KpaifHeil, ecyiu He CyNIeCTBYeT TOUeK aj,as € A, a1 # as
Takux, 9ro a = 0,5a1 + 0, Sas.

Teomerpuyeckn 3T0 03HAYAET, YTO KPANHAT TOIKA — ITO TOUKA,
KOTOpasi He SBJISIETCSI CEPEJIMHON OTpe3Ka, KOHITBI KOTOPOT'O JIeXKaT B
3TOM MHOKECTBE.

ITpuwmep7l Ilyere A= {aa+(1—a)b ’ a € [0;1]} — or-
pe3ok ¢ Kounamu a,b B R™. Torna kpaiiaumu ToukamMu A sIBJISIOTCS
TOYKNA a,b ¥ TOJBLKO OHH.

ITpuwmep72 Ilyers A= {x ’ |z — aol|| < r} — map pamu-
yca T C IEHTPOM B TOYKe ag. J{oKazkeMm, 4TO BCe TOUYKHU IpaHHIbl A

siByisitorest Kpaitaumu. [lycrs a € A, ||la — ag|| = r u upeamonoxum,
9TO
1 1
a= §a1 + 5@2, re a1, a2 € A, a1 # as.

Torna

la — aoll =l 3a1 — 5a0 + 502 aoll <

r=lla—agl| =|za1— zap+ zas — za
0 2 1 2 0 2 2 2 0l X

< *21 a1 — aol| *1H —agl <7
< =lla agll + =||la apll <.
1 0 51142 0
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CnenoBarensro, ||a; — agl| =1, [|az — ag|] = 7. Oboznaunm

a — ap aj] — ap a2 — agp
€ = , €1 = y €2 = .
r r r
Nneem
1 1
lell = llexll = llezl =1 m e = Se1 + geo.
Torma
1 1 1
1= lel* = ZHt‘Elll2 +5 (e e2) + 1\\62”2 =
1 1
== 5 + 5(61,62).
Tak kak (e1,e2) < 1, 1o mosyuaem, 4yro (er,ez) = 1. 3uauwnr,

€] = €3, YTO HEBO3MOXKHO, TAK KaK a1 7 a2.
Tem cambIM [10Ka3aHO, UTO JIIODAsT TPAHUYHAS TOYKA MHOXKECTBA
A saBisieTcst KpaiiHeil TOYKOM.

COBOKYIIHOCTb BCeX KpaiiHMX TodeK MHoxKecTBa A 0603HadnmM
extA.

Bawmeuanmune7l Moxno npare gpyroe omnpejejcHne
kpaiineit Toukn. Touka a € A Ha3bIBaeTCsa KpaiiHeil TOUKON BBITYK-
qoro MuOXKecTBa A, ecau mHOXKecTBO A\ {a} BBITYKIIO.

II puwme p73. Illyctrb K — BBIIYKJILI KOHYC C BEPIIUHON B
myse. Torma extK C {0}.

T eopewmaTl Ilyctb H — rumepniocKocTb, ONOpHAs K
BBINYKJIOMY MHOYXKecTBY A u ANH cOCTOUT U3 €IMHCTBEHHON TOYKU
ag. Torna ag € extA.

HJokasaTeuabcTB o. [Iycte

H={x| (p,x) =a}u (p,a) < o qys Bcex a € A.
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[Tpeanonoxum, aro ag ¢ extA. Torma ag = 0,5a140, 5ag,a1,a2 € A,
a1 # as. IlosTomy

a = (p7 aO) =0, 5(p7 al) +0, 5(pa a2) < a.

Canenosarensio, (p,ai1) = (p,a2) = «. BHauur, aj,az € H, gro
IPOTUBOPEYUT YCJIOBUIO TeOPeMbl. TeopeMa, JoKa3aHa.

T e opewm aT7.2 FEcaunepeceuenue 000l MpsiMON C BBITYK-
JIBIM 3aMKHYTBIM MHOYKECTBOM HEOTPAHUYIEHO WM TyCTOo, TO A —
3aMKHYTO€ TOJYTPOCTPAHCTBO WJIM BCE MPOCTPAHCTBO W, CJIEOBA-
TeAbHO, extA = &.

JokasarTenanbcTBo Ecm A He uMeer rpaHUIHBIX
Touek, 10 A = R". Ilycre A wmmeeT rpaHUYHYIO TOUKY ag. lorma B
97Ol TouKe cymecTByer runepiuiockocts H = {z | (p,z) = (p,ap)}
omopHasi K A. Byjewm canrars, 9To

AC {.%' ’ (p,x) < (p¢ ao)} =H_.

[Tokaxkem, uro A = H_. Ilpeamosnoxkum nporusHoe. Torma cyrie-
crByeT Touka a1 ¢ A urakas, ato (p,ai) < (p,ap). HeiicrBurensho,
ecyn 6bl

{z | (p,x) < (p,a0)} C A4,

To 1o 3amkuyTocTn A momyunmaum 661 H_ C A. Otkyna H_ = A.
PaccmorpuM npsimyto [, TIPOXOJISAILYIO Yepe3 TOUKH dg, G-

l:{x:ao+(a1—a0)t\t6R1}.

Ormerum, uro A NI # &, tak kKak ag € A NI. Hokaxkem, uro
muOKecTBO A NI orpammueno. Tak kak (p,a1) < (p,ap), TO mpu
t < 0 cupasegyueo HepaseHcTBo (p,ag + t(a; — ag)) > (p,ap) u
O3TOMY TOYKM BHJA Qg + t(a1 —ap), t <0 ne npunasgmexar H_.
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[Mycrs t > 1. Ecin upeanosnoxurs, ato ag + t(a — ag) € A, To
HOJTyYaeM

t—1

t
B CHJIY BBIIYKJIOCTH A, YTO MPOTHBOPEYUT BHLIOOPY TOUKU G1. 3Ha-
aur ag+t(ag —ap)t ¢ A aysi Beex t > 1. Iosmyuwnim, 9r0 MHOXKECTBO

AN HemycTo M OrpaHUIEHO, ITO MPOTHBOPEUIUT YCIOBUIO TEOPEMBI.
Suaunt A = H_. Teopema jokazana.

1
a; = (Lo—i—g(ao—i-t(al—ao))EA

T eopewmal7d. IHra toro urobbl TOUKa Xy OBbLIa KpaitHeit
TOYKOH MHOXKECTBa,

A={z e R"| (pi,z) <, i€ ={1,...,m}}, (7.1)
HEOOXOIMMO U JIOCTATOTHO, YTOOBI MHOMXKECTBO
I(l‘o) = {Z { (pi,llﬁo) =4, 1 € I}

COJIEPKAJIO HOJAMHOXKECTBO [) MONIHOCTH 71 U 9TOOBI BEKTOPbI
{pi, i € Ip} ObLIM JUHEHHO HE3ABHCHMBIMH.

JloxkaszarTeunnbcTtTBso. llyctb xyg — KpailHsas TOUKA.
IIpemonozxnm, uro Muoxectso {p;, i € I(x)} conepxur menblie,
YeM 7 JIMHEHO He3aBUCHMbBIX BeKTOpOB. Torma cucrema JMHENHHBIX
ypaBHEHUN

(pi,x) =0, i € I(xo)

uMeeT HeTpuBHAIbHOE perrerne y. VI3 ompenenenus I(zg) ciemyer,
4o cymecTByer t > (0 Takoe, 4TO

(pivx(] :tty) = Oy, 1€ I<m0)7
(piyxo £ ty) < o, @ € I\ I(xp).

W3 mocaeaunx AByX COOTHOIIEHUN CJIEIYET, ITO

ro+ty €A, xg—ty €A,
xo = 0,5(xo + ty) + 0,5(x — ty),
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YTO IPOTUBOPEYNT TOMY, UYTO Ig € extA.

Buaunt, MHOKecTBO {p;, © € I(x0)} comepKuT n JMHEHHO He3a-
BHCHMBIX BEKTOPOB.

Iycre reneps |Ig] = n u {p;, ¢ € I} /uHeHHO HE3ABUCHMBL.
Hokaxkem, uro zg € extA. Ilpemmosnoxkum, uro zp ¢ extA. Torua
x9 =0,5x1 + 0,5x9, x1,22 € A, 11 # x9. CiieoOBaTEILHO,

a; = (pi,x0) = 0,5(ps, x1) + 0,5(pi, 2) < o, g Beex i € Ip.

Orcriona o; = (pi,x1) = (pi,x2) aus Beex i € Iy. C npyroii cropoHsl,
TaK KakK BEKTOPHI {p;, i € Ip} mmmeitno mesasucumer u |Io| = n, 1O
cucrema (p;, x) = «;, i € Iy umeer eguHCTBEHHOE erierne. [Toaromy
T1 = T9, UTO IPOTUBOPEUUT YCJIOBUIO X1 F# To. SHAUUT, Ty € extA.
Teopema jroKazana.

Canepngcrsueldl Iycrs A muoxecrso Buga (7.1). Torma
A umeer He 060JI€€ KOHEUHOI'O YHCJIa KPARHUX TOUYEK.

TeopewmaTd Ilyctrb A — 3aMKHYTOE BBIIYKJIOE TOIMHO-
xkecrBo R"™, ag € A\1iA, H = {z | (p,x) = a} — cobcreennas
OIopHasi TUIEPIVIOCKOCTh K A B Touke ag, Ag = AN H. Torna
1) extAg C extA;

2) dim Ay < dim A.

JJokasarTennbcrtTBo. llyere z € extAg, u npemanosio-
xKuM, 9To z ¢ extA. CiezoBaTesibHO, TOUKa z IIPEJICTABAMA B BH/JIE

z=20,52z1 + 0,529, 21,29 € A, 21 7& 29. (72)
Torna
Q= (pa Z) = 0,5(]9, Zl) + 075(]9, 22) Z .

(Cunraem, uro (p,a) = a,a € A.) llosromy z1,29 € H. Tak kax
H — Bomykinoe mHOXKecTBO, To 2z € H. Orciona z,21,z0 € Ag
U CHpaBeInBo pejcraierne (7.2), 4TO IPOTHBOPEYUT YCIOBHIO
z € extAp. CuenoBarenbno, z € extA.
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Jokaxkem BTOpoe yTBepkaenme. Ormernm, urto affAg C A,
aff Ag C H, mak rak Ay C A,Ag C H. llpexamosnoxkum, 4ITo
aff Ag = affA. Torna A C aff A = aff Ay C H, qro nporuBopednt
tomy, 9to H — cobeTBeHHasi OMOpHAasi TUIEPIIOCKOCTh. Ciienosa-
TEJILHO,

aff Ag # aff A, aff A = L + a, aff Ag = Lo + ay,

rine L, Lo — nmueiinble oanpocrpancrea. Orciona Lo C L, Ly # L.
Suaunt, dim Ly < dim L. Teopema mokasana.

T eopewmalT®b Ilyctrb A — HemycToe 3aMKHYTOE BBITYKJIOE
noaMHOXKecTBO R™. MHOXKecTBO extA # & Torja u TOJBKO TOTJA,
Korjia A He COMEpPIKUT MPIMBIX.

JokaszarTeuasbcrtTso. Illyerb z € extA, u upenmosio-
2KUM, 4YTO CYILIECTBYET IIPsAMast

l={z€R"|z=1x0+th, te R', h#0}
takasi, ato | C A. Ilo teopeme 1.4 mosyuaem, 910

ly={z€R"|z=z2+th, t 20} CA
I_={zeR"|z=2z—th, t 20} C A

CanenoBareybio, z —h,z+h € A u
z2=0,5(z+h)+0,5(z — h) € A,

9TO MPOTUBOPEUNT ycjaoBuio z € extA. Wrak, mokasano, 9To ecian
extA # &, To A He CONEPKUT MPSAMBIX.

Ilycte A He comepxkut npstmbix. Jlokaxkem, uro extA # &. Io-
Ka3aTe/IbCTBO TPOBEEM METOI0OM MATEMATHYIECKONH WHIYKITUH 110 Pa3-
mepHoctu MHOXKecTBa A. Ecom dimA = 0, to A = {a}, u nosro-
my extA = {a}. Ilpemamosoxum, 4ro TeopeMa JOKazaHa JJIs BCEX
MHOXKecTB A Takmx, uro dim A < m — 1. okaxkem Teopemy Jist
MHOXKecTBa A pasmepHoctu m. Paccmorpum muoxkectBo A \ riA,
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KOTOpOE He IIyCTO, TaK KaK A He COJepKUT NpsAMbIX. Bo3bMeM TOUKY
apg € A\ 1A u paccMOTPUM COOCTBEHHYIO OHOPHYO THIEPIIIIOCKOCTD
H x mmoxkectBy A B Touke ag. Ilycte Ag = AN H. Tlo Teope-
Me 7.4 dim Ay < dim A u no ycioBuio Ay He COMEPIKUT MPSIMbBIX.
[TosToMy, B culy MHJIyKIIMOHHOTO Tpeanosoxenus, extAg # &. Ilo
teopeme 7.4 extAy C extA wu, cienoBarenbho, extA # &. Teopema
JIOKa3aHa.

Cunengcteuefd2 Ilycrb A — Beinykibii kKommakT R™.
Torna extA # O.

T eopewmalT6. (Kpeitna-Munbmana). [Tycrb A — Hemycroii
BBITYKJIBIH KoMmakT R™. Torma A = co(extA).

JokaszarTeunsbctTB o Tak kak extA C A, To cupa-
BEJJINBO BKJIFOUEHUE co(extA)C A. Jlokaxkem, ato A C Co(extA).
JlokazaTeabCTBO MPOBEIEM METOJIOM MATEeMATHIECKON WHIYKITHH TIO
Pa3MEpPHOCTH MHOXKeCTBa A.

Ecim dim A = 0, To yTBepXKaeHHe, 0YeBUIHO, BepHO. [Ipesmmo-
JIOKUM, 9TO TeopeMa JoKa3aHa JjIs BCEX MHOYKECTB A Takux, 9To
dim A < m—1. JlokaxkeM Teopemy Jjisi MHOXKECTBa, A, pa3sMepHOCTh
KoTOporo pasHa m. Pacemorpum Touky ag € A\ riA u ompene-
aum Ay kak B Teopeme 7.5. Torma Ag — BBIIYKJIBIH KOMIAKT U 110
teopeme 7.4 dim Ay < dim A. B cumy wHAYKITMOHHOTO TTPEIOIOXKE-
Husg uMeeM Ag = co(extAo), 7 TO3TOMY ag € co(extAo). Tak kax
extAg C extA, To aoco(extA). [Mostomy A\ riA C co(extAo).

ITycts Tenepns ag € riA. Paccmorpum aff A = L + b, u nycrs
h € L,h # 0. PaccMOTpuM IPSIMYTO

l:{xER"‘x:ao—i—ah,aeRl}.

Torma | C aff A. Tak kak A orpanmdeno, To [N A = co{ai,as}, rae
a,az € A\ riA. Iosromy

ag € co{ar,az} C co(A\1id)C co(co(extA))= co(extA)).
Tem cambIM J0Ka3aHO, 4T0 TiA C co(extA)).

Buaunr, A C co(extA)). Teopema noxasana.
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YIIPAZKHEHNW A

7.1. Ilyctb A — BoImykJbld KoMmmnakT. JlokazaTb, 9To TOYKA
ag € A, HauboJiee yrajeHHasi OT HAYaa KOOPJIUHAT, sIBJISETCsST Kpaii-
meit Toukoit muoxkectBa A. Ilpemmoaraercst, 9T0 HCTOMB3YeTCST CTAH-
JlapTHasT METPHUKA.

7.2. BepHo jtn, 9TO ecyin BBITYKJIO€ MHOXKeCTBO K uMeeT euH-
CTBEHHYIO KPAIHIOI TOUKY g, TO K — BBIIYKJIbI KOHYC C BEPIIH-
HOII B Xg.

7.3. CyImecTByeT Ji BBIMYKJI0€ MHOXKECTBO A | y KOTOpOro MHo-
JKEeCTBO extA He SBIISeTCs 3aMKHYTHIM?

7.4. Ilyctb A — BBIMykI0€ MHOXKecTBO R™, £ : R" — R™ —
nuueiinoe orobpazkenue. Bepuo s, uro ext(£A) = £(extA)?

7.5. HaiiTu Bce KpaiiHne TOUYKHM MHOXKECTBa A, 3aJaHHOIO CHUCTe-
MO

4x1 4+ 329 + 3 = 4,
—x1 + 6%2 — X3 > 2,
Tx1 — 22 + 223 < 5,
2120, v2 2 0.

7.6. IIyctb A — BuImykJbIit kommakT R™, dim A = k. /lokazars,
9T0 MHOXKeCTBO A mMmeer He MeHee k + 1 KpaiiHeil TOUKH.

7.7. JlokazaThb, 94TO TOYKA 2z SBJsieTCH KpailHell TOYKOU MHOYXKe-
crBa A = co{by,...,bg, 2} TOrJAa W TOJBKO TOIJA, KOIJIA TOUKY Z
MOXKHO CTOPOIO OTAeJUTH OT MHOXKecTBa cof{by, ..., bk}

7.8. Ilpu kakux a Touka x(a) sBJseTCst KpaiiHell TOUKOH MHO-
xkecrBa A = co{xy, xo, 23,24, 2(a)}, ecin

z1 = (1;2;3), 22 = (1, -1;0), x5 = (0;—-1;4),
x4 = (0;0;0), z(a) = (a;1;-1).

7.9. Ilpu kakux k BbIIyKJIOe MHOXKecTBO A B R*, onpenessemoe

CUCTEeMOM

(21 — 222)% + (21 + 12)% + (23 + 214)% < 8,
kx1 — 2x9 4+ bkxs + 10x4 = 0,
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uMeeT KpaiiHue TOYKU.
7.10. Ilycts G — marpuna mopstaka n X m, b€ R™,

A:{xER”’Gxéb,x}O},
Al:{(x,Z)ERnXRm‘Gx+Z:b’aj>07220}

Bepno s, uro ecau (xg, 20) € extA;, To g € extA?
7.11. Ssastercss m Touka ag = (0;1;0;1;0;0) kpaiineit Toukoii
MHOXKecTBa A, 331aBaeMOro CHCTeMOil

dx1 + Txo + 2x3 — 324 + x5 + 426 = 4,
—x1 — 2w + 23+ 24 — 26 = —1,

To — 3x3 — x4 — x5+ 226 = 0,

z; >20,j=1,...,6.

7.12. IlycTts MHOXKeCTBO A oOlpelessieTcss CHCTeMOi

5x1 — 3x0 — x3 + 224 + x5 = 4,

201 + x3 + x4 + x5 + 26 = 4,

—Tx1 4+ 429 + 2203 — 34 — 6 = —H,
z; 20,5=1,...,6.

CKoJIbKO KpaflHIX TO4YeK uMeeT MHoxKecTBO A 7

7.13. Touka z € A Ha3LIBAETCS BBICTYMAIOMIEH TOYKON MHOMXKe-
cTBa A, ec/iu CyIIecTByeT MUIepIIoCKocTh H, omopHasi K A B Touke
x u rakasi, uro HNA = {z}. TlpuBectu npumep BbIIYKJIOTO MHOKE-
CTBa, Y KOTOPOTO MHOYKECTBO KPAWHUX TOYEK ¥ MHOYKECTBO BBICTYTIA~
FOIUX TOYEK HE COBIIAJIAIOT.

7.14. Haiitu BCe KpallHIE TOYKY CJIEIYIONMX MHOXKECTB:

1. A:{xERnlSUZO, Z$i:b,b>0};
=1

n
2. A:{wER”|Z$i:1, 0<z<a2< ... <2y}
i=1

7.15. Ilycte G — MaTpuiia pasMepoM n X m.
K ={z € R" | Gx < 0}. [okasarp, 4T0o

66



1. K — BBIIYKJbINA 3aMKHYTBII KOHYC C BEPIIUHON B HYJIE;
2. 0 sBastercst KpaiiHeit Toukoit K Torma W TOJBKO TOTJA, KOTJA
rangG = n.

7.16. IlycTn

K = {(z1,72,23) € R® | 2; > 0, 23 < 122}

Hokazare, aro npsamas | = {(x1,z2,23) | 1 =0, x3 = 1} He mepe-
cekaeT KoHyc K, HO He CyIeCTBYeT ILJIOCKOCTH, cojepxkaiieii [ un He
nepecekaroreii K.

7.17. CyImecTByIOT JiM BBINYKJIbIE MHOXKeCTBa B R, umerorue
poBHO k, k= 2,3,...,n KpaiiHux Touek?

7.18. TlpuBecTn npuMep BBIMYKJIOrO MHOXKeCTBA A, JJIsi KOTO-
pOTO CYIECTBYIOT THIEPIIOCKOCTE H u Touka ag € A Takme, 9TO
ANH ={ap}, o rouka {ap} He sBiIsieTcs KpaiiHel TOIKON MHOXKe-
crBa A.

7.19. Ilycte A — BBIDyKJI0€ MHOXKeCTBO, b ¢ A. BepHo Jsin, uto
Touka b siBisieTcst KpaiiHeii Toukoil MHOXKecTBa co(A U b)?

7.20. Ilycte M — MHOTOrpaHHUK, HATAHYTHIA HA a1, ..., ak. Ho-
Ka3aTh, ITO
1. extM CA{a,...,ar};

2. wmamerp muororpanuuka M paBeH JJinHE OJHOTO U3 OTPE3KOB,
COEJINHSIONTUX €r0 BEPIITUHBI.

7.21. Oumcarhb BCe BBIITYKJIBIE MHOXKECTBA, Y KOTOPBIX JIF00AsT TOU-
Ka ABJIFETCA KpalHen

7.22. Ilyctb A — BBIMYKJIBIH KoMmakT, H — omopHas rumep-
I1ockocTh. Jlokazarh, uro muoxkecrBo A N H comaepKur Xorst Obl
OJTHY KPAWHIOI TOYKY MHOXKeCTBa A.

7.23. Ornpeie/uTh 9UC/I0 KPAHUX TOYEK MHOTOTPAHHUKA

A= {(wl,xg,x3,1‘4) S R4 | T+ o t+a3+a4=2, x; € [0, 1]}
7.24. HaiiTu Kpaiiiue TOUYKH MHOYKECTBA
A={z e R" | (Gz,x) < a},

rJae G — HEeOTpHUIIaTE/IbHO OIIpeJdc/ICHHAad MaTPUIla IIOPAAKa 7.
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§ 8. Teopema Xennu

Teopewmadl Ilycrs § = {Ai}gl — CceMelCTBO BBIIIYK-
JIBIX mojMHOXKecTB R, m > n + 1, npudem Jobbie n + 1 u3 sTmx
MHOKECTB UMEIOT HEIyCTOe Iepecedenne. Tora CymecTBYIOT BhITYK-
Jible KOMOakTel B; C A; Takwe, 9To y ceMeiicTBa {Bi}211 JIIOOBIE
n + 1 u3 3TUX MHOXKECTB UMEIOT HEILyCTOe IepeceveHue.

HJokasareanbctso Illyers i9g € I = {1,...,m} nu
1 <ip <idg < -+ < ip < m, OpuueM iz # ig. ObO3HAUIUM Uepes
%0 . , .
a;) ; TouKy m3 nepecevenns A;, N A; N---NA;,, Koropas cymie-
CTBYET IO yCJIOBHIO, U IIOJIAraeM

B;, = co( U ai?ln}

{ir...in}€I\{i0}

MuoxecTBo B;, fBideTrcsd BBILYKJ/IBIM KOMIAKTOM. PaccMoTpum HO-
BOe CeMelCTBO MHOXKECTB §;,, 3aMEHUB B ceMeiICTBe § MHOXKeCTBO
A;, muoxecrBoM Bj,. [lokaxkeMm, 4To B ceMeiicTBe §j, JoOble 1+ 1
MHOXKECTBa MMEIOT HellycToe Iepecedenne. Ecam cpeny BBIOpaHHBIX
MHOZKECTB HeT B;,, To yKasaHHOe IepecedeHne He IIyCTO 110 YCIOBHUIO
TeopeMbl. Ecnu cpenu BelOpanHbIX 1 4+ 1 MHOXKecTB ectb DB, TO

BbIOpDAHHBbIE MHOXKECTBA €CThb MHOYKECTBa Buia B, A, ..., A;, 1pu
HEKOTOPbIX 7:1, e ,Z.n, 1 IIO9TOMY Ka2zKJ/10€ N3 MHOXKECTB COJEP2KHUT
10
TOUKY ;) ; .
[ToBTOpsis mocrpoenne B;, mis BceX 49 = 1,...,m, HOOJIy49uM

Tpebyemoe cemeiicTBo. Teopema joKazaHa.

T eopewmadld2 Ilycrs {Aa}a cA — CeMeHcTBO KOMIAKTHbIX
noaMuOoXKecTB R™, v KOTOpOro J11060e KOHEIHOE MOACEMERCTBO NMEeT
HeIycToe TepecedeHue. Torma

ﬂAa;«éz.

aeA

Jokasareanbctso. lyers ag € A, Ag=A\{ap}.
Pacemorpum muOXKecTBa By = R™\ An, a0 € Ag. Tlpeamonoxum, aro
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) Aa = @. Jdokaxewm, 9To
a€cl

Aoy € | Ba (8.1)

aENg

HeiicTBurensho, mycrts y € Ay, Tak kak (| Aq = &, TO CyIIECTBY-
a€el
er € A rakoe, uto y ¢ Ag. Cuenosarenbho, y € R"\ Ag = Bg, u

no3ToMy BbIIOJIHEHO (8.1). DTO 03HAYAET, UTO CEMEHCTBO MHOXKECTB
{Ba}a Ao obpasyeT OTKPBITOE IOKpbITHEe MHOXKecTBa A,,. Tak kKak

ap KOMIIAKT, TO U3 JAHHOI'O HOKDBLITHS MOXKHO BBIODATH KOHEYHOE
noanokpeitue. [lycts {Bas, s =1,... ,m} JIAHHOE TOJIITOKPBITHE.

Torma Aq, C Cj (R™\ Aq,), 1 nostomy Ag, N (wﬁ Au,)= @, [0
s=1 s=1

[POTUBOPEYUT YCJIOBUIO TeopeMbl. 3Hauut, [| A, # . Teopema

a€EN
JI0Ka3aHa.

T eopewmad3 (Xewm)[Iycrs {Aa}aeA,\A\ >n+1 — ce
MEHCTBO BBIIYKJIBIX IIOJMHOXKeCTB R"™ Takux, 4TO KaxKjple n + 1
MHOXKECTBa JAHHOI'O CeMeNCTBa MMEIOT HEILyCTOe IIepecevdeHne U Bbl-
HOJTHEHO XOTsI ObI OHO U3 CJIELYIOMINX YCIOBUIL:

a) Jyuist Bcex « € A MHOXKecTBO A, KOMIAKT;
b) A KoHeYHOE MHOYKECTBO.

Torna () Ao # 9.
acl

JJokaszaTeabcTB o. [IpeanosoKum, 9T0 BBIIOJTHEHO
yCJIOBHE a) TeopeMbl. B cuiy Teopembl 8.2 JIOCTATOYHO JIOKA3ATh,
9T0o 00Iasi TOYKa eCTh y KayKJO0ro KOHEYHOro Habopa U3 He MeHee
geM n + 1 MHOXKecTBO. /loKa3aresbCTBO MPOBEJIEM METOJOM MaTe-
MaTUYeCKOl HUHJYKIUU 110 YUCIY Kk BBIODAHHBIX MHOXecTB. Ecin
k = mn+ 1, To yTrBepXKJeHUE O HEIYCTOTE MEPECeUeHUs CIIPABEJIN-
BO 10 yCJoBUIO TeopeMbl. [lycTh yTBeprKIeHHe JOKA3aHO JIJIsi BCEX
k > m — 1. Jlokaxem yTBepxkIenue juig k = m. PaccmMorpum MHO-
xectBa Ag,, ..., A, ¥ BBIOEDEM U3 KaXKIOTO HEILYCTOrO (10 WHJTYK-

Qm
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[OHHOMY IIPEJIITOJIOXKEHUIO) TIePECeIeHNsT

Bi=Ap N NAg NAg, NN Ag,,

TOYKY a;,i = 1,...,m. Ilo reopeme Pajiona (y Hac m > n+2) MHO-
JKECTBO TOYEK {a1,...,0m;m} MOXKHO pa3sOUTHb HA JIBA MOJMHOMKECTBA
{ai,..., a1}, {ay41,...,am} TaKUX, 9TO

co{ay,...,aiy Necofajyr,...,am} # @.

Ormerum, aro st Becex ¢ = 1,...,] crupaBeyInBO BKJIIOUEHUE
a; € B; CAaHlﬂ"-ﬁAam,
a st Bcex ¢ =1+ 1,...,m cupaBemjimBO BK/IIOUCHUE

aiEBiCAalﬂ”'ﬂAal.

[Mosromy syist sro6oit Touku a € co{ay,...,a;} N co{aiii,...,am}
CIIPABEJINBO BKJIIOYCHNE

a € cofar,...,ai} Cco(Aay, N+ NAq,)=Aa,, N NAa,,
a € co{aii,...,am} CCO(AQ1 ﬁ---ﬁAal):Aa1 N---NAg.

m
CaenoBarenvio, a € (| Ay, # @. Tem cambim Teopema 1oka3aHa.
s=1
[Tycrs BbImOsHEHO yeaoBue b) teopembl. Torma mo Teopeme 8.1

CYIIECTBYIOT BBIIYKJIble KOMIIAKThI B; C A; Takue, 9ro jobbie 1+ 1
MHOXKECTBO U3 ceMelcTBa {BZ} UMeIOT HemycToe Iepecedenne. [lo
paHee JIOKa3aHHOMY ITIOJIyIaeM, 9TO CEMENCTBO {BZ} UMEET HEIyCToe
repecedenne. 3Ha4YUT, U CEMECTBO { Ai} HMeeT HeIlyCToe Iepecede-
nne. Teopema mokasana.

SBawmedanuedl EcmmwMmaoxecrBo A GeckoHedHO, a cpe-
JIM MHOXKECTB A, €CTh XOTsl ObI OJIHO HEOIPDAHUIEHHOE, TO TEOPEMA B
obmreM cirydae He BepHa. [lycThb

Ay ={(z,y) € B* | y > k}.
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Torma () Ap = &, xors J0Oble TPU MHOXKECTBA U3 3aJIAHHOIO Ce-
k=1

MeficTBa UMEIOT HEIyCToe IiepecedeHue.

SBamMeduanued82 Ecm maoxecrsa A, He ABIAIOTCH 3a-
MKHYTBIME, TO TeopeMa B obLIeM ciay4dae He BepHa. [lycTb

A= cof0:0), (57): (55-7) @0

Torna srobble Tpu MHOXKecTBa cemeiictBa { Ay} mMeror Hemycroe Ie-

o0
pecevenue, a (| Ap = 9.
k=1

Bameuanune’d3 Yucamo n+1 He MOKET OBITH YMEHbIIIE-
HO J10 n. Ilyctb

Ay = co{(0; 1), (1; 1)}, A2 = co{(151),(~1;1)},
Az = co{(—1;1),(0; —=1)}.

Torma muoxkectsa Aj, Ag, A3 — BbIIVK/IbIe KOMIAKTE R2, 00bIe
JIBa U3 KOTOPBIX Iepecekarores, a A1 N A N Az = @.

IIpuBenemM HEKOTOPBIE MIPUIOKEHUS TEOPEMbI XEJLIN.

T eopewmas8d Ilycrs {Ta}aeA(|A| > 3) — KOHEYHOE Ce-
MEHCTBO OTPE3KOB BU/JIA

T. = {(z,y) € R } T =aq, Y€ [Ca;dal}s

puYeM JiJjisd JIFOObIX TPEX OTPE3KOB €CTh MpsiMast, UX IIePECEKAIOIIAs.
Torya cymecTByeT npsiMasi, IIepeceKalonas Bce OTPE3KU CeMelicTBa.

IJJokaszaTeJuabcTB o. Eciu Bce orpe3kn JiexkaT Ha OJI-
HOIl IpsiMOii T = @, TO Teopema BepHa. Ecjiu mMmeeTcs JIBa OTPe3Ka,
He JIeXKAIlUX Ha OJIHOW IPsMOM, napasuienbnoii ocu OY, To Ha Jio-
6oit mpsmMoit, mapastenbnoit ocu OY, pacnosiokeHo He 60Jee OTHOTO
orpeska. O603HAIIM

Ay = {(k,b) € R? ’ upsiMast y = kx + b nepecekaer Ty, }.
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Hoxkazkem, aro mHOKecTBO A, BbIIyKIO. Ilyers (k1,b1), (k2,b2) €
Aq, v € ]0;1]. U3 onpenenernsi A, ciiesryer, 9To CyIIECTBYIOT TOYKA
(aas 1), (aa,y2), Y1,Y2 € [Ca,ds] Takume, uToO

y1 = k1aq + b1, y2 = koaq + ba.

Torna

Y1+ (1= 7)y2 = (vk1 4+ (1 = Y)k2)aq + b1 + (1 — 7)ba,
YY1 + (1 - 7)3/2 € [Cou da]'

CuietoBaTesibHO, TOUKA (Ao, YY1+ (1 —7)y2) siBisieTcs: obreit TouKoii
mHO)kecTBa 1, u upsmoit y = (vk1 + (1 —v)k2)x + vb1 + (1 — v)be.
[TosToMy MHOXKECTBO A, SBIISETCH BBITYKJIBIM.

Kpome Toro, jierko mokasarb, 9To MHOKeCTBO A, 3amkHyTO. U3
YCJIOBUS TEOPEMBI CJIEYEeT, YTO JI0ObIe TPY MHOYXKECTBA U3 ceMeiicTBa
{A,} mepecekaiorcst. CiesroBaTesbHO, 10 TeopeMe XelIi BCe MHOXKe-
cTBa A, MMEIOT HeImycToe mepecedenne. TeopeMa JoKa3aHa.

T e opewmadb Ilyers gana cucrema JUHEHHBIX HEPABEHCTB
(plax) < Yis (RS Aa

rie p; € R",v; € A, |[A] > n+1, A KoHeuHOE MHOXKECTBO TaKoe,

9TO JTI00ast TMOJCUCTEMA, COCTaBIeHHAas u3 N + 1 HepaBeHCTB, UMeeT

perenue.
Torma n mcxomHast cucTeMa MMeeT pellleHue.

Cupase/IMBOCTb TEOPEMBI CPa3y CJIELYeT U3 TeOpeMbl XeJlIn JIJIst
muoxects A; = {x | (pi,x) < v}

Teopewmadb. Ilycrb K — BblIyKsoe MOJAMHOXKECTBO R"™,
Pl Pm €ERY (m>n+1), ai,...,a, € R' taxkossl, 4ro

max((pi,af) + ai>> 0 st Beex x € K. (8.2)
7
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Torna cymecrsytor muoxkecrso I C {1,...,m},|I| =n+ 1, neorpu-
nareabHble yucaa A;,i € I, Y A, =1 u Takune, uro
il

inf )\i((pi,x) + ozi)) 0.

JJokaszaTenabcTB o OuperesuM MHOXKECTBO

A={yeR™ \ cymectByeT x € K Takoii, 4TO
(piyx) + oy <y; st Beex @ € I}

MuoxkecrBo A Beinykio u B cuiny (8.2) 0 ¢ A. ITosromy A u {0}
OTJEIIMBL. DTO O3HAYAET, UTO CyMIECTBYIOT ¢ € R™, 1 € R' rtaxue,
9TO

(¢,y) = p mnst Beex y € A,
(¢;0) < p.

CuenioBarensio, (q,y) = 0 must Becex y € A. Ilyers ¢t >0 u y € A.
Torna

Ye =W, Yj—1,Y T 6 Yjs1s - Ym) € A,

u nosromy (q,y¢) = 0. Orciona (q,y) + tq; > 0, nm

1
g(q,y) +q; > 0.

[Tepexosst B 10OCs€IHEM HEPABEHCTBE K IIPEJieJy 1pu ¢ — +00, MOJy-
gaeM ¢; > 0. 3maunt, ¢ > 0. Tax kax ¢ # 0, TO MOXKHO CYMTATB,

m
qro . ¢; = L.
j=1

IIycts x € K,e > 0. Torma

Ye = ((Pl,x)-i—al+6,...,(pm7:v)+ozm+5)e A,
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u nosromy (q,y-) = 0. DT0 03HAUAET, UTO
m m
> ai((pj.2) + o) +e> g5 > 0.

—1 j=1

<

Ilepexons B mocaeaHeM HEPABEHCTBE K IIpeaeny npu € — 0, mosyda-
eM

m
ZQJ'((Z%I) +Oéj)2 0 nns Beex x € K.
j=1

OmpenennM MHOXKECTBA,
Kj={z| (pj,z) +a; <0}, j=1,...,m.

MuoxkecrBa K BBIIYKJIBI, i U3 ycjaoBus (8.2) ciefyer, 9To

m
ﬂ Kj = .
j=1

CreroBaresibHo, 10 TeopeMe XeJIn  CyIIECTBYeT — MHOXKECTBO
Ic{l,...,m}, |I| =n+1 u rakoe, 9To

ﬂ Kj = J.
jel
3HaunT, CupaBeIiBO HEPABEHCTBO

malx((pj,ac) +a;j)> 0 g Beex x € K.
j€

Tem cambiM HepasencTBO (8.2) crupasemso Juist MuoxkectBa . Ilo-
BTOpsAS paHee IPOBEJCHHBIE PACCY2KICHHA, [IOJIyIaeM, ITO CyIIeCTBY-

0T )\j}O,Z)\jZl n
Jjel

Z)\j((pj,:r) + a;j)> 0 st Beex @ € K.
Jjel

TeopeMa JIOKa3aHa.
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3awmeuamnuedd Teopema 8.6 ABIgeTCH YACTHBIM CJIyUa-
eM Teopembl Papkarra, MuHKOBCKOTO.

YITPA?KHEHU A

8.1. Ha mockocTu jaubl 1 TOYEK, [IPUYEM JIIOOble TPU U3 HUX
MOKHO TIOMECTUTD B KPYT PaJinyca eIuHuIa. Jloka3zarh, 9TO Bce TOUKH
MOXKHO TIOMECTHUTDH B KPYT' PaJUyCa eUHUIA.

8.2. Jloka3arh, 9TO ec/ii BBITYKJIOE MHOXKECTBO B R” TOKPBITO
KOHEUHBIM YHUCJIOM OTKPBITBIX MJIM 3aMKHYTBIX IOJyIPOCTPAHCTE, TO
OHO TOKPBITO KAKUMU-HUOYIL 7T + 1 WU MeHee U3 STUX HOJIYIIPO-
CTPAHCTB.

8.3. Ha mutockocTu jiaH BBIYKJIBIH ceMUyTo/IbHUK. JloKa3aTs, 4To
BC€ BBIITYKJIbIE [ISITUYTOJIbHUKHU C BEPIITUHAME B BEPIIUHAX CEMUYTOJIb-
HHUKa UMEIOT OOIIMYIO TOUKY.

8.4. Jlokazarb, 4To 1060 KOMIIAKTHOE MHO)KecTBO A C R? nua-
Merpa d MOXKHO IIOMECTUTH B KPYT PAJIAYCA @d.

8.5. llycts F : R — R' — npoussosbnas dyukuus. {z; 7, —
3aJIaHHBII HAOOD BEIIECTBEHHBIX uuces, € > (0 — 3aJaHHOE YHUCIIO.
®ynkmus f : R' — R' masbiBaercs npubmmxenmem dbynxupm F,
ecau jyist Beex k= 1,...,n cupaBeIJINBbI HEPABEHCTBA

|f(zx) — F(ar)| <e.

Jokazare, uro dynxmus suga f(r) = ax?+br+c asagercs upu-
onmkenneM pyHKIUA F TOrga W TOJIBKO TOI/IA, KOraa Takasd (yHK-
mus [ CyIecTByeT JJjIsi JIOObIX Y9eThIpex TOYeK M3 9TOro Hadbopa.

8.6. CopMympoBaTh U JOKa3aTh AHAJIOI YTBEPKIEHUS 33189l
8.5 I MHOrO4JIeHa JIIOOOH CTEIeHH.

8.7. Ha ntockocTu 1aH0 KOHEYHOE YUCIO IPAMBIX. /lokasaTh, 1To
ecin JTI0ObIe TpU MPAMbBbIE U3 JaHHOTO Habopa MOXKHO Iepecedb Kpy-
rOM pajuyca T, TO M BCE IPSIMbIE 9TOI'0 CEMECTBa MOXKHO IIepecedb
KPYTrOM pajuyca T.

8.8. Ha KoopauHaTHOII IJI0CKOCTH JAHO HECKOJIBKO BEPTUKAJIBHBIX
oTpe3KoB. /lokazarh, 9To ecin /i JIIOOBIX TPEX OTPE3KOB CYIIECTBYET
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mapabosa y = 2+ PT+q, KOTOpad UX IIepeceKaeT, TO HalljeTcs Takast
mapaboJia, IepeceKaolas Cpa3y BCE OTPE3KH.

§ 9. Onopubie GyHKIINN

Onpenenemnuedl Ilyctrb A — orpaHndeHHOE MHOXKE-
creo R™. Onopnoii dpyukmueit muoxkecrBa A HasbiBaeTcss QyHKIINS
c¢: R" — R' Buna

(A, p) = sup(a, @).
acA
B nasbHeiieM COBOKYITHOCTH BCEX OrPAHUYIEHHBIX MHOXKECTB IIPO-
crpancrBa R"™ 6ynem o6osnadars 2(R™), COBOKYIHOCTH BCEX KOM-

HakTHBIX mopMHOKecTB R" — K(R™), COBOKYIHOCTH BCEX BBIILYK-
JIBIX KOMIIAKTHBIX OAMHOXKeCTB R™ — coK (R™).

IT puwmep9l Ilyere A= {a}. Torna c(4,¢) = (a,p).
ITpuwmep92 Ilycre A= D,(0) ={z | ||z]| <r}. Torma
(A, ) = sup(a, @) < sup [[af| - [le] < el

acA acA

C apyroit cTOpoOHBL, 11T @ = r—"— uveem (a,9) =r|l¢|. Cremosa-

el
resbrO, (A, p) = r||¢].
IMIpwuwep93 Hyers A = DY0) = {z | ||z]| < r}. Torma
c(A,¢) =rllel.

Ounpegenenue92 Ecm c(A,¢) = (ag,p0), TIC

ay € A, TO @) HA3BIBAETCS OMOPHBIM BEKTOPOM K MHOXKeCTBY A
B TOUKe ag. MHOKeCTBO

U(A, o) = {ao | ao € A, (A, o) = (a0, p0)}

Ha3bIBAETCA OHOprIM MHO>XECTBOM K MHO)KeCTBy A B H&HpaB.HeHI/H/I
©0-
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Bameuganune9l Eom ay € U(A,¢p), TO rumeproc-
KOCTb

H={zeR"| (z,90) = (a0, %0)}
OylIeT OIIOPHOIT K MHOXKecTBY A B Touke aj.

Onopnaast hyHKINS 00J1a1aeT MHOIMMHE ITOJIE3HBIMHA CBONCTBAMIU.
Hexoropbie n3 aHux copMyupyeM B BIJIE TEOPEM.

Teopewma9.l Ilyerb A, B € Q(R™). Torma onopuasi ¢dyH-
KIS 00J1a/1aeT CAeTyIIIMHA CBOWCTBMU:
1. (A, Ap) = Ae(A, p) nuist Becex A 2= 0;
2. (A, o1+ ¢2) < (A, 1) + (A, p2) st mOOLIX 1, 2 € R™;
3. ¢(A+ B,p) =c(A,p)+c(B,p);
4. c(LA,p) = c(A, L), tne £: R" — R"™ — smneiinoe orobpazka-
Hue;
5. (A, p) = c(A, \p) misa moboro A € RY;
6. c(AA, p) = Ac(A, ¢) s moboro A > 0;
7. Ecom A C B, 10 ¢(A, ) < c(B,p).

CrpaBeyTiBOCTD C(hOPMYTUPOBAHHBIX YTBEPXKICHUH C/IeYeT U3 OIl-
peliesieHust OIOPHO# (DYHKIIMKM U CBOMCTB CyIIPEMYyMa.

Teopewma92 Ilycrs A e QR"). Torga
(A, p) = c(co4, p).

JJokasartenbctTBo. Tak kak A C coA, To B cuy
nyukTa 7 Teopembl 9.1 nmeem c(A, ) < c(coA, ).
Hokazkem, aro c(coA, @) < c(A4, ).

c(coA,¢) = sup (a,p) =

a€coA
= sup (Mar+-+ Ag1ang1,90) <
a; EA N =0
<A1 sup (ar, ) + -+ Apg1 sup (ant1,¢) < c(4, ).
a1€A any1€A

TeopeMa JIOKa3aHa.
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Teopewmad3d. Ilyers A€ K(R"). Torza
coA = ﬂ {x €R" | (z,¢) < C(A,go)}.
llell=1

JJokasarTeannbcTBo. Ecmm ayg € coAd, To

(U’Ov 90) < C(COA’ 90) = C(Av 90)'

ITycrs ag ¢ A. Tak kak coA — BbIIyKIIbli KoMIakT, To coA u {ag}
crporo otaeauMbl. [losromy cymecTByior ¢, ||@ol| = 1 u uncio 7y
TaKue, ITo

(a,p0) <y mis Beex a € coA,
(a0, po) > .

Orcrona (a,pg) < (ap, o) mis Bcex a € coA. Oyukuus f(a) =
(a, o) HEIpepbIBHA U II09TOMY Ha COA JlocTUraeT HAaMOOJIBIIEro 3Ha~
yenns. CienoBaTesbHO,

C(COAa SO) = SupA(a7 SO) = (da 800) < (CL[), 300)
aeco

Buaunt, ag ¢ {z | (z,00) < (4, ¢o)}. Hosromy ag me npunase-
JKUT U TIEPECEUEHHIO COOTBETCTBYIONMX HOJIYIIPOCTPaHCTB. Teopema
JloKa3aHa.

Cnencrsuedl Iycrs A e K(R"), a € R". Eciu s
MI060r0 ¢ CIpaBeINBO HepaBeHCTBO (a, ) < ¢(A, ), To a € coA.

Teopewma9gd Ilyerb A € Q(R™). Torma mis JobbIx
©1, 2 € R™ crpaBeyinuBo HEPABEHCTBO

(A, 1) = (A, 02) < [[Allller — 2l

rae [|A| = sup [|al].
a€A
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JoxasaTeuabcTB o. 13 cpotictBa 2 Teopemsbr 9.1
nMeeM

(A 1) = c(A, 01 — o2+ 92) < (A, 01— p2) + c(4, p2).

Orcrona

(4 1) — (4 2) S elAs o1 = 92) S sup fal] - flor = e < (9:1)

<Al ller = 2.
AHaJIOruIHO
(A, p2) — c(A, 1) <[ A]l - llpr — 2,
WJIH
—(c(A; 1) — c(A, 02)) < [IA]] - [l1 — @2ll; (9-2)

U3 uepasencts (9.1), (9.2) cremyer tpebyemoe HepaBeHCTBO. Teopema
JIOKA3aHA.

Teopewmadd Ilyecre A, B C K(R"™) u st soboro ¢
cupase/ynBo HepaBeHCTBO ¢(A, ) < ¢(B, ). Torna A C coB.

JokaszaTeuabcTsB o. IIpeanosoxkum, 4To yTBEpKIE-
uue He Bepro. Torga cymecrByer ag € A Takoit, aro ag ¢ coB. Cie-
noBarenbHo, coB u {ap} crporo orienumbl. [TosTromy cymecrByer
wo € R", g # 0 Takoii, 4T0

c(A, o) < (ao, o) > c(coB, wo) = c(B, o).

Momyunnu ¢(A, ) > ¢(B,@p), 9T0 HIPOTUBOPEUUT YCJIOBHUIO TEOPe-
mbl. Teopema jlokazana.

Cnengcrsued2 Ilycre A, B € K(R") u nis Bcex ¢
cupase ymBo paseHcTBO (A, p) = ¢(B, ). Torga coA = coB.
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Canexgcrsuedd Ilycte A, B € coK(R"). To A =
TOTJIa U TOJIBKO TOTJIA, KOIJA JUisi BCEX ¢ CIIPABE/JINBO PABEHCTBO

C(A7 90) = C(B7 90)‘

Teopewma9b. Ilycte A, B € Q(R"). Ecm ANB # @, 1o
JIUIsL BCEX ( CIPABEJJINBO HEPABEHCTBO

C(A7 80) + C(B7 _90) 2 0.

dJoxasarenancts o Ormernm, uto AN B # & TO-
raa u Tosibko torya, korga 0 € A + (—1)B. CiepoBaresibHO, eciiu
ANB # &, To /I BCEX  BEPHO CJIEIYIONIEe COOTHOIICHNE

0=(0,0) < c(A+ (-1)B,p) =
=c(A, p) +c(=B,p) = c(A,p) + (B, —p).

Teopema JIokazaHa.

Cnepngcrsuedd Iycrs A, B e K(R"™) u mia Beex
p € R cupaBeyInBO HEPABEHCTBO

c(A,p) +c(B,—p) = 0.
Torma coANcoB # @.
Teopewmad? Ilycrs A, B € Q(R"). Torna
c(AUB, ) = max{c(A, v),c(B, gp)}

JokasaTeabcCcTBO.

c(AUB,p) = sup (z,¢) =
z€AUB

= max{(sztelg( sup } max{ ) 90)}

Teopema mokazaHna.
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II puwwme p94. llycts

A={(z,y) eR* |z e[-1,1], y € [-1,1]}.

Torna
A =co{(1;1), (=1;1), (=L, —1), (L 1)},
U TIO3TOMY
(A, p) =
= max{c({(+1;£1)}, )} = [@1] + |pal-
Teopewma98 Ilyctrb A — BBeIyKIBIT KoMmakT R",

c(A, ) onopuas dyukuus, @y € R"™, pg # 0 Ttakoii, uro cyie-

c
CTBYIOT YaCTHBIE IIPOU3BOIHBIE %(A, ©0). Torma MHOXKECTBO
(2

Agy ={a € Al c(A o) = (a,¢0)}
COCTOUT U3 OJHOI TOYKHU.

HJoxkaszarenancTs o OrmernM, aro A, # I, Tak
KaK MHOXKeCTBO A KOMIIaKT, a CKaJsIpHOE MPOU3BEEHUE SIBIISIETCS
nenpepoisnoit dynkmumeit. [Iycrs ag € Ay,,. Paccmorpum dynximio
flp) =c(A, ) — (a,p). Oyukuusa f obiagaeT CAEIYIONUMI CBOM-
CTBaMMU:

f(po) =08 cury BoeGOpa ag,
f(p) =0 nus Beex g € R™.

CrenoBaresibHO, @ SBJISIETCS TOYKON TJI00AJIBHONO MUHUMYMa, (DYHK-
mun f Ha R™. VX ycioBust TEOpeMbI CIe/IyeT, ITO CYIECTBYIOT JacT-

Oc
HbI€ [POU3BOJIHBIE = — (A, ¢0) — (ap);- U3 reopembr Pepma

dpi dp;
= 0. Orciona ag = grade(A, pp), uro u Tpebo-

IIOJIy9aeM, 9TO
;i
BaJIOCh JOKa3aTh. TeopeMa JOKa3aHa.
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Teopewma99. Ilyctrb A — BeIyKIBIT KOMmakT R",
wo € R", ¢o # 0 rTakoit, 970 MHO)KeCTBO A, COCTOHT U3 OJHOI
Toukn ag . Torma cymecrsyer gradc(A, po) = ao.

JJoxkasarTennbcTso. Illyctb ¢ € R* — npousBosib-
Helil BekTOp. Tak kKak g # 0, To cymecrByer £ > (0 Takoe, 4TO
0o + Ap # 0 mast Bcex A\ € (—e,¢). s kaxgoro A € (—¢,e) pac-
CMOTPUM TOYKY

ax = {a | c(A, o+ Ap) = (ao, po + Ap)}.
U3 onpenenenns onopHoi (pyHKINNA UMeeM
(ax; o) < c(A, vo) = (a0, o), (9.3)
(ag, po + Ap) < c(A, 0o + Ap) = (ax, o + Ap). (9.4)

Yumoxum mepasencTBo (9.3) Ha (—1) H CI0XKHM ¢ HEPaBEHCTBOM
(9.4). Toayuum HepaBeHCTBO

Alao, po) < c(A, o + Ap) — (4, po) < Aax, ).
Pasznenus nepaBencrso Ha A(A > 0), moaydaeMm HEPaBEHCTBO

(ag, @) < (A po + )\(i) — o4, v0) < (ax, @), nm

c(A, oo + Ap) — c(A, o)
A

0< — (a0, ¢) < (ax,p) — (a0, p). (9.5)

JlokazkeM, 4TO

li = ag. :
g, @ =0 o

[Ipenmonoxkum, uTo paBeHcTBO 9.6 He BBIMOJHAETCS. Torma cyie-

creytor & > 0 u mociemoBarenbHOCTh {A;}, lim Ay = 0+ Takume,
k—o0

ITO

|lag —aol] =6 >0, rme ar = ay,. (9.7)
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[TocrenoBarenbuoCTh {ay} orpanmvena, Tak Kak A kommakt. [ToTo-
My U3 Hee MOYXKHO BBLICIUTbL CXOJSILYIOCS II0/IOCTIEI0BATEILHOCTD.
CuuraeM, 4TO cama IIOCJIEIOBATEIBHOCTh {ak} cxomurcs Kk a*. U3
olpejie/ieHusl @) UMeeM

c(A, oo + M) = (ak, Yo + Axo).

[Tepexonst B TaHHOM PaBEHCTBE K IpeJesy Npu k — 00, MOJJIydaeM
c(A, po) = (a*,¢p). Caenosaresnsro, a* = ag. U3 (9.7) caenyer, aro
la* — ap|| = d. Ilomyuennoe mpormBOpedne JTOKA3BIBAET PABEHCTBO
(9.6). TIlepeiiem renepb K npegeny npu A — 0+ B HepaBeHCTBE
(9.5). Tloaywaem, 4TO CymIeCcTByeT NPOM3BOJHAS 110 HAIPABJIEHUIO

(A, ¢p) u st J1I060T0 (9 BBIIIOJHEHO PABEHCTBO

oc
Oy
0
i(“" 0) = (a0, 9)-

CuestoBaresibHo, cymecrsyer gradc(A, ¢o) = ag. Teopema jokazana.

Cnepmcrtsue9d Bomyknsii komnakr A sBisiercst cTpo-
TO BBIMTYKJIBIM B HAITpaBJIeHUn g 7% (0 TOTJa M TOJBLKO TOTIA, KOT/IA
cymecrByer gradc(A, o).

Cnanemcrtsue9b. Bomyknsii komnakr A sBisiercst cTpo-
I'0 BBIMYKJIBIM KOMITAKTOM TOTJIA W TOJIBKO TOTJIA, KOTJa JJIsi JJI00Or0

¢ # 0 cymecrsyer gradc(A, p).

Cunencrsue9? Ilyctb A — cTPOro BBITYKJIbI KOMIIAKT
R™. Torpa juisi Bcex ¢ € R™\ {0} cupaseminBo paBeHCTBO

(grade(A, @), p) = c(4, ).
VIIPAYKHEHI S

9.1. dBnserca au byHKIUA

a) g(e) =1+ /o1 + ¢3,
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arcsm—, w #0,
b) g(p) = || | oIoOpHOIi (PyHKIUEl HEKOTOPOro

0, =0
MHOX)KecTBa A € Q(RQ).
9.2. HaﬁTI/I onopHbIe DYHKIUY CIIEIYOIUX MHOXKECTB:
€ R? ‘ 4 £ < 1};
D2<0 2) U Ds(0; ~2);

1) A

)A

) A={zeR"|1< |z] <2}
) A=

) A=

)

2

w

4 {reR"|z=0aa+ (1—a)bac]|01]};
5 {(z1,72) € R? | |x1+a:2]<1 |:E1—a:2] 1}
6) A={(z1,22) € R? | ZL’l —l—ZE , > 0}.
9.3. BoccTaHOBHTH MHOMKECTBO A e coK (R?) 1o ero onopuoi
dyHKIUN

1) c(A,¢) = [p1 = @al;

2) (A, ) =1+ 902!

3) (A, ) = 2p1] + 3p2l;

4) c(4, ) = [loll + le1l = lea2l;

5) c(A,p) \/gol + 0, 5p2|p2| + 0, 5p3.

9.4. HaiiTu map MakCUMaJIbHOTO PaJuyca, BIIMCAHHOTO B BBITYK-
JIBITT KOMITAKT A ¢ HEelycTol BHYTPEHHOCTDIO.

9.5. IlosyunTs ycsioBme HemycTOTHl mepecedenuss D, (a1) u
u Dy, (az).

9.6. Ilycre jyist muoxkects A, B € Q(R™) cyiiecTByeT HeHyJIEBOI
BeKTOp p € R™ maxkoit, uro c(A,p) + ¢(B,—p) < 0. Bepno Ju, uro
MHO)KecTBa A n B oraeauMb?

9.7. Ilyctb A — zamkHyTOe moamuoxkecTBo R™ u a € IntcoA.
JlokazaThb HEPaBEHCTBO

(a, ) < c(A, @) s Beex € R™\ {0}.

9.8. Haiitn onopuyo QyHKIINIO MHOYKECTBA
2

2 2
A:{(x,y,z)ER3‘%+%+%<l}.
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9.9. [lycts A — crporo Boimykibiit KommnakT R™. JlokasaTs, 910
st Beex ¢ # 0, A > 0 crpaBeJJInBO paBEHCTBO

gradc(A, Ap) = gradc(A, ¢).

9.10. Ilyctb A — BBITYKJIBIH KOMITakT R™ Takoif, 4To JiJist BCex
wo # 0 omnoprast dyHkIws c(A, @) uMeer B TOYKE (o BCe HeIlpe-
PBIBHBIE YACTHBIE TPOU3BOJIHBIE JI0 BTOPOTO MOPSI/IKA BKIIOYUTEIHHO.
JlokazaTb, 9T0 11T BCceX g # (0 BBIMOJHEHO:

a) poc”(A, o) = 0;

b) rangc”’(A, o) < n —1;

¢) Bce coberBennble unciaa Marpuipl ¢’ (A, pg) HEOTPUIATEbHD;

d) marpuna (A, po) umeer HyseBoe COBCTBEHHOE YHUCIIO, SBJISIONIE-
€Csl IPOCTBIM;

e) s Beex g # 0, > 0 cunpasegymso pasencrso ¢’ (A, Apg) =
)\716(14, (p()).

9.11. CyIecTByIOT JI YaCTHBIE IPOU3BOJHBIE Y OHOPHBIX (DYHK-
Uil CIeLyIoIuX MHOXKECTB:

a) A= {(z1,22) | 2] + 23 <1}
b) A= {(z1,22) | \3621!3/2 + |22 < 1;

¢) A={(z1,x2) | =L+ 33 <1},

9.12. Ilycrs {Ag}2,, Ar C R" — mociie/ioBaTe/IbHOCTD HeIly-
CTBIX KOMIIAKTHBIX MHOXKECTB Takas, 4To jst Bcex k Ai C Dg(0)
upu HekotopoM R. {@p}72 1, pr € R — mocieoBaTeIbHOCTD TaKas,
gyro lim ¢ = . loxkasars paBeHCTBO

k—o00

inf ¢(Ag, o) = lim inf c(A;, pp).
k k—oco j

9.13. Ilycts A — BBEIIYKJIBIA KOMIAKT RZ2, CUMMETPHUHBIH OT-
HOCUTEJBHO OCH 3.

1. JTokazaTb, uTo omopHasi (byHKIUsI MHOXKeCTBa A obJyiajaer ciie-
JyronM cBoiictBoM (A, p1,02) = ¢(A, —p1,p2) JJist BCex 1.

2. [lycts B — Tejto, oJtydarorieecst BparienneM A OTHOCUTETHHO
ocu 3. Jlokazarh, uro pasenctso c(B,p) = c(A,\/p} + p3,p3) mis
Bcex p € R3.
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§ 10. Paccrosnue no Xaycnopdy

Onpepngeunenuelll Iycto A, B € Q(R"). Paccros-
uueM, 1o Xaycaopdy, Mexy MHOKecTBamMu A u B HazblBaercs
Heorpuraresnbroe dnciao h(A, B), omnpezensemMoe COOTHOIIEHIEM

B(A,B) = inf{r | AC A+ Dy(0), BC A+D,(0)}.  (10.1)

Bawmeuasnueldl Eum A B e K(R"), To B oupejeie-
aun h(A, B) uadunyMm MOXKHO 3aMEHUTH HA MUHUMYM.

Bawmeuanuelld2 Popmansro dopmymnoii (10.1) moxkHO
OIPEJIESIUTD PACCTOAHUE MEXKIY JIIOOBIMU JIBYMsI HEIIYCTHIMH MHOXKE-
crBamu A, B. Eciau xoTst 661 OHO W3 MHOXKECTB HEOTPAHWYEHO, TO
h(A, B) moxer paBHsiTbcsi +00. Hanpumep, eciim A = R", 10 jy1st
moboro B h(A, B) = +0.

ITpuwmeplol IIyectrb A = D,(0), B = Dy-(0). Torna
A C B,B C D,(0)+ D(0) mns Bcex € = r. Ilosromy h(A,B) =r.

II pu me p10.2. Ilycrs
A= Dl(o) C sz B= {(-’lﬁ',y) | T e [_171]7 Yy e [_171]}'

Torna A C B,B C A+ D,(0) ana Bcex r > /2 — 1. Ilostomy
h(A,B) = V2 — 1.

IIpuwmepldld Iyecre A = D.(0), B = {x | ||z|| < r}.
Torma B C A,A C B+ D.(0) nupu mobom & > 0. Ilosromy
h(A, B) = 0.

IIpuwmeplod Iyere A € QR"), B = {0}. Torma
h(4, B) = ||Al|

T eopewmalll Ilyers A, B,C € K(R™). Torna h ynosie-
TBOPsIET CJIEJYIONMM CBOCTBAM:
a) h(A,B) >0, h(A,B) =0 Torga u ToiabKo Torja, korna A = B;
b) h(A, B) = h(B, A);
c) h(A,B) < h(A,C)+ h(C,B).
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U3 teopemsr 10.1 cremyet, aro muoxkecrsa K (R"™), coK (R") saB-
JISFOTCST METPUYIECKUMI [IPOCTPAHCTBAMHU ¢ MeTpHKOii Xaycaopda.

T eopewmall2 Ilycrb A, B € Q(R™). Torga cupaseiinBo
HEPABEHCTBO

|c(A; ) = e(B,9)| < WA, B)ll¢l.

JloxkaszaTeuanbcTB o U3 onpenenenus dyuxknuu h
cJIe/lyeT, uTo Jiisd J1oboro € > (0 clipaBe/JINBO BKJIIOYEHHE

A C B+ Dya,B)+:(0).

[TosTomy

c(A,9) < c(B+ Dpay(0), ) = (B, 9) + c(Dy(a,B)+:(0), 0) =
= c(B,¢) + h(A, B)[l¢ll + €l

CretoBaTE/IBHO,

(A, ) —c(B,p) < h(A, B)lo] +ellg.
Anajioruano

(B, ) — c(A, ) < h(A, B)llel +ellell-

I} IIOCJICIHUX ABYX HEPABEHCTB IIOJIyd9aeM, 9YTO BBIIIOJIHAECTCA HEpa-
BCHCTBO

(A, ) — (B, 9)| < WA, B)llell +ellell-

Tak Kak mocjenee HEPABEHCTBO CIPABEIIUBO Mjist Bcex € > (0, To
repexojis K mpejiety ripu € — 0, mosydaem TpebyeMoe HepaBEeHCTBO.

Cnepgcrsuelldl ceC(QR") xR").
T eopewmaldd Ilycrs A, B € coK(R"™). Torga

h(A, B) = max |c(A, ¢) — (B, ¢)|.
lel=1
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HJoxkaszaTeuabcTB o. JlokaxkeMm, 94TO ClIpaBeJINBO He-
PaBEHCTBO

h(A,B) > puax (A, @) — (B, ¢)|. (10.2)
e||l=1
U3 Teopempr 10.2 ciemyet, aro s Kaxgoro ¢, ||¢|| =1 cuopasen-

JINBO HepaBeHCTBO
h(A,B) > |c(A, ) — ¢(B, ¢)|,

oTKyza cieayer tpebyemoe mepasencTBo (10.2). okarkem Temepsb,
qro JIs Beex ¢, |l =1

h(A, B) < max |c(4,¢) — c(B, ¢)|. (10.3)
lell=1

O6o3HaunM 4depes

M = max (A, ) — (B, ¢)|.
QO =

Torma |c(A, @) —c(B,p)| < M ams Beex @, ||¢|| =1, nan

¥ %
C(Aa 7) - C(Ba 7) <M
el Il

st Beex ¢ # 0. OTcrona cipaBeyinBO HEPABEHCTBO

—Mllpll < (A, ) = c(B,¢) < Mllg]|. (10.4)

Ucnon3yst npasyio yactb HepasercTsa (10.4), mosyuaem HepaBeH-
CTBO

(A, ¢) < e(B, ) + c(Dm(0), ) = c(B + D (0), ¢).

Tak kax B+ Djs(0) — BbIILYKJIBIH KOMIIAKT, TO U3 OCIEJHErO Hepa-
Bercrsa cieayer, uto A C B + Dy(0). Ucnonb3yst jeByo 4acTb
nepasencrsa (10.4), mosyvaem

(B, ) < c(A ) + Mg,

orkyna cieayer, uro B C A+Dj(0). Caenosarensno, h(A, B) < M
u reM cambiM HepaseHcTBo (10.3) mokaszano. Teopema jiokazana.
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II puw e pl0.5. Ilycrs
A= {(_1;0)7 (150)}7 B = {(07 _1)7 (0’ 1)}

deno, uro h(A, B) = v/2. C apyroii cropoHsr,

M = max |e(4,¢) = e(B,¢)| = _max lg1| = |gal|= 1.
llel|=1 P pi=1

[Monyawmu, uro meopema 10.3 a1 ykasaHHBIX MHOXKecTB A, B

HeBepHa. JJaHHBI IpUMeEp IIOKA3BIBAET, YTO YCIOBHE BBILYKJIOCTH SIB-

JISIETCS CYIIECTBEHHBIM.

Onpenaenenuelld2 Byrem ropopurs, 9To IOCIEI0BA-
TejbHOCTh MHOXKeCTB {Af}72 |, Ay € coK(R™) cxomuTcs K MHOXKe-
crBy A € coK(R"), ecnn klim h(Ag, A) = 0.

—00

OTMeTHM, ITO COOTBETCTBYIOIIEE OIIPE/E/ICHIe MOXKHO JaTh U B IPO-
crpancree K (R™).

Teopewmaldd Ilycre A € coK(R"). Torma mst sr060o-
ro £ > 0 cymecTByer BbIIYKJIbII MHOrOrpaHHUK P Takoif, 4To

h(A,P) < e.

HoxasaTeancTs o Pacemorpum DY(x) oTkpbiThe
mapsl pajaumyca £ ¢ ImeHrpom B Toukax x € R". CewmeiicTBO
0
{DE (x)}gg cA obpasyeT OTKpBITOe MOKpbITHe MHOXKecTBa A. IlosTo-
My, B CHJIy KOMIAKTHOCTH A, U3 JAHHOIO IOKPBITUS MOYKHO BbI-
OpaTh KOHEYHOE HOIIOKPBITHE {Dg(xj)}j ;- OupejienM MHOKeCTBO
P = co{z;,j € J}. Torna nomydaem

pPcAc | DYz) =P+ D.(0).
zeP

C JIpyToif CTOPOHBI, B CUJTy BBITYKJIOCTH A mMeeM
PCAcCA+ D).

[Mosromy h(A, P) < e. Teopema jokazana.
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T e opewm alldb Jlaa moboro BuITyKJIOTO KOMIakTta A cy-
IECTBYET  IIOCJEIOBATEJbHOCTH  BBIIYKJBIX  MHOT'OIDAHHHKOB
{Ar}32, makas, uro lim h(A, Ap) =0.

k—o0

JoxasarTenanbctTso. Jag KaxIoro HaTypaJabHOrO
quciaa k 1o TeopeMe 10.4 cyIecTByeT BBIIYKJIbIH MHOTOI'DAHHUK
Aj maxoit, uto h(A, Ag) < % CireoBaTesibHO, OCIEI0BATEIbHOCTD
{Ar} wuckomast.

YITPAZKHEHIU S

10.1. Beraucinrs h(Dy, (a1), Dy, (a2)).
10.2. OmnpenesinM €BKIUIOBO PACCTOSTHAE MEXKy MHOMKECTBAMU
A, B € Q(R"™) coorHomenuem

A B)= inf —b.
p(A, B) ae}fbeB”“ I

Hokazars, uro jyist jiroboit Touku g € R™, ms awobbix A, B € Q(R")
CIIPaBeJINBO HEPABEHCTBO

p(g, A) < p(q, B) + h(A, B).

10.3. ITycts A1, Ag, By, By € Q(R™). JlokazaTh ClpaBejinBOCTh
CJIEJTYTONIX HEPABEHCTB:

h@41LﬁBer2LLBQ)

h(A1, A3) + h(By, Bs),
h(Ay + B1,As + By) < h

(A1, A2) + h(Bi, Ba).

NN

10.4. [z mobeix nByx muoxectB A, B € Q(R"™) omupeznermnm
UCIIO

h1@4rB)::Supp(xrB)_Fsup/K$vA)
€A zeB

Bepuo s, uro h; merpuka na Q(R™)?
10.5. Ilycts A, B € Q(R"),, 8 € R'. JlokasaTh HepaBeHCTBA:
1) had,aB) < |afh(A, B):
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2) h(aA,BA) < |a — B - h(A, {0});
3) h(coA,coB) < h(A, B).

10.9. Iycrs {ag, by, ck, di}32, — mociaenoBarenbHoCTH TOYEK R™
TaKue, 4To

lim ap =a, lim by =0, lim ¢ =c¢, lim di = d.
k—o00 k—o00 k—o00 k—o0

IIycTp
X = co{ag, b} + co{ck, dr}, X = co{a,b} + co{c,d}.

Bepuo s, uro lim h(Xj, X) =07
k—ro00
10.10. ITycrte {Ag}32, — mociae0BaTEIbHOCTD BBIIYKJIBIX KOM-

HAKTOB, CXOJSIIAsICS K BBIIYKJIOMYy KoMmuakty A. Bepno sm, uro
JUIst 000 TOUKH @ € A CyIIeCTByeT IOC/IeI0BATEILHOCTD TOYEK
{ar}p2, maxas, aro ap € Ay u lim ap = a?
- k—o0
10.11. Ilycre {Ag}32, — mOCI€0BATEILHOCTD BBIIYKIIBIX KOM-
IIAKTOB, CXO/SIIAsICS K BBITYyKJIoMy KoMmnakTy A. Bepwno sin, uto jyis
00OI 110C/IeIOBATEILHOCTI TOYEK {ay}7C, Takoil, uto ay € Ay u

lim ap = a Bbmoaneno a € A?
k—o0

10.12. Ilycre {Ag}72, — mOC/I€I0BATEILHOCTD BBIIYKIIBIX KOM-
[IAKTOB, CXOAIIasICs K KoMmakTy A. Bepno i, uro A — BBITYKJIBI
KOMITAKT?

10.13. st siiobbix aByx muoxkecrs U,V € co(R™) onpepenum
TUCTIO

pe(U,V) =
=min{A>0: UCV+AD1(0)} +min{A>0: VC U+ AD;1(0)}.

1. Mokazarb, a0 pp sBisiercs MeTpukoil Ha co(R™). Hdanmyio mer-
PUKY Ha3bIBAIOT METPUKOI DIJICTOHA.
2. JlokazaTh HEPABEHCTBO

WU, V) < pp(U,V) < 21(U,V), U,V € co(R").
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10.14. ns mobbix aByx muoxkects U,V € co(R™) onpenemnm
YHCIIO

p0V) = ([ lev9) ~ Vi)™
51(0)

0Ka3aTb, 9TO U,V) asnsercs merpukoit na co(R™).
Pp

§ 11. ITonoxkuTesIbHBIN OGa3uc

Ounupepgeuenuelll [24]. Bysem roBopurb, 9T0 BEKTO-
pPBL ai,...,Gs OOPA3yIOT MOJOXKUTEIbHBIN Oazuc R™, ecaum Jid Jio-
6oro x € R" cymecrByor 71 = 0,...,7s = 0 Takme, 9TO

r="v0a1+ -+ VsQs.

II puwmeplll Ilycts ay,...,a, — 0a3uc TPOCTPAHCTBA
R". Torma ai,...,an,—ay,...,—a, — IOJOXUTEJLHLIN Oasuc R™.

HeitcrBurenbno, nycts x € R". Torma

r=aai1a1 + -+ anay.

IIycTb
L={j:a; 20}, Iy ={j:a; <0}
Torma
T = Z o;a; + Z(—ai)(—ai).
i€ly i€l
ITosTomy
k k
= mai+ Y Bil—a),

=1 i=1

rie

i, 1€ 1 —ay, 1 € Is.

%:{Qi¢h M%:{Qi¢b
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II puwmepll2 Ilycrs aq,...,a, — 0a3uc IPOCTPAHCTBA
R", apy1 = —(a1 + -+ ay). Torma ay,...,an,apy1 — HOJOKU-
TeJbHbIH Oasuc R".

n
HeiicrBurensho, mycts x € R™. Torna x = ) a;a;. Tak xak
i=1

a1+"'+an+an+1zo7

TO CIIPAaBEJINBO IIpEACTaBJICHUE

n

n
r = Zaiai +dlar+- -+ ap+ans1) = Z(ai + d)a; + dap+1.
i=1 =1

Bszsis d > 0 tak, urobsr o; +d > 0, mosydaem, 9To Bce KO3 dpu-
[IMEHTHI PA3JIOXKEHUsI HEOTPUIIATEILHBI.

SamMedugamnuelll Ecmay,...,as — IDOTOKATETbHBII
basuc R", TO jjis J11000r0 HAOOpPa BEKTOPOB b1, ...,b; BEKTOPHI
ai,...,as,b1,...,0

Tak)Ke 00pa3yroT MOJIOKUTEIbHbII basuc R™.

Ounpenagenenuell2 IlonoxurenbHblii basuc
ai,...,0s HA3BIBAETCS MUHUMAJILHBIM IIOJIOKHTEILHBIM OAa3UCOM, €C-
JII HUKaKasl €ro IMpaBUIbHAs IIOJCACTEMA IIOJIOKUTEILHLIM 0a31COM
HE ABJIACTCH.

T eopewmalll Bekropwl aj,...,as COCTABJISIOT ITOJIOXKU-
TenbHBIM 6Oasmc R™ Torma M TOJBKO TOrIa, KODJA JJISI JIFOOOrO
p € R", |lp|| =1 cymecrsyer a, Takoii, aro (aq,p) < 0.

JloxkaszaTeunbcT B o Heobxomumocts. Ilycts BekTO-

pBl a1,...,0s OOPa3yIOT MOJIOKUTEILHBII 6a3UC U IIPH 3TOM CyIIe-
crByer BekTop p € R", ||p|| = 1 rakoit, uro (a;,p) = 0 misa Bcex
1=1,...,s.
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PaccMmorpuM BeKTOp —p M pas/IoKUM €ro I0 MOJIOKUTEHLHOMY
basucy

_p:)\la1+"'+)\sas, )\z 20
VMHOXKas MOCIe/IHee PABEHCTBO CKAJISAPHO HA P, MOJIydaeM
-1 = Al(pa al) + e+ )\S(p7 GS) 2 07

9TO HEBO3MOZKHO. HOJ’IyLII/IJII/I IpOoTUBOpPEYINE.
,ZLOCTaTO‘{HOCTI). PaCCMOTpI/IM MHO2KECTBO

K={ze€R"|x=D>Xai+ -+ Asas, \; >0}.

K — BBIIYKJIBI KOHYC C BepluHOil B HyJle. Torna qubo K Bce mpo-
cTpaHCcTBO, ub0 K JIe2KAT 10 OJHY CTOPOHY OT HEKOTODOH IHIIep-
ILJIOCKOCTH, IPOXOJAIIEH Yepe3 HavuaIo KOOP/IUHAT.

Ecm K = R" T0 ai,...,as — TOJIOXKUTEJIbHBIN Oasuc R".
[Tycts K # R™. B stom ciyuae cymecryer Bekrop p € R™, ||p|| =1
takoit, uro (p,x) > 0 gys Becex x € K. Tak xak a; € K, 1O
(p,a;) = 0 st BCeX 4, UTO MPOTUBOPEYUT YCJIOBUIO T€OPEMbI. Teo-
pemMa JoKa3aHa.

O6o3naunM depes G — MaTpHIly, CTPOKAME KOTOPOIl SBJISIOTCS
KOOD/IMHATHI BEKTOPOB a1, .. .,0s OTHOCUTEJILHO Daszuca

T eopewm all2 Hraroro9rodbbl BEKTOPBL a1, ..., ds 00pa-
30BBIBAJIN TIOJIOXKUATENBHBIN O0aszuc R", HeoOXOoIUMO W JTOCTATOYHO,
9TOOBI
1) rangG = n;

2) cucrema Gf3 =0 mmena pemerne 3° Taxoe, uto Y >0, To ecTh
BY >0 nna Beex 1.

JloxkaszaTeuabcT B o Heobxomumocts. Ilycts BekTO-
pBl ay,...,as O0OPa3yloT MOJIOKHUTEIbHBIN Oasuc. Ecau 6b1 rangG
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OBLT MEHBIIIE 71, TO BEKTOPBI A1, ...,0s J€XKaJd Obl B HEKOTOPO T'i-
nepiiockoctr. Ilycth p — HOpMAaJb JAHHON THIIEPIIOCKOCTH. Torma

(p,a;) = 0 mas Bcex 4, 4rto mporuBopednt Teopeme 12.1. Ilycrn
JaJee

a=—ay— - — Q.
Tak kak a;,7 = 1,...,8 — IMOJOXKHUTEJbHBII DA3MC, TO CYIIECTBYIOT

A; =2 0 Takwme, 9TO
a=Mai+ ... sas = —a; — - — as.
[Tonygaem, 9To CrpaBejINBO PABEHCTBO
0= (14 A)ar+---+ (1 + As)as.

W3 nocnennero pasencrBa ciejyer, uro cucrema Gx = 0 umeer pe-
menne 3% =14\ > 0.

Hocrarounocts. Tak kak rangG = n, cpeju BEKTOPOB daf,. .., 0s
uMmeeTcs N JnHeiHO He3aBucuMbIX. IlycTth ai,...,a, — JuHEHHO
nesaBucuMbl. Torma Jyiro6oit BekTop y € R™ mpeacraBuM B Buje

Yy = ai1a1 _|_-.-—|—anan—|—d(ﬁ?a1—|—"'—|—,BSCLS),

rae B > 0 — pemenne cucrembr Gz = 0. Bass d > 0 Tak, 4T00bI
Jjst Bcex ¢ = 1,...,7m BBINOJHJINCh HEPABEHCTBA «y; + dﬁ? > 0,
IOJIy4aeM, 4TO BEeKTOP Y IIPEJCTaBUM B BHUJIEC

Y =ma1+ -+ 7sas,

npudeM Bce y; > 0. D10 m o3Hauaer, uro HAOOp a1 = 1,...,8
obpazyet moJiokuTebHbIN Oazuc R". Teopema mokasana.

Teopewmalld ajp,...,as COCTABISIOT OJOXKUTETbHbIIA
basuc R"™ Torma m TOJBKO TOTA, KOTIA

0 € Intco{ay,...,as}.
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JoxasarTeuabcT B o Heobxomumocrs. Ilycrs
0 ¢ Intco{ai,...,as}.

Torma {0} u Intco{ai,...,as} ormesumbl. CieroBaresbHO, CyIie-
crBytor p € R",p # 0,u € R' raxue, uro

(p,0) < p,
(p,z) = p st Beex z € Intco{ay,...,as}.

[Tosyuaem, uro (p,a;) > 0 miasg BceX 4, YTO MPOTHBOPEYUT TEOPEME
11.1.
Hocrarounocts. IlycTh

0 € Intco{ay,...,as}.

Torna rangG = n u o reopeme Kapareomopu
S
0=aya1+ -+ asas, a; =0, g a; = 1.
i=1
B cuny Teopemnbr 11.2 ajp,...,as 0OpasyoT MOJOXKHUTEIbHBIN Dasmc

R". Teopema moka3zaHa.

Cnencteruelll Ilycts ay,...,as,p1,---,0r € R,
My, ..., My — xoMmnakTHbIe ToaMHOXKecTBa R™. Torma

0 € Intco{a; — My,...,as — Ms,p1,...,pr}

S
TOIJIAa U TOJIBKO TOTJa, KOIJa CyIecTByor by, ..., by, € | (a; — M;)
i=1
Takue, 910 by, ...,bm,P1,...,Pr OOPA3YIOT IMOJIOXKUTEJILHBIN Oa3UC
RF.

ObozuaunM yepe3 B — MaTpHILy, CTPOKAMH KOTOPOIi SIBJISIIOTCSI
KOODJ/IMHATHI BEKTOPOB a1, . ..,0s OTHOCUTEJILHO Oasuca



T e opewmalld Ilyctb MHOXECTBO
Q={x| Bx > b} # 2.

Torma ) MHOrorpaHHMK TOIJA M TOJIBKO TOIJA, KOIAA a1,...,0s 00-
PasyIoT MOJIOXKUTEIbHBIN OasucC.

JokasarTenanbctTso. Ilycte () wMHOrorpaHHuk wu
xg € ). llpenmomoxkum, 910 ai,...,0s HE 00OPA3YIOT MOJOXKUTE/b-
uplii 6asuc. Ilosromy cymecrsyer p € RF ||p|| = 1 raxoii, uro
(p,a;) <0 gs Beex i. Torma

(xo — tp, a;) = (2o, a;) — t(p, a;) = b;

aist Beex ¢ u t > 0. CruenoBarenbHo, xg — tp € 0 upu Becex t = 0,
YTO MPOTHBOpeUYnT orpanudeHHoctu §). IlosyuenHoe mporuBopeune
JIOKA3LIBACT, 9TO a1,...,0s OOPA3YIOT IIOJOXKUTEILHLIA Oasuc.
Ilycts ai,...,as ODpa3yOT MOJOKUTEIbHBIN 0a3uC, HO MHOMXKe-
cro {2 He muororpanauk. ClleIoBaTeIbLHO, CYIIECTBYIOT Yo, P,
|pll =1 rakue, aro yo + tp € Q s Beex t > 0.
[Mosromy (yo + tp,a;) > b; nns Beex @ u t > 0. Orcroga

~ | =

(p,ai) 2 (bz — (yo,ai)), 1=1. .., S.

CuenoBatenbio, (p,a;) > 0 s BCeX i, 9TO MPOTHBOPEUUT MTOJIOXKHU-
TeJbHOCTH Oa3uca ag,...,a0s. leopeMa JoKa3aHa.

Onpeagemennelld Ilyctrb X — xommakt R,
p € R", p+# 0. Muoxecrso

U(X;p) ={z |z € X, (z,p) = c¢(X,p)}

Ha3bIBAETCsI OIMMOPHLIM K MHOYXKeCTBY X B HAIIPDABJICHUU P.
MmuoxkectBo X Ha3bIBAETCsI CTPOIO BBIIYKJLIM B HAIIPABJICHUU
p,p # 0, eciim muoxectBo U(X;p) COCTOMT U3 €JMHCTBEHHOIO i€~
MEHTA.
MmuoxkectBo X Ha3bIBAETCS CTPOTO BBITYKJBIM, eciu X CTPOro
BBIMTYKJIO B JIIOOOM HampaseHuun p,p # 0.
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Ounpenenemnunelld Ilycrb X — wxomnakr R". X
Ha3bIBAETCS MHOXKECTBOM C TVIQJIKOW TpaHUIEH, eciau st JO0ro
rg € 0X MHOXKECTBO

N(X;20) ={p|pe€ R"|pll =1, (x0,p) = c(X,p)}
COCTOUT U3 e,ILI/IHCTBeHHOFO JIEMEHTA.

Ormernm, uTo eciii X — CTPOro BBITYKJIBI KOMIAKT C TJIA KO
rpauureit, ro IntX # .

Ilycts ai,...,as Henysesbie BeKTOpLI R™, V — cTPOro BuITYKJIbIif
KOMIIAKT C TUIajIKoii rpanuneii. Onpegemm dyukmun ;@ V — R}

Ai(v) =sup{A\=>0]| —Xa; €V —v}, i=1,...,s,

Teopewmallb ajp,...,a; 00pPa3ylOT IMOJOXKUTEIbHBIN Oa-
suc R"™ Torma m TOJIBKO TOrIa, KOTIA
0 = minmax \;(v) > 0.
veV 1
JdJokaszaTeuanbcTs o. lpergnosoxkum, aro § = 0. To-
riaa cymecrsyer vy € V, uro A;j(vg) = 0 aust Becex @ = 1,...,s.
Kaxnas u3z dbyuxnmit \; HenpepblBHA U BOTHyTa 10 ¥, IOITOMY

vy € V.

Tak xak V wmMmeeT TIaIKyIo TPaHUILY, TO MHOXKECTBO

{o |lIpll = 1, (vo,p) = c(V,p)}

COCTOUT W3 €IMHCTBEHHOTO 3JIeMeHTa pPg. Kpome TOro, m3 paBeHCTB
Ai(vo) =0 musBeex ¢ = 1,...,s cieJyer, 9To BCe BEKTOPBI G1, . . ., Us
JIE’KAT B OJIHOM IIOJIyITPOCTPAHCTBE, OIPEJIEISIEMOM BEKTOPOM pg, TO
eCcThb

(ai,po) = 0 must Beex i =1,...,s.

W3 mociiennero HepaBeHcTBa, B cuily TeopeMmbl 11.1, cimemyer, 9To
BEKTOPBI a1, ...,0s HE 00PA3yIOT HMOJIO2KUTEIbHBIN Oa3uC.
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IIycts § > 0, HO BEKTOPHI a1, ...,0s HE 0OPA3YIOT MOJIOKUTETb-
el 6a3uc. Torma, B cumiy Teopembl 11.1, cyliecTByeT eIMHUYHBIH
BEKTOpP P TaKOif, 9TO

(p,a;) <O s Beex i =1,...,s. (11.1)
IIycts vg € V' u ynoBaeTBOpsieT yCJIOBUIO
(v0,p) = c(V; p). (11.2)
Tak xkak 0 > 0, To cymecrByer i Takoii, auro \;(vg) > 0. Ilosromy
vo — Ai(vo)a; € V.

Orcrona
(vo,p) — Ai(vo)(as, p) < c(V;p). (11.3)
s (11.2), (11.3) caemyer, ato

(Gi,p) = 0.

U3 mocienmero mepasencTBa 1 Hepasenctsa (11.1) ciemyer, [ro
(aiap) =0mn

vy — Ai(vo)a; € U(V5p),

9TO MPOTUBOPEYNUT CTPOTO BHIIYKJIOCTH V B HAIpaBJIEHUU P, a CJIe-
JIOBATEJIbHO, U CTPOTOH BhITyKI0CTH V.

Takum obpasoMm, ai,...,0s OOPA3YIOT IOJOXKHUTEJBHBIN Oasmc.
Teopema jtokazana.

T eopewm all6. Ilycrs monoxkurenbusii 6azuc R" comep-
xuT n + 1 BekTop. Torma Jobble k BEKTOPOB yKa3aHHOrO Oasuca
JUHENHO HE3aBUCUMBI.

JoxasarTeuabcTs o. [Ipeanonoxum, 9To CymecTByer
nabop ummekcos I C {1,...,n + 1}, |I| = n rakoii, 4T0 BeKTO-
pol ap,l € I juneitno 3asucumel. Torza cymiecTByeT rUIEPIIOCKOCTD
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H, 0 € H, conepxamasg a;, i € I. Ilycrb HT — momymnpocrpan-
cTBO, oupenensieMoe H, me comepxxamiee a4, ¢ ¢ I u p eaunudnas
nopmasb H, manpasnennas 8 HT. Torma (p,a;) < 0 aas Beex i.
[Tocenree HEPABEHCTBO MPOTUBOPEYUT YCJIOBUIO IOJIOXKUTETHHOCTH
basuca. Teopema mokaszaHa.

Teopewmall7 Ecinm MUHIMAJIBHBIA MOJTOXKUTEIbHBINA Oa-
zuc R" comepkKUT He MeHee N + 2 BEKTOPOB, TO CYMIECTBYIOT JIU-
HEHHO 3aBUCHUMbBIE BEKTOPHI g, , ..., 4g,, BXOAAIINE B JTAHHBII MUHU-
MAaJIbHBIN TTOJIOYKUTEIbHBIN Oa3uc.

HJoxkasaTeuabcTBsB o. [Ipegmonoxum, IT0 AJIsT JTH000-

ro mabopa wuujgekcos I, |I| = n Bekropsl a;, | € [ JuHeitHO
HezaBucuMmbl. Cunraem, uro I = {1,...,n}. Paccmorpum BekTOpBI
Q1,0 Gnte1. CyIIECTBYIOT BENIECTBEHHBIE YUCTA 3], OIHOBDE-

MEHHO, He 00paIaIoInecs B HyJlb U TAKHe, ITO
0= Blal R 5nan + 5n+1an+1-

Ecmu 6; > 0 as Bcex I, TO BEKTOPBL a1, ..., Gn+1 OOPA3yIOT MOJIO-
JKUTEBHBIN 6a3KUC, 9TO IPOTUBOPEYUNT YCIOBUIO TEOPEMBI.
Eciu §; = 0 upu HEKoTOpOM [, TO BEKTODBI

aty.- -, a1—1,141, -+, n+1

JIMHEIHO 3aBUCHMBI, ITO TPOTHBOPEINT ITIPEJIIOIOKEHUIO TEOPEMBI.
Mosromy {1,...,n+1}=1UJ, tae

I={l:5>0}, J={l:5 <0}

Tak Kak ai,...,as(s = n+2) obpasyror MOJIOKUTEIbHBII Hasuc,
TO CYIMIECTBYIOT TOJIOKUTETHHBIE YUCTA (1, .. ., (s TAKWAE, 9TO

0=oa + -+ asas.
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Orcrona

n+1

0= dZalal +Z/Brar =
=1 r=1

= (du+B)ar+ Y _(day + Bar+ Y (deu + ).

lel leJ l=n+2

Bribepem d > 0 Tak, urodnl da, + . = 0 upu HekoropoMm r € J
u day+ ;> 0 mist seex | € J

Torma noyioXkKuTe bHbBIN 6a31uc 00Pa3yIOT BEKTOPHI A1, . . ., Gr_1,
Gr41y---,05, 9TO IPOTHBOPEYUT CBOHCTBY MUHUMAJBHOCTU HUCXOJHO-
ro 6azuca. Teopema jgoKa3aHa.

Cnemgcrtsuell2 Ilycts ay,...,as — MUHIMAJIBLHBIH 0~
JIOXKUTEILHLIH 6asuc R™ Takoit, 94To 1Jist JIOOLIX IOIAaPHO Pa3/IMIHEIX
li,...,0ln €{1,...,s} BekTOp®I @;,,...,aq;, JUHEHHO HE3ABHCHMBI.

Torma s =n+ 1.

Teopewmall8 Ilycts ap,...,as 0OPa3yOT MOJOXKHUTEIb-
wotit 6azuc R™. Torma s sroboro a € R™ cymecrByer p > 0 Takoe,
9TO A1, ..,05—1,0 + [iGs OOPA3YIOT HOJIOKHUTEIbLHBIH 6asuc RF.

HJoxkasaTeuabcTB o. [Ipegnonoxum, 9To CyImecTByeT
a € R™ Taxoit, uyro mjis Bcex p > 0 BEKTODPHI ay,...,0s—1, G+ Uas
He 00pa3yIoT MOJIOXKUTENbHDBIN Oasnc. ClieoBaTe/IbHO, JIsT KaXK 00
i CYIIECTBYET eJIMHUYHBIN BEKTOP P, TaKoOii, 4TO

(a;,pu) <0, 1=1,...,s—1,

1
(as,pu) + ;(a,pu) <O0.

B cuny kKoMmakTHOCTH eIUHUYHON cdepbl MOXKHO CUYUTATh, HUTO
ngngopu = po. Torma ||po|| =1 u (a;,po) <O mast Beex [ =1,...,s,

9TO IMPOTUBOPEIUT CBONCTBY IOJIOXKHUTEILHOCTU Oasuca. Teopema mo-
Ka3aHa.
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Cunenctsuelld Illycrs aj,...,as 00pa3yioOT IOJIOXKH-
resibHblil 6asuc R™. Torya jyist 106bIX BEKTOPOB by, ..., bs(1 <1 < s)
cymecTByeT po > 0 Takoe, 4TO JJIS BCeX [ > fig HADOD

at,...,a—1,by + pay, bp1 + pagi, ..., bs + pas
obpasyeT moJIoKuTe bHbIN Oasuc R™.

Teopewmall9 Ilycrs ay,...,as,b1,...,b, € R", npuiem
Intco{ay,...,as} # @. Torna

Intco{ai,...,as} Nco{by,..., b} # @ (11.4)
TOrZa ¥ TOJILKO TOIa, KOIa CHCTEMa BEKTOPoB a; — by, [ =1,...,s,
t=1,...,r obpa3syer MOJOKATEeIbHBIH Gasuc RE.

HJoxkasaTeuabcTB o. [Ipernonoxum, dYTo ycjaoBue
(11.4) me BoinosHsiercst. Torja mo Teopeme OTJIEJUMOCTH CYIIECTBYET
€JIMHUYHBINA BEKTOD P TAKOU, 4TO

(ap — b, p) <O st Beex [, t. (11.5)

[Mocennee o3navaer, uro cucrema {a; — by} He obpasyer MoJIOKU-
TeJbHBIN Da3uc.

Eciun cucrema {a; — b} me obpasyer mosioxKuTesbHBINA Oasuc,
TO CYIECTBYET €JUHUYHBIA BEKTOP P, JJIs KOTOPOTO CIIPABEJINBO
(11.5). CueoBaresbHO, MHOXKeCTBa co{ai,...,as} n co{bi,..., b}
orpesmmbl. U3 yesosust Intco{ay,...,as} # @ cuemyer, 4To JJaHHBIE
MHOKECTBa COOCTBEHHO OTIETMMBI.

IIycte H — rumnepruiockocTb, COOCTBEHHO OTAESIONIAs MHOYKE-
crea cofai,...,as} u co{by,...,b.}, a H-,H" — saMKHyTBIe 1O
JIyIIPOCTpaHCcTBa, onpejesembie H . CunraeMm, 910

co{ai,...,as} € H™, co{by,...,b,} C H'.

Torga Intco{ai,...,as} C IntH™ u nosromy ycnosue (11.4) me BbI-
nossiercs. Teopema jlokasana.
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T eopewmallll Iycrs ai,...,an4+1,b1,b0 € R™ u BbIIIOJI-
HEHBI CJIe/IyIONIHe yCIOBHSA:

1) Intco{ai,...,ant1} Nco{br,ba} # @;

2) an+1 € L = {Z tz=1tb + (1 — t)bz,t §é [O, 1]}

Torpa cymecrsyer j € {1,2} rtakoit, aro

b; € Intco{ay, ..., ant1}-
HdoxaszaTeuabcTBs o. [lycts
z € Intco{ay,...,anst1} Nco{by,ba}.

Ecimu z = by nmm b2, 1O Teopema jokazana. VHade cyriecrByer
Jj € {1,2} makoii, uro b; € (ant1,2). IlosTomy cymecTByer
p € (0,1), aro b; = pan1 + (1 — p)z. Kpome Toro, cymecrByior
n+1
qucsa g > 0, > oy =1 Tmakume, uro z = aa1 + -+ + Qpp1anil-
=1
U3 nocsieiHUX JIBYX COOTHONIEHUH CJIEJLYeT, YTO
n+1
bj = fra1 + -+ + Bp+1ant1, mpuyem 5 > 0, ZBZ =1
=1

Teopema jokazana.

Teopewnallll Ilyecrs z;, y; € R" i = 1,...,k,
j=1,...m U BBIIOJHEHbI CJIELYIONIE YCIOBUSA:

1) k+m>n+2;

2) B COBOKYIHOCTH {T; — Yj,Yr — Yq, T 7 @, Ts — T, S # 1} cyrue-

CTBYIOT N JINHEWHO HE3ABUCUMBIX BEKTOPOB. Torma

rico{z;} Nrico{y;} # @ (11.6)

TOIJIa U TOJIBKO TOrZa, Korjga {x; — y;} 00pasyioT MOoJIOKHTEIbHBL
Oazuc.
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HJoxkaszaTeuabcTBo. [IlyctTb  BBIIOJIHEHO  yCIOBUE
(11.6) u mpu >TOM BeKTOpBI {x; — ¥;} He 0OPa3yIOT MOJOKUTEb-
ubIit 6asuc. Torga cymecrsyer p € R™, ||p|| =1, uro (z; —y;,p) <0
quist Beex i, j. Orciona muOX)ecTBa co{x;}, co{y;} ormennmsr. IToka-
x&eM, uro co{x;},co{y;} cobereenno ormemumbl. Ecin 6b1 910 GBLTO
He TaK, TO CyIIeCTBOBaJIa Obl TUIEPILIOCKOCTL H Takasi, 910

co{x;} C H, co{y,} C H.

Otrciona x; —y; € Ly, —yq € Lyxs —ax; € L, tne L — suneii-
HO€e TIOITPOCTPAHCTBO, coorBeTcTByIommee H . [locmemnee coorHotIE-
HUE TPOTUBOPEYUT YCIOBUIO JIEMMBI.
IIycrs Tenepn
rico{z;} Nrico{y;} = @.

Torma muOkecTBa co{z;}, co{y;} ormemmmbr. ITosTomy cymiecrByer
eJIMHIYHBIA BEKTOP p Takoii, uro (x; —y;,p) < 0. Orcioma {z; —y;}
He 00pa3yioT MoJoXKUTEIbHBIN 6a3uc. Teopema moka3ana.

JI e m m a1l.1. Ilycre C4,Cy BBITyK/IBIE MHOXKECTBA R", mpu-
qeM

riCy NriCy # @, riCy NriCs = aﬂ@

Torna riCq NriCy cOCTOUT U3 €IUHCTBEHHON TOYKU.

JlokxkaszaTenabcTB O Bcuny reopemsr 6.5 u yciioBuit
JTIEMMBI

I‘i(Cl N CQ) =r1iC1 NriCy = aﬂﬁg =C1NCs.
Orcroia mojtyyaeM yTBEpKIEHUE JIEeMMbI. JleMMa JoKazaHa.
JI e m m a1l.2. Ilycre C1,Cy BhImyKJIBIE MHOXKECTBa, R, mnpu-

gem riCh NriCy # &.
Torpa affCy NaffCy = aff (C; N Cy).
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JJokaszaTeJuabcTB o. VI3 BKIOYeHUN
aff((]l N Cg) C affCy, aff(C’l N 02) C affCy

caepyer, uro aff(Cy N Cy) C affCy NaffCy.

Ilycts x € affCy N affCy, y € riCy NriCy. Paccmorpum ToUKy
z(A) = Az 4+ (1 — Ny. Tak kax 2(0) =y, 10 2(N) € C1, 2(N) € Cy
Ay BceX A > 0 u O/IM3KuX K HYJIIO.

Kpome Toro,

1 1
T = Xz()\) +(1- X)y

Tak Kax % +(1-— %) =1, To x sBaserca adpduHHON KOMOUHAITETH
touek z(A) u y. Crenosarensno, x € aff(C; N Cy). Jlemma mokasza-
Ha.

JI e M m a 11.3. Ilycre C1,Cy BBIIyKJIBIE MHOXKECTBa, R, mpu-
geMm

riCy NriCy # @, riC NriCs = aﬂ@

Torma C1NCy = affCiNaffCy u C1NCy cocTonuT U3 € UHCTBEHHOI
TOYKH.

JlokazaTeabCTBO JAHHON JIEMMBI HEITOCPEJCTBEHHO CJIeyeT U3 JIEMM
11.1 m 11.2.

Teopewmalll2 Iycers {x1,..., %511, Y1y-eosYmt1} —
MHOKeCTBO Touek R"™, mpudem jobbie 1+ 1 Touku adduHHO He3a-
BUCUMBI.

M1 = aff{a;l, N 7$k+1}7 Mg = aff{yl, e 7ym+1}7

dimM; = k, dim My = m, M; N M cocrour u3 eIMHCTBEHHOMN
TOYKU.
Torma k +m = n.
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JokasarTeuasbcrTsB o. Ilokaxkem, uro kK + m < n.
IIycte Li,Lo — mnuHellHBbIE TOAIPOCTPAHCTBA, COOTBETCTBYIOIINE
M, M,. Torna dim L; = k,dim Ly = m,dim(L; N Lg) = 0. Kpowme

TOTO,
dim(Ly + Lg) = dim Ly + dim Ly — dim(L; N Lg).

Tak xkak dim(Ly + L) < n, 10 k+m < n.
Tlokaxkem, aro k 4+ m > n. Ilpemmosoxkum, 910 m + k < n u
nycts © € M N Ms. Torma

k+1 m+1 k+1 m+1

T = Z)\sz = Zﬂjyj, Z)\Z = ZBJ =1.
=1 j=1 i=1 j=1

Orcroga
E+1 m+1

0= Z)\sz — Z /Bjyj-
i=1 j=1

[TpaBast 9acTb TOC/IETHETO PABEHCTBa COAEPKUT He Oostee 1+ 1 TOU-
KU, IYTO MPOTUBOpEIUT aDPUHHON HE3aBUCUMOCTHU ITUX TOUYEK.

T eopewmallld Iycrs {z1,..., 2k, Y1,...,Ym} — MHOKe-
crBO Touek R", mpuuem k +m = n + 2, mwobble n + 1 ToUuKn
aPUHHO HE3aBUCUMBI U

co{z1,...,xxtNco{yL,...,ym} # @.

Torma cymecrsytor muoxkecrsa I C {1,...,k},J C {1,...,m} ra-
kue, aro |I| +|J| =n+2,

rico{x;,i € I} Nrico{y;,j € J} # @
n cocroutT U3 e,[[I/IHCTBeHHOﬁ TOYKU.

JdJoxasareanbctso. [lyctrb [ = {1,...,k},
J = {1,....m}, My = cofx;,i € I}, My = coly;,j € J},
x € My N Ms. Torna

UUZZ@‘%:ZA;‘%, Zﬁi:Z/\jzl, Bi >0, A\; >0.

il jed i€l jeJ
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Omnpenenum muoxkecrtsa Iy = {i € I,3; # 0}, J1 ={j € J,\j # 0}.
Torma co{z;,i € I1} Ncolyj,j € Ji} # &, Hampumep, TOUYKa T
MIPUHAIEXKUT YKA3aHHOMY IepecedeHunio. Bo3bMeMm Temeph B Kade-
crBe MHOXKecTB [I,.JJ coOTBeTCTBEHHO MHOXKecTBa [1,.J; W HMOBTOpUM
9TOT IPOIIECC JI0 TeX IOP, IOKa He HMOJyduM MHOXKecTBa [, J Takwme,
4To i Bcex x € My N My Oyner somonneno 3; > 0,A; > 0 mia
Beex 1 € 1,5 € J.

ITonygaem, aro MiN Mo = riMy NriMs. N3 nemmbr 11.3 cuenyer,
uro MqN My = aff My Naff My u My N My cocrouT u3 OJHOR TOYKH.

N3 teopemsbr 11.12 cienyer, aro dim M7 4+ dim My = n. Tak kak
dim My = |I|—1,dim My = |J|—1, o |I|+]|J| =n+2 u Tem cambim
TeopeMa JTOKa3aHa.

T eopewmallld Iyers {x1,..., Tk, Y1,---,Ym} — MHOKe-
crBo Touek RF | mpmuem k 4+ m = n + 2, mobble k BEKTOPOB n3
COBOKYIHOCTH {Z; — VYj, Yr — Ys,T F S} JIMHEHHO HE3aBUCHUMBI H,
KpOMe TOTO,

rico{z;} Nrico{y;} # @,
Tn+1 — Ypy = M(yﬁo - yl) = _:u(yl - yﬁo)7

upu HekoTopoM > 0, By € {2,...,m}.
Torna

rico{z;,i =1,...,k+ 1} Nrico{y;,j € 2,...,m} # @.

JloxkaszarTenbcTB o. U3 reopemnr 11.11 cirenyer, aTo
BEKTODPBI {z; — y;} 00pa3yioT mosoxkurenbHblii 6asuc. [losromy mo-
JIOXKUTEJIbHBIN 0a3UC COCTABJIAIOT BEKTOPBI

{xi —yp, +yg, —v1, 2 —yji=1,....k,j=2,...m}

Orcroa MoJIOKUTENIBHBIH Oa3uc obpasyer HAbOp

{ygo —yi,zi—yj,t=1,...k,j=2,...m}

107



Bamendas yg, — Y1 BEKTOPOM Tp41 — Yg, , HOJIydaeM, UTO MOJIOXKNI-
TebHbI 6asuc obpasyor {x; —y;, i =1,...,k+1,j =2,...,m}.
N3 teopemnr 11.12 cpa3sy ciemyer, 910

rico{z;,i =1,...,k+ 1} Nrico{y;,j € 2,...,m} # @.
Teopema JokazaHa.

YITPAKHEHU A

11.1. Onmcars BCe MUHUMAJIBHBIE TIOJIOKUTEIbHBIE 6a3uChl R2.
11.2. Onucarb Bce MUHUMAJIbHBIE MOJIOKATEbHBIE 0a3Uchl R°.

§ 12. PaznHocth mo MUHKOBCKOMY

Onpenenenuel2l Ilycrb A, B — HIOIMHOXKECTBA
R™. Teomerpudeckoii pasHocTbio MHOXKeCTB A u B (wim pasHocThbio
110 MUHKOBCKOMY ) HA3BIBAETCsI MHOXKECTBO

ASB={c|c+B C A}.

IT puwmepl2l Ilyecrs A= D,(0), B = Dy-(0), » > 0. To-
ra A > B=g@, B* A= D,(0).

II pume pl22. Ilycrs
A={(x,y) € R? ‘ z,y € [-1,1]}, B = D4(0).
Torma A = B = {(0;0)}.

Bawmeuanmuel2l U3onpereneHns reOMETPUIECKON pas-
nocru caeayer, yro A = B+ B C A. Tlpumep 12.2 mokasbIBaeT, 9ToO
B obmeM ciyuae A = B+ B # A.

Ounpegenenuel22 MuaoxecrBo B MOJTHOCTHIO BbIMe-

taer A, eciu A = B+ B = A.
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T eopewmal2l Ilycto A, B — mommuoxkectsa R". Torma
A B=(A-b). (12.1)
beB

Teopewmal22 Ilycre A, B,C — nonmaoXKecTBa R,
X € R, Toria crpaBe/UinBbI CJI€LyIONINe COOTHOIIEHHSI:

1) (A=C)+BC(A+B) = C;

2) (A= B)C(A+C) = (B+C);
3) AC(A+ B) = B;

4) (A=B)*=C=A=* (B+0(O)

5) (M) = (AB) = \(4 = B);

6) A= (BUC)=(A = B)N(A = C);
7) (BNC) = A=(B = A)n(C = A);
8) (A=B)UA=C)Cc A=(BNC);
9) (B AU((C = A)Cc(BUC) = A;
10) ecru BC C, 1o A= C C A * B;
11)ecm BCC, o B~ ACC = A

CrpaBeJIMBOCTh COOTBETCTBYIOIIUX YTBEPXKIEHUI CIEAyeT U3 OIl-
peJlesieHns TeOMEeTPUIEeCKO Pa3HOCTH W CBOMCTB Ollepaluii Haji MHO-
2KeCTBaMMU.

Teopewmal2d. Ilycte A, B — mommuoxkecrBa R", A —
zaMknyTo. Torma A = B 3aMHYyTOE MHOXKECTEO.

JJokaszaTeJuabcTB o. Bocrionb3yeMcs COOTHOIIEHUEM
(12.1). Hust soboro b € B MHO)ecTBO A — b sIBJISIETCSI 3aMHY THIM.
[Tepeceyenue J1060r0 YnCIa 3AMKHYTHIX MHOXKECTB SBJISETCS 3aMKHY-
TBIM MHO2KecTBOM. Teopema JlokazaHa.

Teopewmal2d Ilycrb A, B — nogmuoxectsa R"™, A —
BBIIYKJIO. Torma A - B BBIIYKJIOE MHOXKECTEO.

JJoxkaszarTenbcrtTsB o Tak kak s jgoboro b € B
MHOXKECTBO A — b BBINYKJIO U MEPECEUEHIE JIIOOOTO YUCTIA BBITYKJIBIX
MHOKECTB BBINYKJI0, T0 u3 (12.1) cienyer, uro A -~ B BblyKJIO€
MHOXKecTBO. Teopema mokazaHa.
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Teopewmal2b Ilyctro A, B,C — mnoavuoxkectBa R",
B — kommakt, C' — Beinmykjo u 3amMkayro u A = B + C. Torma
C=A=*B.

Jdoxasareancrts o Ormernm, yuro C C A = B.
*

[Mpeanmomoxkum, aro C #* A = B. Torma cymecTByeT TOYKa
x0 €A > B, Ho 290 ¢ C. Tak kax C C A =B, 10

A=B+CcC (A= B)+BcA
1 TI09TOMY (A = B)—i—B = A. CrenoBaTeIbHO, CIIPABEIJINBbI CIEIY-
IOIIE PABEHCTBA,
A—z29=(C—x0)+ B, (12.2)
A—wg= (A= B)-)+B. (12.3)

Tak kak 0 ¢ C' — xg, To {0} u C' — xy crporo ormesmumbl (C — xg
— BBINYKJIO ¥ 3aMKHYTO). [T03TOMY CyIIECTBYIOT HEHyJIEBO# BEKTOD
pE€R" u p € R' rakume, uro

(p,2) < p mas Beex z € C — xp,
(p,0) > p.

Orcioma pu < 0. Ilycts a € A, Torna b =a — z € B u nosromy

(p,a) = (p,2) + (p,b) < (p, 2) + rglg(p, b).

CiieoBaTesLHO,
S ,a) < (p, z2) + max(p,b) < max(p,b). 12.4
e UEUO(P a) < (p, 2) o x(p,b) o x(p, b) ( )

C apyroit croponsl, Tak kak 0 € (A = B)—xo, Tto B C A — x.
[TosTomy

max(p,b) < sup (p,a),
beB a€A—xo

gro nporusopeunt (12.4). Teopema gokazaHa.
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T eopewmal2b6. Ilyctb A — BBITYKJIOE 3aMKHYTO€E TTOIMHO-
xkKectBo R™, B — BBIIYKJIBIH KOMIIAKT. Torma

(A+B) = B=A.

JoxasarTeuabctTso. Illycrb y € A, Torna y + B C
A+ B u osTomy

ye(A+B) = B.

[ycts y € (A+B) = B. Orcioga y+B C A+ B. Tlpeanonoxum,
aro y ¢ A. Torna {y} u A crporo ormenumsr. [Tosromy cytecTBytor
p€ R, p#0,u € R Takue, aro

(p,a) < p st Beex a € A,

(p,y) > .

U3 nocneauux AByX HEPABEHCTB CJACIYET, UTO

sup(p,a) < 1 < (p,y). (12.5)
a€A

[Tycrs Touka by € B rakast, aro (p,by) = Ibnaé((p, b). Tak kak y+B C
€

A+ B, To cymecrByior a1 € A,b; € B Takue, uro y + by = a1 + b1.
Tora

(p,y) + Ilfleaéc(pj b) = (p,y) + (p,bo) =

= (p,a1) + (p,b1) < sup(p, a) + max(p,b).
acA beB

s IIOCJIEIHETO HEPpABEHCTBaA II0JIy9aeM HEPaBCHCTBO

p < (p,y) < sup(p,a),
acA

koTopoe nporusopednt (12.5). Teopema mokazamna.
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Teopewmal2? Ilyctre A, B momvmuoxkecTBa R TaKoBHI,
qro B mosHOCTBIO BhiMeTaeT A . Torma st joboro muoxkecrtsa C
muoxkectBo B + C' monnocthio BeiMetaer A + C.

HHJokasaTeuabcTB o. Tak Kak
*
(B+0)+((4+0) = (B+0))c (A+0),
TO JIOCTATOYHO JIOKA3aTh, YTO
*
(A+0)c (B+C)+((A+C) = (B+0)).
[ycts © € A4+C. Torna © = a+c. Tak Kak B TOJHOCTHIO BHIMETAET
A, o A= B+ (A * B) umnosromy cymecrsyer y € A = B rtakoii,
yro ¢ = b+y. Orciona z = b+ 1y + c. U3 ycnosuss y € A = B

nmeeM y+ B C A nwnostromy y+ B+ C C A+ C. Orciona
ye (A+C) = (B+ (). Crnenosarensho,

*
ct=0b+c)+ye(B+0O)+(A+C) — (B+0),
910 W TpebOBaJIOCh JOKa3aTh. TeopeMa JToKa3aHa.

T eopewmal28 Ilyctrb A, B — BBIIYKJIble KOMIAKTH R,
u B mnomHOCTBIO BhiMeTaeT A. Torma jjisi Jil0O0TO BBITYKJIOIO KOM-
makta C CIpaBeIMBO PABEHCTBO

(A+C) = B= (4= B)+C.

JlokaszaTeuabcTB O W3 ycroBus TeopeMbl CJIEIyeT,
9TO

*
C+ ((A — B)+B)=A+C.
s OIIpeJIeJICHN A FeOMeTpI/I‘{eCKOﬁ Pa3HOCTU CJIEyeT, 9YTO

((A+C) iB>+BcA+C.
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Crteosarensio,
((4+0) = B)+BCcC+((4 = B)+B). (12.6)
Tak kax
C+(A = Byc(A+0) > B,

10 CHIpABEUINEO 1 BKIOTEHHe

(0+ a> B))+B c ((A+C) x B)+B.
U3 nocseanero skmotenus u (12.6) cieyer paBeHcTEo

(c+ a4 B))+B - ((A+ o) = B)+B.
Orcioza

o((C+(A = B)+B.y)=c(((A+C) = B)+B.¢).
115 cpofictsa onoproit dymKim mveen
c((C+(A4 = B).w)+e(B,g) = c(((A+C) = B),0)+e(B, ).
Creosarensio,
((C+ (4= B).p)=c((A+C) = B)p).
Buavr,
co(C+ (A= B))=co((4+C) = B).

BBHILy BBIITYKJIOCTU 9TUX MHOXKECTB IIOJIy9aceM YTBEPXKIECHUE TeOope-
Mbl. Teopema jokazaHa.
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YIIPAZKHEHNW A

12.1. Bepuo smn, uro eciu A, B,C — 3aMKHyTble MHOXKECTBA Ta-
kue, ut0 A+ B=A+C, o B=C.

12.2. Bepno au, urto ecniu A, B, C' — 3aMKHyTbIe BBITYKJIbIE MHO-
»xectBa Takue, uto A+ B=A+C, o B=C.

12.3. Ilycts A — BBIMyKJI0€ MHOXKeCTBO, @ > > 0. Jlokazars,
aro oA = A= (a— p)A.

12.4. lycrs pj € R, j €I ={1,...,m}, «a;j,8; € R, j €I,

A:{:EER” ’ (pj,x)gaj, jGI},
B={z € R" | (pj,x) <Bj, jel} #2,
C={zeR"| (pj,x)<aj—pj jel}

1. Jokazarpb, yro C C A = B;
2. [IpuBecTu mpuMep, MOKA3BIBAIOIINIA, ITO B OOIIEM CJIydae
A = B#C,
3. IlostyunTh yCjioBUs, TP KOTOPBIX OYJIET BBIMOJHSTHCST PABEHCTBO
A=XB=C.

12.5. Ilycts A — cTporo BHIIYKJIbIH KoMIakT R, B — KOMIakT
R™ rakue, yto A = B = {0}. okaszarh, 4TO CyIIECTBYIOT TOYKU
bi,...,br € B, 2< k<n-+1 rmakue, 9410

k
A= Uiy = {oy.
i=1

12.6. /lokazaTh crpaBeiInBOCTb (DOPMYIbI

A ol B= m {:c € R" | (p,z) < c(A,p) —C(B,(,O)}.
QERM

12.7. Boruncants A = B, rne

A= D\/§<O)7 B = {(x,y) ‘ y=0, ze [_171]}'
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12.8. Beranesmts A = B, Tne
A= Dg(0), B={(z,y) | |z| <o, [yl < B}

12.9. Ilycre A, B moamuoxectBa R™. Jlokazarh crpabeiu-

BOCTB CJIEJIYIONINX PABEHCTB:

1) A-~B+B*B=A=* B;

2) A+ B* B+ B=A+ B,

3) B (B=*B(*A)=B=* A

12.10. IIycte A, B — noamuoxkectBa R"™, A — zamknayTo. [o-
Ka3aTb CIIPaBeJINBOCTh paBeHcTBa A * B = A * B.

12.11. [okazark, ato eciau A, B — 3aMKHYTbI€, BBIITYKJIbIE O/l
muoxkecta R', A = B # @, to A = B+ B = A. Ilpusectu
puMep, MOKa3bIBaoIMit, 9T0 B R, n > 2 cOOTBETCTBYIOIIEE CBOIi-
CTBO HE UMEET MECTA.

12.12. Iycers Aji = 1,2 — smmmnconast B R, To ectb

2 2 2

T Y z
Ai={(z,y,2) e R’ | 5+ 5+ 5
7 {(l‘ Yy Z) | alg bz2 sz

<1, (ai,bi,ci > 0)

[Tpu kakux yciaoBusix Ha (ag, b;, ¢;) MHOXKecTBO A1 == Ao 6yzmer si-
JIMTICOMIOM !

§ 13. MHoro3znauynbie OTOOpa>keHust
O6oznaunm uepes 27"
»xecTB mpocrpancrBa R™. Ilycre A — mommuoxkectBo R™. Oto6-

n
paxkenne F uz A B 2R" 6ynem masparh miozosnaumvim. Takmm

COBOKYIIHOCTBL BC€X HEIIYyCTbIX IIOJIMHO-

00pa3oM, MHOTO3HATHOE OTOOpaskeHMe CTABUT B COOTBETCTBHE KarK-
Joit Touke a € A memycroe mogMuokectBo F(a) C R™. Ilosromy
KJIACC MHOT'O3HAYHBIX OTOOPAXKEHUI BK/IIOYAET B ceOs U OOBIMHBIE O/I-
HO3HAYHBIE 0TOOparKeHUsI, B TOM YHCJIe U PYHKIUN.

B nmannom maparpade MbI OrpaHUYINMCS PACCMOTPEHUEM MHOTO-
3HaYHBIX orToOpazkenuit F' : A — Q(R"), TO ecThb TaKHX MHOTO3HA-
HBIX OTODpPasKEHUHA, 4TO JIJIsl BCeX a MHOXKecTBO F(a) orpanudeHo.
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Ounpenaenemnueldl. Muoorozuainoe oTobpazkeHne
F : A — Q(R") ua3bBaeTcsl IOJIyHEIPEPBIBHBIM CBEPXY B TOYKE
ag, ecan s joboro € > 0 mHaiinerca 0 > 0 Takoe, 4TO JJjisl BCEX

a € AN DY(ap) Boimosnueno F(a) C (F(a0)> .
£

Ounpenaenemnueld2 Muoorozuainoe oTobpazkeHne
F : A — Q(R"™) Ha3bBaeTcsi NOJYHENPEPBIBHLIM CHU3Y B TOYKE
ag, ecan s joboro € > 0 mHaiinmerca 0 > 0 Takoe, 4TO JJjs BCEX

a € AN DYap) soimosnneno F(ag) C (F(a)) .
£

Ounpenaenemnueldd. Muoorozuaitoe oTobpazkeHne
F : A — Q(R"™) nHasblBaercsl HEIPEPHIBHBIM B TOYKE @(, €CJIM OHO
HOJTYHEITPEPBIBHO CBEPXY U CHU3Y B TOUKE a.

ITpwuwe pl3dl Ilyers F:[0,1] — Q(R"™),

Fit) {[0,1;0,5], £ 0;5,
[0;1], t =0,5.

Orobpazkerne F' saBjsieTcst HOJyHEIPEPBIBHLIM cBepxy B Touke 0,5,
HO He sIBJISIETCSI TIOJIyHEIIPEPBIBHBIM CHU3Y B JIAHHOW TOYKE.

ITpuwmepld2 Ilycrs F:[0,1] — Q(R"),

F(t) = {[0; 1], £ #0;5,
[0,1;0,5], t =0,5.

Orobpazkenue F' sBJIsIeTCS TOJIyHEIIPEPBIBHBIM CHI3Y B Touke 0,5, HO
He SIBJISIETCSI TIOJIyHEITPEPBIBHBIM CBEPXY B JIAHHOI TOYKE.

Ounpenaenemnueldd Muoorozuaianoe oTobpazkeHne
F: A— Q(R"™) HasblBaeTCsl HEIIPEPBIBHBIM B TOUKE ag, IS JIFOOOIO
e > 0 majigerca 6 > 0, 4ro g Becex a € AN Dg(ao) BBIIIOJIHEHO
nepasencrso h(F(a), F(ag)) < e.
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Ounpenaenemnueldb Muoorozuainoe oTobpazkeHne
F: A — Q(R™) Ha3blBaeTCsl HEIIPEPBIBHBIM, €CJI OHO HEIPEPHIBHO B
KazKJIoH Touke MHOKecTBa A.

T e opewm al3l DBgremennble MOHATHS HEMPEPHLIBHOCTH B TO-
YK€ MHOT'O3HAIHOTO OTOOPAXKEHUS SKBUBAJEHTHBI.

Jokasareanctso. Illyere F: A — Q(R") saBis-
eTCsl HellPEPBIBHBIM B CMBIC/IE Oolpejiesiens 13.3. DTO 03HAYAET, UTO
Jist ioboro € > 0 wmaidimercs 6 > 0, gro mis Beex a € AN Dg(ap)
BBIIIOJTHEHO

F(ag) C F(a) + D°%(0), F(a) C F(ag) + DY(0).

3 nocsieJHIX IBYX HEPABEHCTB U OIpPEIeIeHUsT PACCTOSHHIA M0 Xay-
caopdy noaydaem, uro h(F(a), F(ap)) < & u mosromy orobparkeHue
F' menpepbIBHO B TOYKE @y B CMbICIe onpeaenenns 13.4.

Anajioruuno noKasbIBaeTcs BTOpas 4acTh TeopeMbl. Teopema 10-
Ka3aHa.

T e opewmal32 Ilycrs orobpaxenuss F.G : A — Q(R"™)
HEIPEPLIBHBL B TOYKE ag. Torja
1) orobpaxkennst a — F(a)+ G(a), a — F(a) UG(a) HenpepbiBHBL B
TOYKE ap;
2) st moboro A € R! orobpakenme a — AF(a) HempepbiBHO B
TOYKE .

T e opewmal3d3. Ilycrs orobpaxenne F : A — Q(R") ne-
IpEPBIBHO B TOYKe . Torya onopuas dyukuus c(F(a),y) Hempe-
pPBIBHA [0 @ B TOYKE @ IPU KayKIOM (PUKCHPOBAHHOM (.

JdJoxaszaTeuabcTBsB o. Bcury reopemnr 10.2 cupasen-
JINBO HEPABEHCTBO

|c(F(a), @) — c(F(ao), )| < h(F(a), F(ao))l,

U3 KOTOPOI'o CPa3y CJeJyeT yTBEPXKJIECHUE TEOPEMBI.
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T e o pewm al3d Ilyecrs orobpaxkenne F : A — Q(R") ra-
KOBO, uTo onopuasi dbyukius c¢(F(a),p) HenpepblBHA 0 G B TOYKE
ag upu Kaxjom dukcupoBannoM . Torma orobpaxkenue F merpe-
PBLIBHO B TOYKE dyg.

JlokazaTesbCTBO JaHHOl TeopeMbl MOXKHO HafiTu B [13].

T eopewmaldb Ilyero My,..., My € coK(R"),
Qe K(R"), X;:Q—coK(R"),i=1,...,k,
Ai(q) = ”gﬂi'gl(C(Xi(Q), i) + (M, —901))-
k
Torma | (Xi(q) N Mi): & 1pHu HEKOTOPOM ¢ € () TOTJa U TOJHKO

i=1
TOTJIa, KOT/Ia

min max \; < 0.
o) iX z(q>

k
Hoxasareanscrtso. Hyers |J(Xi(g) N M)= 2.
i=1
Dro oznavaer, uro X;(qo) N M; = @ mis Beex i. Ilosromy X;(qo) n
M; crporo ormemambl. 3uadur, cymectsyior @b, [|@Y| = 1 u sere-
cTBeHHBIE 4ynciIa 0; > 0 Takue, 4TO

(z:,¢Y) < (my, ©?) — 8 s Beex x; € X;i(qo), m; € M;.
Orcrona
(24, Lp?) + (mi, —w?) < —6; <0 s Beex z; € X;(qo), m; € M;.
[TosTromy
max (i, 0?) + (my, —¢?)) < 0 mm

z;€X;(q0),mi€M;
c(Xi(qo), ‘Pg) + (M, —909) < 0 m1st Beex 1.
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CaenoBarenbio, Ai(qo) < 0 mas Bcex 4. Ilosromy

min max \;(¢q) < 0.
9€Q 0

IIycts Tenepn miél max A;(¢q) < 0. Bosbmem ¢y € @) Taxoii, uro
€Q i

min max \;(¢) = max \;(qo) < 0.
qgeQ i 7

CuennoBarenbio, Ai(qo) < 0 mst Bcex 4. 13 omnpenenenus: dbyHKImii
Ai ciiejlyer, 9To CymiecTByIoT ¢;, ||@ill =1 u rakue, aro

c(Xi(qo), pi) + c(M;, —p;) < 0.

[Tocsieaee HepaBeHCTBO O3Havaer, uTo X;(qo) N M; = & st Beex 1.
Teopema mokasana.

Onpepgenenueldb Dyuknua f: A— R" HasbiBaeT-
ce OJTHOZHAMHOIT BETBbIO MHOT'O3HAIHOT'O 0TOOparKeHHs
F: A — Q(R"), eciim st Bcex a € A crupaBeJyimBO BKJIIOYCHHE

f(a) € F(a).

Onpemxgedaenuneld? Ilycrs gans orpe3ok [a,b] u MHO-
rosuaunoe orobpaxenue F : [a,b] — K(R™). Uurerpasom or MHOro-
3HAYHOrO OTOOpazkenust F' 1o orpesky [a,b] HasbiBaeTCss MHOKECTBO

b b
G= / F(t)dt = {g | g = / F(0)dt, £(t) € F(1)),
a a
Fﬂe I/IHTeraﬂ B HpaBOfI YJaCTU BBIYUCJIAETCA IIO0 BCEM O'ZLHOBHa‘{HbIM

BeTBSIM oToOpakeHust F, murerpupyembiMm 1o Jlebery.

T eopewmal3db. Ilycrs F:[a,b] — K(R") — HenpepblBHOE
MHOTO3HAYTHOE oTOOpakeHmne. Toraa

b
a) unrerpan [ F(t)dt siBIsleTcst HEILyCTBIM BBIILYKJIBIM KOMIIAKTHBIM
a
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MOAMHOXKeCcTBOM R";
b) st Bcex ¢ € R™ cupaBeyIiBO PABEHCTBO

b b

c(/F(t)dt, <p>: /C(F(t),cp)dt.

a a

JokazaresbcTBO JaHHOl TeopeMbl MOXKHO Haiitu B [13].

IT puwme pl3d3. Ilyers F(t) = Dy(0), t € ]0,1]. Torma

1

1
/ o(F (1), p)dt = / 2t plldt = [lo]l-
0

0
Tak kak || sBasercss onopnoit dynknueit Dq(0), To mosaydaem,

9TO ;Dgt(O)dt = D4(0).

IT puwme pldd Ilyers F(t) =F jos Beex t € [a,b], e
F — xovmakr R"™. Torma

b b b

4/F@#}:/dmﬂymni/¢awﬁ:dﬂ¢m)ay

a a a

CnenoBarensro, [ F(t)dt = (b— a)coF.

a
T eopewmald7 Ilycrb F(t) — HempepbiBHAsE MaTpUYHAsT
1
dbyskuns nopsaka n, t € [0,1], npuuem [ F(t)dt = E, M — Bbl-
0

MyKJIBIH KoMrmakT R™. s TOro 4ToObI BBITOJTHSIIOCH PABEHCTBO

1
/F@Mﬁ:M (13.1)
0
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HEOOXO0 MO, 4TOOBI JIst BCeX ¢ 7 () BBIIOIHSIOCH BKJIIOUEHHE
M(p) C M(F*(t)p) nnst Beex t € [0, 1], rue
M(p)={z |z e M, (x,0) =C(M,p)}.

HdJoxasatTeuabcTs o. U3 pasencrea (13.1) ciemyer
PaBEHCTBO

1
/CMF* p)dt = c(M, ).
0

IIycts z € M(yp), Torma

(MvSD) = (2790) =
1

/1 P(s)dsz,¢)= / (F(s)2, )ds = /1 (2, F*(s))ds
0 0

0

CJIG,HOB&TGJH)HO, nmMeeT MeCTO paBEHCTBO

1 1
/z F*(s /MF* )dt, nam
0 0
1
/ (M, F*(t (sz*(t)cp)]dtzo.
0

Tax Kak moauHTErpaIbHas (PyHKIMS HEPePhIBHA U HEOTPHUIATETbHA,
TO M3 MOCJIEJIHErO PABEHCTBA CJeyer, 9To jist Beex t € [0, 1]

(M, F*(t)p) = (2, F"(t)).

Buaunr, z € M(F*(t)p) mina Beex t. Teopema jokasana.
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T eopewmal3dl8 Ilyctrb A — memycToe MOAMHOXKECTBO R,

F : A — co(R"), upuueM il BCSIKOIO KOHEYHOro Habopa
k
{z1,...,2} C A BemONHEHO cO{x1,...,2x} C |J F(z;). Torma
i=1

() Flx) #2.

T€EA

HJdoxkaszaTenabcT s o. JokaxeMm, 9To s JTH000r0 KO-
HeYHOro Habopa ToueK {Z1,...,Zp} ClIpaBeJINBO

k

() F(x:) # 2.

=1

JlokazaTeabCcTBO IPOBEIEM METO/IOM OT IpoTuBHOrO. IIpeanomoxmm,
9TO CyIecTByeT Habop ToUeK {xi,...,Tk} TaKoii, 4ro

k

() F(:) = 2.

=1

[TosTomy

-

(R" \ F(xi)): R".

1

(]
IIycte p; — pas3bueHue eIUHUIILI, COTJIACOBAHHOE C MOKPBITHEM

{Rn \ F(wz)}k s TaKoe, 1To

i=
k

sz(x) =1 g Bcex x € R", suppp; C R" \ F(z;).
i=1

Paccmorpum orobpazkenue ¢ : R — R"

k
p(x) = pi(w)z:.
=1
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¢ orobpaxaer co{xi,...,Tx} Bcebs u modToMy 10 Teopeme Bpayspa

k

umeer HenojiBuxkHy0 Touky z*. Tak kak Y p;(z*) = 1, 1o cymie-
i=1

crByer muoxkectBo I C {1,...,n} rakoe, uro p;(z*) >0 s i € [

u pi(x*) =0 gua i ¢ I. Torna

= sz(l'*)lb;k ccof{z; | jel} C UF($2)

el i€l

Crnenosarespro, x* € F(x;) UIpu HEKOTOPOM j, H IIOSTOMY

z* ¢ R"\ F(z;), asnaunt pj(z*) = 0. Iomayummn nporusopedne.
13 moIy4eHHoro yTBEpKIEHNST U YCJIOBUsST KOMIIAKTHOCTH MHOZKECTB
F(x) nnst Bcex x € A ciiefiyer yTBEpKIEHUE TEOPEMBbI.

YITPAKHEHU A
13.1. Ilycts F : R? — Q(R?),

|z1 — 22| D1(0), z122 >0,
|£C1 -+ fL'Q’Dl(O), 129 < 0.

F(xl,xg) = {

Uccnenosars orobparkenne F' Ha HEIPEPLIBHOCTD.

13.2. Ilyctes F : [a,b] — coK(R"™) — nenpepbIBHOE 0OTOOparkeHue.
Bepno sn, uro orobpaxkenue extF :t — extF(t) Takwke siBisieTCsi
HENPEPBIBHBIM !

13.3. Ilycrs f : [a,b] — R™ — HenpepbiBHasi BEKTOP-(DyHKIWS,
B € Q(R"™). Hokazarb, €YTO MHOIO3HAYHOE OTOOparKeHHe
F:la,b] — Q(R™), F(t) = f(t)B sBisiercsi HEIIPEPHIBHBIM.

13.4. Ilycts F : [0,1] — coK(RY),

{0}, telo,0,5),
F(t)=1410,1, t=0,5,
(1}, t=(0,5,1].

Asnsiercst mu orobpakenne F' mosiyHenpepbIBHBIM CBepXy (cHU3Y)?
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13.5. Ilycrs mana nenpepbisuas dbynkmus f @ R x [a,b] — RL.
OupesiesiiM MHOIO3HAYHOE OTOOparKeHne

F) ={z € la,b] [ f(z,2) = min f(z,y)}.

UccnenoBars orobparkenne F' Ha HEIIPEPBIBHOCTD.
13.6. IIyctp X — xkommnakT R™, Y — komnmnakr R",
g: X xY =R geC(XxY). F:XxY — Q(R"),
Fz)={yeY |g(x,y) > 0}. Hokazars, uro eciiu F(x) # & s
Bcex x € X, To orobpazkenne [’ mosyHenpepbIBHO cBepxy Ha X.
13.7. IIlyctb X — xommakt R™, Y — komnmakt R,
g: X xY =R F:XxY — Q(R"),

F(x)={yeY |g(z,y) > 0}.

Bepwno s, uro eciin F(x) # @ ays Becex x € X, 1o orobparkenune F'
MTOJTyHEIIPEPBIBHO CBepxy Ha X.

b
13.8. Boraucimrs [ D, )(a(t)), roe 7 —HeorpuiareibHast Henpe-
a

pBIBHAs CKaJigpHasi QYHKIUs, @ — HEIPEPbIBHASI BEKTOD (DYHKIHSI.
13.9. Ilycte B = {(—1;-1),(1;1)},

(1) = <sint —cost> ‘

cost sint
s
Beraucaurs [ C(t)Bdt.
0
1
13.10. Beraucours [ F(t)dt, rae
0
z? 3
F(t) = {(z1,22) | 5x + 2= < 1},
{ ‘a%(t) a3 (t) }

a1,a2 — TOJIOYKUTEIbHbIE HEIIPEPhIBHLIE (DYHKITHH.

1
13.11. Beraucours [ F(t)dt, tue
0

F(t) = {(:Ulva) ’ LE% +l’% < t2,$2 2 0}
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1
13.12. Beruucours [ F(t)dt, rue
0
F(t) = {(z1,22) | |21] + |aa| <t}

T
13.13. Beruucours [ F(t)dt, tae
0
F(t) = e 4Dy (0), A= ( 0 1) :

§ 14. BoinykJibie pyHKIUM

B gamom maparpacde Oymem  paccmaTpuBarb  (PYHKINAN

f:R"— R=R'U{—00,+0c0}.

Ounpenagenemnueldl DdbdbekruBHbIM MHO>KECTBOM
dyukmuu f: R® — R Ha3bIBaeTCsi MHOXKECTBO

domf ={z e R" | f(z) < +oo}.

Oyuxnns f wHaspBaeTcss cobcTBennoit, ecanm domf # O wm
f(z) > —oo auist Beex .

Ounpenenenueld2 Haarpabukom dpyHKIHN
f: R — R Ha3bIBaeTCs MHOXKECTBO

epif = {(z,a) € R" x R" | f(z) < a}.

II puwe pldl Iyers f: R" — R,

fa) = {1, ol <1,

+oo, |z| > 1.
Torna domf = D;(0), epif = D1(0) x [—1, 00).

Bawmeduasnueldl Ormernm, uro Touka (x,a) € epif
TOJILKO B TOM cJIy4ae, eciu x € domf.
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Ounpenenemnueldd Oyuknus f HA3BIBAETCH BBILYK-
JIo#t, ecsin epif — BBIMYKJIOE MHOXKECTBO.

ITpuwmepld2 Ilyctb A — BBRIIyKIOE TOAMHOXKECTBO R™.
Ornpeniesium byHKITUATO

0, ecmuz € A,
fz) =
+o00, ecin, = ¢ A.

Tak kak epif = A x [0,00) sIBJISIETCS BBILYKJIBIM MHOXKECTBOM, TO
f — BhIIyKJIass QYHKITHS.

II p u m e p14.3. BoimykabiMu QyHKIINAMEA STBJISTIOTCS:
1) f:R* = R, f(z)=(a,z)+a, tue a € R",a € RY;
2) iR R f(z) = el
3) nyctb A € Q(R™). Torma nmo reopeme 9.1 onopnasi dyHKIus
c(A,9) : R* — R! Gyaer BHITYKIION;
4) nycrs £: R" — R™ — jmmeiinoe orobpaskenue, f: R™ — R! —
BeIyKyas ynknus. Toraa byskmua g @ R® — RY, g(x) = f(£x)
SIBJISIETCST BBITTYKJTOW.

HeiicTBuresbHo, yctb x1, 2 € R™ a € [0,1]. Torua

glazy + (1 — a)zg) = f(L(az + (1 — a)zg)=
flalxy 4+ (1 —a)Lxo) < af(Lz1) + (1 — a)f(Lxa) =
= ag(z1) + (1 — a)g(z2).
Onpegedaenueldd CoberBennas dyukius [ Ha3bI-

BAeTCsl BBIYKJION, ecyin jyist Jiobbix x1, e € R™ « € [0,1] BbimosHs-
€TCsT HePABEHCTBO

flazr + (1 — a)x2) < af(zr) + (1 — a)f(22). (14.1)

T eopewmaldl Ilycte f — cobcrBenHas dyuknusa. Torma
omnpenenennst 14.3 u 14.4 SKBUBAJEHTHBHI.
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JJoxasarTeuabcTB o. Illycrs f saBisgercs BeIIyKJIoOi B
cMmbicyie onpenesienust 14.3. Torma epif — BBIIYKIOE MHOXKECTBO.
Ormernm, aTo ecsm oHO u3 wucesn f(xz;) = 00,7 = 1,2, To HepaBeH-
crBo (14.1) Bepno. Ilycrb kaxoe us uucen f(x;) = 00, = 1,2 Ko-
neuno. CrenoBarensbho, 1,22 € domf. Bosemem « € [0, 1]. Toukn
(z1, f(21)), (z2, f(z2)) € epif. [losToMy TOUKa, B CHIY BBIILYKJIOCTH
naarpaduka,

a(zy, f(z1)) + (1 — ) f(z2) =
= (az1 + (1 — @)ze, af (z1) + (1 — @) f(22)) € epif.

Orciona nomydaem, aro ary + (1 — a)zra) € domf u, Kpome Toro,
BhIIOJTHsIeTCst HepaBeHCTBO (14.1). Tewm cambiM jokasaHo, 4To f siB-
JIIeTCA BBIMYKJIOM (DyHKIMEH B cMbIcje onpeaeienns 14.4.

Ilycts Temeps f — BbInyKjasi GYHKIUsT B CMBICE OIpejese-
aust 14.4 u (z1,51), (z2,B82) € epif, a € [0,1]. Ormerum, 4o
1,22 € domf. Paccmorpum Touky

a(z1, B1) + (1 — a)(z2, B2) = (ax1 + (1 — @)z, Bt + (1 — ) B2).

Tak kak domf — BBIIYKJIOE MHOXKECTBO, TO a1+ (1 —a)xe € domf
U TI09TOMY

flaws + (1 - a)as) < af(w) + (1 — a) f(z2) < afy + (1 — a)B
Mostomy a(zy,p1) + (1 — a)(x2, B2) € epif. Teopema mokazana.

Onpenagedaenueldb Oyuknua f HA3BIBAETCS BOIHY-
TOH, ecitm — f ABIIsIETCST BBIMYKJION (DyHKITHEH.

T e o pewm ald2 (Hepasencrso Uencena) Ilycrs f — cob-
crBennass dyukiug. Torma mjaa J0060ro HATypaJbHOTO wUucia k,

JJIst JTIOOBIX X1,...,%kr € R", HOJOXUTEIbHBIX YHCET «Qf,...,0L,
k

Zl a; =1 cupaBeaINBO HEPABEHCTBO

j:

flanzr + -+ agxg) < o f(z) + -+ o fag).
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JJoxkasarTeabcTBo. Eciim Xorss ObI OIHO U3 HTHCENT
f(xz;) = oo, 10 HepasencTBo BepHo. Ilycrs f(x;) < oo masa Bcex
j. Hosromy z; € domf. Tax xak f BblIykiaas QyHKIus, TO
epif — BBIMYKJIOE MHOXKECTBO U IOITOMY JJIsi JTFOOBIX 21,...,2% €
epif Touka

a1z1 + -+ gz € epif.
Bosbmem B kadectBe z; = (x5, f(x;)). Torma
1z1 + o+ oz = arf(wn) + -+ ap f (k)
U [I03TOMY
flagzy + -+ aprg) < arf(xr) + -+ apf(zr).

Teopema jokazana.
[IpuBereM HEKOTOPBIE CBOMCTBA BBIMYKJIBIX (DYHKITHIH.

T eopewmaldd. Ilyers fo(a € A) — Bblnykible QyHKIUN.
Torna dyuxmus

f(x) = Sup foz(x)

a€eN

ABJIAETCA BbIHyK.HOfI .

JokaszaTeuasnctT B o OrmeruMm, 94To

epif = ﬂ epife.

a€N

[TosTomy epif — BBIIYK/IO€ MHOXKECTBO KaK MEPECEUEHUE BBIITYKJIBIX
MHOZKECTB.

Cunencrtsueldl Ilycrs f — Bomykias dyakmus. To-
riaa dyuknus fio: fi(z) = max{f(z),0} sBisiercst BbIITYKJIOI.
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Teopewmaldd Ilycrs fj(j = 1,...,m) — cobcrBeHHbIE
BbIlyKble yHknuu. Torma s JH0ObIX HEOTPUIATENbHBIX Aj,
7 =1,....m dyuxmusa

ABJIAEeTCA BbIHyKHOﬁ.

HJokasareuanbctso. lyers z1,29 € R, a € [0,1].
Hokaxkem, uro jyist byakuuu f cuopaseiuBo HepasencTso (14.1).
Tax Kak f; — cobCTBEHHBIE BBITYKJIbIE (DYHKIINH, TO 110 Teopeme 14.1
CIIpaBeJIINBbI HEPABEHCTBA

filaxr + (1 — a)za) < afj(z1) + (1 — a) fi(z2).

YMHOXKad JaHHble HepaBeHCTBa Ha Aj > 0 U cKjaJpiBasd, HOJIydaeM

flax1+ (1 — a)zg) = Z)\jfj(aacl + (1 —a)zr) <

j=1
m m
<D Njafi(e) + Y N1 — a)fj(aa) = af(21) + (1 - a)f (z2).
j=1 j=1
Teopema mokazana.
Onpemgenenueld6 Ilyctrb A — mommuOkecTBO R™.

Bynem rosopurh, uro dyukimus f : A — R sBsieTcss BBILYKJION,
eci MHOYKecTBO A BBINYKJIO 1 byuknust f: R — R

;o ) f(@), ecmzx € A,
fle) = {—i—oo, ecim x ¢ A

ABJIAETCA BbIHYKHOﬁ .

T eopewmaldb Ilyctrb A — BBIIyKJIOE TOIMHOKECTBO R”,
f — Bemyknas na A ¢ynxuua. Torma mis moboro t € R muoxe-
CTBO

M(t)={re Al flx) <t}

ABJIAETCA BbITYKJIBIM.
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HJdoxaszareuanbctso Ecm M(t)=0, o M(t) BbI-
nykio. Ilycrs M(t) # @ u nycrs 1,22 € M(t),a € [0,1]. Torma
azr1+(1—a)xy € A B cHILy BBILYKJIOCTH MHOXKECTBA A U BBIIIOJHEHB
HEpPABEHCTBA

flazs + (1 —a)ze) < af(r1) +
f(z1) <t flz2) <

[Mosromy f(azi+(l—a)zs) <t u, cregoBarenso, ari+(l—a)xs) €
M (t). Teopema mokaszamna.

(1—a)f(x2),
t.

T eopewmald6 Ilyctb A — OTKPBITOE BBIMYKJIOE MOJIMHO-
wectBo R", f € CY(A). Ina Toro 4robel dbyHkmus f 6GbLIA BbI-
nykJjaoi Ha A, Heo6XOIMMO U JTOCTATOYHO, 4TOOBI Jist BCeX X,y € A
BBIIOJ/THSIJIOCH HEPABEHCTBO

f@) = fly) = (F'(y),z —y). (14.2)

HdJoxaszartenancrtso. llyctrb f — Bomykinas byHK-
nust, =,y € A, € (0,1]. Torma

flaz+ (1 —a)y) < af(z) + (1 —a)f(y).
,HaHHOG HepaBeHCTBO MOZKHO HepenmcaTb B BHJIE

fly+alz—y) <a(f(z) - f(y)+f(y) wm
fytal@=9) = W)  p)— py).

«

Tak Kak I0CjIe/iHee HEpaBEHCTBO crpase inBo st Becex « € (0,1],
TO Tepexo/isd K mpefeny mo « — 0+ mosydaem nepasencrso (14.2).

[Tycrs Boimosnaeno HepaseHcrBo (14.2), x1,z0 € A,a € [0,1].
[Monaras B (14.2) cmagana x = z1, y = ax; + (1 — a)xe, a 3aTem
x =x9, y=ary + (1 — a)xre, nojaydaem, 9TO CIPABEIJIUBLL CJIE/LYTO-
e HepaBEeHCTBA

f(x1) = floxy + (1= a)za) = (f(exr + (1 — a)za), 21 — y),
f(@2) = flazr + (1 — a)zs) 2



YMHOXKasI IepBOe HEPABEHCTBO HA (v, BTOpPoe Ha 1 — q, MOIydIaeM
CIIpaBeJINBOCTh HEPABEHCTBA

af(@1) + (1 —a)f(z2) — flaz1 + (1 — a)zz) 20,
910 W TpebOBaJIOCh JOKa3aTh. TeopeMa JoKa3aHa.

Teopewmald? Ilycre f — cobcrBeHHasi BBIIyKJIAs Ha
mHOXKecTBe A dyuknus. Torma f HempepbiBHA Ha TiA.

JokasatTeuansbcrTsB o. Ilyers ag € riA. JokaxkeMm, 9To
f HempepbiBHA B TOUKe ag. Paccmorpum QyHKITHIO

9:9() = f(y+z0) — f(20)

n mHOXKectBo Ay = A — ag. Torma HempepbIBHOCTH f B TOUKe
ap PABHOCUJIbHA HENPEPLIBHOCTH ¢ B TOYKE HYJIb (OTMETHM, 4TO
g(0) = 0). ITosromy moxkHO cuurarb, uro ag = 0, f(0) =0.

a) IntA # @. Torma 0 € IntA u nosromy cymecrsyer dy > 0
TaKOe, YTO MHO2KECTBO

K:{a:(al,...,an) cA ‘ a; € [—50,50]}CA.

O6osnaunm uepes M = max f(z;), rjae z; TOYKH BHJIA
K]

Zi = (iéo,...,:lzéo), 1=1,...,2" =m unycre x € K. Torna =
npeacTaBuM B BHJIE

n+1 n
T = Z)‘izjw rae A; = 0, Z)\j =1, zj, € {z1,...,2m}-
=1

i=1
Tax kax f — BoImyKJIas QyHKIWA, To O Teopeme 14.2 mmeem

n+1 n+1

F@) <D Nif(z) <D NM =M.
=1 =1

[Monayuwmu, aro ¢pyuknust f orpanudena ceepxy nHa K. Ilycts € —
npousBosbHOE ncao (€ < 1), u pacemorpum MHOXKecTBO U = K.
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Ormernm, uro ecu z € Ug, 0 £ € K. Tlosromy mis moboro x € U
HAMeeT MeCTO

F(z) = f(e- f t(1-2)0)< 5f(§)+(1 —£)-0< Me, (14.3)

0= 1) = (et = (-D))<

f(z)+ M. (14.4)

1+¢ 1+e¢

U3 mepasencrsa (14.4) cnenyer, uro f(x) > —eM. CrenoBaresbHo,
u3 Hepasencts (14.3),(14.4) moyaaem

|[f(2)] < Me.

Tem cambIiM J0Ka3aHO, 9TO [ HENpepbIBHA B HYyJIE.

6) IIycrs Tenepp IntA = @&. Torma aff A # R™. Paccmorpum
COBOKYITHOCTb BCEX BEKTOPOB {a}qc4 W BbIOEpEM U3 JaHHOI COBO-
KYITHOCTU MAKCUMAJIbHYIO ([I0 KOJMYECTBY) JIMHEHHO HE3ABUCUCMYIO
cucremy {ei,...,en}. Ilycrs

L:{/\161+'-~+)\m6m})\i>0}.

L — nuneitnoe nmoamnpocrpancTBo. Ilokaxkem, uro aff A = L. [leii-
creuresibio, A C L, ciaeposarenbao, aff A C L. C apyroit ¢cTOpoOHBI,

i e = i Aiei + (1 - i /\Z')-O
=1 =1 =1

u mosToMy, B cuiy caejacteus 4.1 L C A. 3uauur, L = aff A.
Paccemorpum orobpaxkernne F : R™ — L Buma

F(/\) =XMer+ -+ Apem.

F — jiunHeiinoe HENPEPBIBHOE OTOOPAYKEHNE, U TAK KAK €1, . . . , €y, JIU-
HEIHO HE3aBHCHMBI, TO CyHIeCTByeT obpaTHoe oTobpaxkenne F 1, ko-
TOpOe TakyKe sIBJISETCS JIMHEHHBIM W  HelnpepbiBHbIM. [lycTb
Y = F~1(A). Tak kax F71(0) =0 u 0 € rid, 7o 0 — BHYTpen-
Hsist Touka Y. Kpome toro, Y — BbimyKj0e MHOKeCcTBO. Omipeienm
byukmuo g:Y — RY, g(\) = f(F(\). ¢ — Bemykiasa dynxmus,
g(0) = 0,9 menpepwiena B Hyte. Tak kax f(x) = g(F~1(z)), To f
HelepbiBHA B HyJsie. TeopeMa JoKa3aHa.
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Bawmeuanuneld2 Jmaroiek A \ riAd teopema 14.6 me-
sepua. Ilycrs f:[0,1] — RY,

(o) = {1’ T

0, z>0.

Torma f BeITyK/IA Ha [O, 1}, HO He dABJIsIeTCA HENTPEPBIBHOM B TOY-
ke 0.

T eopewmald8 Ilyctb A — OTKPBITOE BBIMYKJIOE MTOIMHO-
xectso R", f € C?(A). Toraa mias Toro, 9Tobbl f 6bLIa BBIIYKJION
Ha A, HEOOXOMMMO W JOCTATOYHO,  YTOOBI  MATPHIIA

82
@) = (521
63;,-8%

00 Touke MHOXkKecTBa, A.

(a)) ObLIa HEOTPULATEHHO OIpPEJeJICHHON B KasK-

IHHoxkasarTeuabcrtTBsBo. Ilyctbaxyg € A,h € R". Tax
Kak A OTKpLITO, TO cymecTtByer tg > 0 Takoe, yro xg+th € A mia
Beex t € [0,tg]. Oupenenum dyHknuo

g:10,to] = R, g(t) = f(xo +th).
[Tokaxkem, uro ¢ — Bblnykjaasg dysknus. lycrs t1,te € [0, %],
a € [0,1]. Torma
glati + (1 — a)ty) =
f(@o+ (ati 4+ (1 — a)ta)h) = f(a(zo + t1h) + (1 — @) (@0 + t2h)) <
<af(zo+th) + (1 — a)f(zo +t2h) = ag(t1) + (1 — a)g(t2).
Tak kax f € C%(A), To g € C?[0,t9] u nOdTOMY CIPABEIUBO pa-
BEHCTBO
2

9(t) = 9(0) + tg'(0) + 5.¢"(0) + r(#),

. r(t
e thrgl 52) = 0. Tak kax GyHKIMA ¢ BBIIYKJIAasl, TO II0 TEOPEME
— +

14.6 cmpaBeqIMBO HEPABEHCTBO

g(t) — g(0) —tg'(0) > 0 na Beex t € [0, to).
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CtetoBaTENIBHO,

t2 1 1 r(t)
29 (0)+r(t) =0, um g (O)+t—2 >0
st Beex ¢ € (0,t0]. IMepexons B mocseHeM HEPABEHCTBE K IIPEJIEITy
upu ¢t — 0+, momyusaem ¢”(0) > 0, wo ¢”(0) = (f"(zo)h,h). Tem
caMbIM IOKA3aHO, YTO s JIIoOoH Touku rg € A njs scex h € R™
cupaseymeo HepaBeHCTBO (f”(x9)h,h) > 0. DT1o u o3mauaer, uro
marpuna f”(zg) HeoTpunaTeabHO ONpeesieHa Ha MHOKecTBe A.
[Tycts marpuna f”(a) HeOTpUIIATENLHO ONpPEIEIEHA HA MHOXKE-
cree A. BosbMeM JBe IpOM3BOJLHBIE TOUYKH a, ag € A. Vcnonbsys
dopmyny Teitmopa ¢ octaTounbiM wieHOM B ¢opme Jlarpam:ka, Mo-
JKEM 3aIlucaTh

f(a) = f(ao) + (gradf(ao), a — ao)+
+0,5(f" (a0 +v(a — ap))(a — ag),a — ag), rae v € (0,1).
Tak Kak MHOXKeCTBO A BBINYKJIOE, TO
ap +7y(a—ap) =va+ (1 —7)ap € A
u nosromy (f”(ao +v(a— ao))(a—ap),a—ag)> 0. Caenosarenbho,
fla) — f(ap) — (gradf(ap),a — ap) = 0 mua Beex a,ap € A.

N3 Teopembr 14.6 cnemyer, uro f Beinykia Ha A. Teopema mokaza-
HA.

ITpuwepldd 1) Ilycrb G — HeOTPUIATEJLHO OIIPE/IEIICH-
Hasl KBaJIpaTHas MaTpuIa nopsiaxa n, b € R, o € R'. Torna GyHk-
ms f: R* — RY, f(z) = (Gx,z) + (b,z) + a 6Gyaer BbITyK/IOil Ha
R"™. Otrmernm, uro f”(z) =2G mus Beex © € R™.

2). [Iycte G — marpuna mopsigka n X m, b € R™. Torna dynknus
f:R"—= R f(x)=|Gx —b]* 6yner sumykioit na R™. leiicTeu-
TEJLHO,

f(z) = (Gz —b,Gz — b)= (Gz,Gz) — 2(Gz,b) + (b,b) =
= (GTGz,z) — 2(Gz,b) + (b, b)
u nostomy [ =2GTG, (GTGh,h) = |Gh|* > 0.
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Ounpenmenenueld? Iyere f : A — R'. Touka
xg € A Ha3BIBaeTCs TOYKON JIOKAJIBHOrO MUHUMyMa (GyHKImu f,
€CJIM CYIIeCTByeT OKpecTHOCTH U Ttoukm zg (B R"™) Takas, 9TO
f(zo) < f(x) st Becex € ANU.

Touka x9p € A HasbBaeTcsi TOYKOIl [IOGAJIBLHONO MUHUMYMa
byukuun f, ecom f(z9) < f(z) ans Beex x € A.

Teopewmaldd Ilycrs f : A — R' — Bemykias na A
dyukmua u rg € A — TOUYKa JIOKAJTLHOTO MuHUMYyMa. Torma g —
TOYKa TJIO0ATEHOTO MUHUMYMA.

HJoxkasaTeabcTB o. Tak Kak Xy — TOUKa JIOKAJTLHO-
ro MUHAMYMa, TO CYIIECTBYET OKPECTHOCTh U TOYKHM T( Takas, 9TO
Jutst Bcex © € ANU seinosnneno nepasencrso f(z) = f(xzg).

[Tycts y € A. Hokaxkewm, uro f(zg) < f(y). Tak kak MHOXKeECTBO
A Bpiykiio, 7o Touka z(a) = ay+(l—a)xg € A s seex a € [0, 1].
U3 ycnosust x(0) = xp n HempepsBHOCTH Z((r) 1O ¢ CJIEJYET, ITO
cymecrByer o > 0 rakoe, uro z(a) € U s Bcex a € [0, ).
[Tosromy mist Beex z(a), € [0, ] cupaBeyiuBo ciejyioriee Hepa-
BEHCTBO:

f(zo) < f(z(a)) = flay + (1 — a)zo) <
<af(y) + (1 —a)f(zo) = f(zo) + a(f(y) — f(=0)).

U3 nocnennero HepaBencrsa ciegyer, uro f(y) — f(xg) = 0, orkyzna
fly) = f(xp), 9T0 M TpeboOBaIOCH JOKa3aTh. Teopema ToKa3aHa.

8

Teopewaldll Iycrs f : (a,b) — R' — somykias
dyuxims. Torma s mobeix x,y,z € (a,b),z < y < z cupasej-
JIMBO HEPABEHCTBO

f) -1 f@-E) J@-f0)

~ X
y—z T —z x—y
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—z
JJoxaszarTenbcTso. Illyctb A = Y . Torma

T—z
A€ (0,1),1-X= x—yj Ar 4+ (1 — ANz =y. Tak xak f — BBI-
T —z

nyKJiast QyHKIUsI, TO

) =FOe+ (1 =XN2) <Af(2) + (1= A)f(2), mm (14.6)

F) = F&) S MF(@) = () = T (f(@) = £(2))-

z

Henst 06e gyacTu ocsieiHero HepaBeHeTBa Ha (Y — z), 1MoJIydaeM Hepa-
BEHCTBO

fly) = fz) _ f@) = f(2) (14.7)

~X
y—z T —z

Beraurast u3 obenx uacreit HepaBencrsa (14.6) f(x), mosaywaem
HEPABEHCTBO

) = f@) <A =Df (@) + (1 =N [f(z) = 1= A)(f(2) = f(2)).

YMHO)KAsT TOCTIE/[Hee HEPAaBEHCTBO Ha (—1), HosIydaeM HepaBeHCTBO

f@) = £(z) 14s)

T—y T —z
O6benunsst HepaBencrsa (14.7),(14.8), mosyuaem Tpebyemoe Hepa-

BCHCTBO. TeopeMa JOKa3aHa.

Canegcrsueld2 Iyers f : RY — R' — Bemykias

dbysknua. Torma jyis m00bIX 1 = T2,Y1 = Y2, T1 F# Y1,T2 # Y2
CHpaBe,ZLJII/IBO HepaBeHCTBO

fla) = fy) o fla2) — fly2)

=
1 — U T2 — Y2
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YIIPAZKHEHNW A

14.1. [lycts A — BoIyKJI0€ MOAMHOXKEeCTBO R™, f — ompese-
nenHast Ha A QyHKIMs, Takas, 4To Jist qoboro t € R MHOKecTBO

M(t) ={z e A f(x) <t}

SIBJIsTETCST BBIMYKJIBbIM. Clielyer Jin OTCiofa, 9T0 [ sIBJISIeTCsT BBITYK-
Jioit pyHKIMeH?
14.2. Ilyctb A — wmemycToe 3aMKHYTOE TIOJAMHOXKECTBO R™.
f:R" = RY f(z) = 1161£||x — a||. Jokazarh, uro MHO)KECTBO A
a

SIBJISIETCS BBINIYKJIBIM TOTJ[A U TOJIBKO TOIJa, Korma dyHKmusA f o saB-
JII€TCA BBIITYKJION.

14.3. Ilycts f — HeoTpunarenbHass, BolIyKaas Ha A QyHKIm.
Byner i Beirykioit na A dyukmus 27

14.4. Ilycrs f,g — HeoTpulaTeJbHBIE, BBINYKJble Ha A QyHK-
nuu. Byner nn soimykioit na A dyukiusa f - g?

14.5. Ilycts A — BbImyKjI0€ mogMHOKectBo R, f : A — R n
JUTST BCeX T,y € A BBINOJHEHO HEPABEHCTBO

r+y

1
e

1
<zflz)+ 2 .
MoxKHO i yTBEPKIATD, 9TO f — BBIMyKJIas (DYHKIIAA!
14.6. Ilyctb A — Boimykioe nommuoxkectso R™, f: A — RV —
HempepbIBHAS (DYHKINS U J7IsT BCeX &,y € A BLITOJHEHO HEPABEHCTBO
z+y

1
I

)< 5@+ 5 )
MozKkHO Jin yTBEPKIATH, 9TO f — BBIMYKJ/Ias DYyHKIUs?

14.7. Ilycrs {fr}32, — mociieq0BaTeIbHOCTD BBITYKIIBIX (DYHK-
Ui, ONpeJIeIEHHBIX Ha BBIMYKJIOM mogMHOKecTBe A C R™, Takas,
4TO JIst BceX = € A cylmecTByeT mpejiest kli_}rn fr(x) = f(z). Hoxa-

oo

3aTh, 9T0 f — BBINyKJasd Ha A yHKIHS.

14.8. Ilycts f : A — R — Bomykiag Ha A QyHKIus, npu-
geM epif — 3aMKHyTOe MHOXKeCcTBO. MOXKHO JI yTBEPKIAATH, 9TO A
SIBJISIETCST 3aMHYTBIM MHOYKECTBOM.
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14.9. Ilyctb A — BBIyKJIOE 3aMKHYTOE MOAMHOXKeCTBO R™,
p:R" = R, p(x) = |z—7a(2)|? tme ma(x) — mpoexmus Touku T
na MHoxkectBo A . Jlokaszats, uro dbynkmusa f(z) = p?(x) asasercs
BBINYKJIOH nuddeperiupyemoit HpyHKIHeH u
grad f(z) = 2(z — 74(2))ple).

14.10. Ilycts A C R® — Bwinykioe MuoxkecTBo, f: A — RY —
BhINyKJIag dyHKnud. /Jokazars, 9410
1) MHOYKECTBO TOYEK JIOKAJILHOIO MUHUMYMa (DYHKIMHA [ HA MHOXKE-
crBe A €ecThb BBIIYKJIOE MHOYKECTBO;

2) ecu muoxectBo A sBasierca 3amkuyTbiM, f € C(A), TO MHO-
JKeCTBO TOYEK JIOKAJIbHOrO MUHUMyMa GyHKImu f Ha MHOKecTBe A
SIBJISIETCST 3aMKHYTHIM.

14.11. IlpuBectn npumep JuHeiiHOW yHKIMM f, 3aJaHHONU Ha

BBIMTYKJIOM 3aMKHYTOM MHOXKeCTBe A Takoif, 9To

sup f(x) =0, no f(x) <0 g Bcex x € A.
xcA

14.12. /Toka3arh, 9TO BbIIyKaad QyHKINA [ OrpaHndeHa CBEPXY
na muororpanuuke M wu npunumaer Ha M Hambosibillee 3HAYECHUE.

14.13. IlpuBecTtn mpumep BbINyKJIOH (byHKmuE [, 3aJaHHONR U
OI'PaHMYEHHON Ha BBINYK/JIOM KoMmmakTe M, HO He jocTuraromieil na
M cBoeit BepxHeil rpaHu.

14.14. Joka3arh, 9TO MAKCUMYM BBIITYKJIOH (DYHKITUU Ha BBITYK-
JIOM MHOTOTPAHHUKE TOCTUTAETCS B OTHOM M3 KpaltHUX TOUEK.

14.15. Ilycrs f — Bormyrtas (byHKIHUS, 3aJaHHAS HA BBITYKJIOM
mHOX)ecTBe X, g(x) = }min(O; f(x))‘q, q > 1. Hokaszarb, uTo pyHK-
IUs ¢ SIBJIIETCA BBIMYKJOM Ha X.

14.16. Ilycre X — BeInykjoe noaMuHoxkectBo R™. @ynkIiusa
f : X — R' umasmBaerca weasusvnykaot Ha X, eciu s BCEX
x,y € X, mis moboro « € [0,1] cupasemyimBo HEpaBeHCTBO

flaz + (1 - a)y) < max{f(z), f(y)}.

Bepmo su, aTo Bhimykaasg Ha X OYHKINAS SBISETCA KBa3UBBIITYKJIOM
na X dyHKImei?
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14.17. [lycts A — BBIMYKJIOE TOAMHOXKECTBO R"™ ¢ HemycToi
BHYTPEHHOCTBIO. JloKa3aTh, UTO eCjIu BBIYKJIasi HEIIPpEPhIBHAS (DYHK-
mus f sBIIsIeTCS HEOTpAHWYIeHHON Ha A, TO oHa OyJeT HeoTpaHMIeH-
Hoii u Ha IntA.

14.18. Ilycte A — BBIMYKJIOE TOAMHOXKECTBO R"™ ¢ HemycToi
BHYTPEHHOCTHIO. BepHo Jin, uTo ecjiu BolllyKjasi MyHKIus f sBJIs€T-
cs1 HeorpaHUYeHHOU Ha A, TO oHa Oymer HeorpaHudeHHOU 1 Ha IntA.

14.19. [dns Bexkropa = = (x1,...,2,) € R™ o6o3Haunm depes
T = (Tr(1)s- -+ Tr(n)) BEKTOP, COCTABJICHHBI U3 KOMIOHET BEKTODA
T W TaKoii, ITo

Tr(l) Z Tr(2) 2 -+ 2 Tr(n)-
Byzaem roBoputh, 9TO BEKTOp & MayKOpupyer BeKTop Yy, (x > y),

ecJjin

k k
wa(i) > Zyﬂ(i), i Becex k=1,...,n—1,
i=1

Z Lm(i) = Z Yr(i)-

=1
i=1 i=1

Oynkimsa f : R® — R' maswBaercs swnykaoti no Iypy, ecan s
BCeX x,Yy, x =y Bepuo f(x) = f(y).

Iokazars, uro dynkmus f : R — R, f € C'(R") Bumykia mo
[Ilypy Torma u TOJIBKO TOr/A, KO
1) f — cuvmmerpuunas dyukius (T.e. Jyist Jr000M TIE€PECTAHOBKU T
muoxkecrsa {1,...,n} u st mo6oro © € R" BBIIOJHEHO PABEHCTBO
F() = f(ae));

2) jyist m06oro z € R™ BBIIOJIHEHO HEPABEHCTBO

of of
(- 2) - (2L - 2L
J (81‘1 856j )
14.20. Ilycts f : (a,b)" — R! — pomyknas dynxmms,

n n
x,y € (a,b)". Hokazars, uro ecim x =y, 10 > f(x;) = > f(yi).
i=1

i=1

= 0.
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14.21. Ilycts  f[0,00) — R!' — Bomykmas byskmusa u
ay =2 as = ...2= a1 = 0. JlokazaTe HEpaBEHCTBO

flar) = fla2) + -+ — flazn—2) + fla2n—1) =

> flar —az+ a3 —as+ -+ amgm—1).

14.22. Ilycts aq,...a, — HOJOKHUTEIbHBIE BEITECTBEHHBIE UNCIIA.
JokazaTh HEPABEHCTBO

1 1 1 9
(a1+a2+...+an)_(74_74_...4_7)2”.

al an Qp,
14.23. Ilyctb A — Boemmykioe moaMHOXKeCcTBO R™. DyHKIHUS
f : A — R' nasmmaerca ncesdosuinykaoli, eclum M3 YCIOBHUIA

flu) < f(v), 2z = au+ (1 — a)v,a € (0,1) cremyer HEpABEHCTBO
f(z) < f(v). IlpuBectn npumep KBa3UBBILYKJIONH (GyHKIMU (CM. 3a-
nady 14.6), He sABJISIONLYIOCS TICEBIOBBIITYKJIOM.

14.24. [IpuBecTu npuMep ICEBOJOBBIILYKIOM (DYHKIINY, He SBJIs-
IOIENCs BBILYKJIOM.

14.25. IlpuBectn npumep dyukimm, Boinykioi mo [lypy, Ho He
ABJIAIONIEHCA HU KBAa3UBBIILYKJION, HU IICEBIOBLITYKJION.

14.26. Ilycts f : [0,00) — R' — Bormyrtas dbynxmus, h > 0.
JlokazaThb, 9T0 (DyHKIHS

g(t) = f(t+h) = f(t)

He Bo3pacraer Ha [0,00).
14.27. Ilycrs f — Bormyras Ha [0,00) dyukmusa, f(0) = 0.
Hokazare, uro jyist Becex z,y € [0,00) crnpapeJinBO HEPABEHCTBO

fla+y) < fla)+ fy)
14.28. Iycrs f :[0,00) — R! — omyknas dynxmus, f(0) = 0.

t
Hoxkazats, uto dbyskiusa ¢ : g(t) = f(t)
14.29. Ilycte A C R", f: A - R' — dyHkuus takas 4T0

f(x) >0 nsBeex x € A. Oyukiusi f HA3BIBAETCS A02GPUPMULECKU,
sunykaolti Ha A, ecan GyHKUIust In f siBIsteTcss BBINYyKJIOH Ha A.

He yobiBaer Ha (0,00).
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1. Bepuo i, uro eciun f Bomyksaa Ha A u f(z) > 0 mia Beex
€ A, o f — yorapudMUIECKH BBIIYKJIasT (DYHKIIHAA !

2. Bepno s, uro ecin f — jiorapupMUYIECKU BBIMYKJasd (DyHKIIHAA,
T0 f — BbIIyKJas QYHKIMA!

14.30. Onucars Bce BBITYKJIble OrpaHuIeHHbIe (DYHKIIUHT, OITpe/Ie-
JIEHHBIE Ha BCeM TpocTpancTBe R™.

14.31. Ilycts A — BBIIyKJIOE IOAMHOXKecTBO R, f: A — RY —
BBITyKJ1ast pyHKIMA. BepHo i, 9T0 ec/in MHOXKECTBO epif 3aMHyTOe,
T0 A 3aMKHYTOE MHOXKECTBO?

14.32. Ilycts A — BeIIyKJIOE IOAMHOXKecTBO R, f: A — R' —
BBINTyKJIast (PyHKIMs. BepHO Jiu, 9TO ecjiu MHOXKeCTBO epif 3amHyTO€,
To f € C(A)?

14.33. Ilycrs f: R? — RY,

f(uy,up) = min{z (1 —uy) + z2(1 — up) | 23 + 23 < 1}.

JoxkazaTb, 9To QpyHKIUA [ BOrHyTA.
14.34. Ilycts f € C?(0,00). Jokazarh, 4To eciu yHKIHS
1
g(x) =z f(x) Bemykma na (0,00), To byuknus h(zr) = f(f) TaKXKe
x
Boinykia zHa (0, 00).
14.35. [Iycts p: R” — R u obyrajaeT caeayIonuMu CBOCTBaME:
1) p(z +y) < p(z) +ply) nna seex z,y € R
2) p(Az) = Ap(x) musa Becex x € R™, A > 0;
3) p(0) =0.
JokazaTh, 4To DYHKIUSA p SABJSAETCHA BBITYKJIOH (DYHKIIUEN.
14.36. IIycrs f: AxB — R' taxosa, uro f(x1,2) BBIIyKIa 110
21 TIPHU KaXKJI0M (PUKCUPOBAHHOM 9 U BBIMTYKJA MO Ty TPHU KaXKIOM
dukcuposantnom x1. Cremyer Ju 0TCIONA, YTO f SBISETCS BBIMTYKJIOMN
Ha A X B?
14.37. Ilycts f: R} — R,
€2 e

.xz ..... x"’ EZ>0

f(x17$27“'7xn)::r]_ n

[TonyuuTs ycjaoBuUSI Ha €;, NPU BBINOJHEHUU KOTOPBIX (MYHKIHUS f
2 n
Oyzaer BoruyToit na Rf.

141



14.38. Ilycte M, — COBOKYIHOCTH BCEX KBaJIPATHBIX MAaTPHII
MOPSIIKA 1 HaJ TOJIEM BeIecTBeHHbIX uncesi. OupeenM QyHKITTO
f: M, — R' f(X)=trX. JlokazaTb, 9o f — BBITyKJasd QyHKIHS.

14.39. Orobpaxkenue f : R"™ — R" HasbiBaeTCs u3omempued,
ecsi JUtsd Bcex X,y € R™ cupaBemimBo paBeHCTBO

1f () = FWIl = llz = yll

Bepmo i, uto ecin f — m3omeTpusi, A — BBITYKJIOE MHOYKECTBO,
1o MHOXKeCTBO f(A) TakXkKe BBIILYKJIO.

14.40. Ilycte A — BbimykJbeli kommakr R", b € R™ b # 0.
Omnpenenum dynkimo f: A — R Buga

fla) =sup{\| —Abe A—a}.

Jlokazarhb, 9ro f SIBJIsSIETCSI BOTHYTOM (DYHKIIAEH.
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§ 15. InauButyasibHbIe 3alaHusl AJisd CTY/I€HTOB
3ATAHUE 1
HaiiTn mamMenbIee nooxkuTeabHoe k IIPU KOTOPOM MHOKECTBO
X = {x € R? ‘ (a:c%—i— Dag < bxy, x9 > k}

ABJIAETCA BbITYKJIBIM.

Ne a | b| Ne al|b
Bap. Bap.
1 2111 2 115
3 412 4 511
5 31416 1]2
7 513 8 311
9 4 15| 10 213
11 2161 12 13
SAJTAHUE 2

Hamwmcars ypaBHeHUEe TUIIEPILIOCKOCTH, OMIOPHON K MHOYKECTBY

2 2
_ 3 %1 | T3 L3

B TOukKe xo = (a,b,c).

Ne al| bl cf| N a b c
Bap. Bap.

1 21412412 1 2 6

2 3 13 15

3 sl5l 5|4 1 1 T

5 21816016 6 41120

7 213|238 -2 —2] 15

9 2161(39 | 10 -3 | —12 | 135

51 2 4 8

11 [2]1[3]12 21 ] ¢
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3AJAHUE 3

IIpoBepuTs, AB/sgeTCs I TOYKa T KpailHeil TOUKOil MHOrOrpaH-
mika X = co{z!, 22, 23 2% 10}, Tre
T=(0;-1;2), 2° = (2;-1;-2), 2° = (2,57
JJ—(, 7)7:6_(7 ) )71‘_(77)7
4 . _o. _
x* = (—=3;-2;—4), 9 = (a,b,c).

Ne a b c| Ne a b| ¢
Bap. Bap.

1 2 4| —-41 2 1 6
3 -3 -2 31 4 1 1] 15
5 2 81 60 6 6| —4| 2
7 2 3| -518 2| —-2115
9 2 6 9| 10 -3|—-12| 5
11 2 1] —41] 12 3 41 8

SAJJAHUE 4

Hanwucarn YpaBHEHHE T'MIIEPIIJIOCKOCTH, OHOpHOfI K MHOXKECTBY
2 2

X={eer|ad+2+2 <1},

u otfensiomeit ero ot Toukn ¥ = (a, b, c).

Ne a b c| Ne a b c
Bap. Bap.

1 1 1] -112 -1 2| —2
3 -3 | -2 014 1] —1 3
5 -2 1 216 1| —4| -2
7 21 -3|-1|8 -2 | =2 2
9 2 1 31 10 -3 -21| -5
11 2 1| -4 12 -3 1 2
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3AJIAHUE 5

Haittu paccrosiaue o Xaycpopdy MexK 1y MHOXKECTBaMU

A = co{ai,b1}, B = co{ag,ba}.

Ne ai b1 as b2
Bap.

1 1,0 [ (=1,3) | (0,—2) | (2,-3)
2 —1,3) | (2,-3) | (=2,1)| (3,4
3 L3) | @1 (21349
1 0.3) 23 @13 -4
5 10) [ (2,3 | (—2.1)| (3,4
6 2,0 (1,3 | (<21 (3,4
7 3123 (—2.2) ] 3,4
8 2.3) | 20| (21 |(349
9 L) | (0,=3) | (=2,1)| (3,4
10 (—1,2) | (0,=3) | (=2,1)| (L4
11 | (=1,-3) [ (2,-3) | (=2,-1) | (3,4)
12 | (—16) | (L,3) | (21| (0,4

3AJIAHNE 6

Hns xaxoit roukn A(a, 1), B(b,1),C(—2,0) ompeaenurs, npu
KaKUX 3HAYCHUsX rapamerpa k OHA NPHHAJIEXKUT OTHOCHTEIHHOM
BHYTPEHHOCTH MHOXKecTBa D, 3a/[aBaeMOro CHCTEMOIl HEPABEHCTB

(321 + (b+2)x2 < 6,
ox1 + 2x0 > —10,
2x1 — cxo < be,
kx1 — xo < —2k,
6x1 — (b—c)xa < 3(b+c).
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Ne a|b|c| Ne al|b|c
Bap. Bap.

1 1/3 1315 2 014]|6
3 —2/3 (12|44 1718
5 1171916 —2/3 1215
7 —-1/3 13|48 0145
9 1/3 158 10 2/3 6|8
11 —1]1]2| 12 -111|3

SAJTAHUE 7

Haiiru cymmy muoxkecrs A+B, tne A = co{(1,2), (1,—-3),(a,b)},
B = CO{(07 _1)7 (17 0)7 (Ca d)}

Ne a b c d || Ne a b c d
Bap. Bap.

1 1] -1 -2 21 2 -2 5
3 -2 -3|—-4|-1|4 3 1 1 3
5 2 4 216 1| -1]-2 2
7 1 2|11 8 3| -2 2| -3
9 1 31 —-2110 2| =3 | -2 4
11 -3 -3| -2 4| 12 6| —3|—-2

SAJJAHUE 8

Haiitu onopuyto dyuKImio MaOX)KecTB A, B.
I. A — orpesok ¢ kouramu B Toukax (a,b), (c,d).

Ne a b c d || Ne a b c d
Bap. Bap.

1 1] -1] -2 2| 2 -2 5
3 2| =-3|—-4|-1|4 3 1 1 3
5 2 4 216 1| -1]-2 2
7 1 21 —118 3] -2 21 -3
9 1 31 —-2110 2| -3 | -2 4
11 -3 | -3| -2 4 12 6| —3|—-2
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OTBETHI 1 YKABAHUA

1.1. Her. PaccmoTpuM JBa KBaJIpaTHBIX TpeXdJIeHa:
Y1 ::172—2$+1, y2:x2—|—2:1:—|—1.

IIycts o = 0,5 m paccmoTpum KBaJipaTHbIil Tpexwien y = 0,5y; +
0,5y2 = 22 + 1, KOTODBIif He IMeeT BEIIEeCTBEHHBIX KOPHEIl.
1.2. Moxer. IlycTn

A={-n|n=12..,}, B:{n+%‘n:2,3,...,}.

MuoxectBa A, B siByistiorcs 3aMuyThiMu. MuoxkectBo A+ B conep-
1yo0
JKHUT TIOCJIE/I0BATEIbHOCTD {—} , TIpeJlleJIbHAs TOYKA KOTOpPOH He
n=2
npunajyexur A+ B.
1.3. IlycTp muist JII00BIX HEOTPHUIATE/IBHBIX YUCET A1, A2 BEPHO

PaBEHCTBO
(M + A2)A = A A+ A A (15.1)

n «a € [0,1]. Bosbmem B KauecTBe A} = a, A2 = 1 — a. Ilosmyuaewm,
YTO BEPHO PABEHCTBO

A=aA+(1-a)A,

13 KOTOPOTO Cpa3y CJIEIYeT, YTO0 A — BBIMYKJI0E€ MHOXKECTBO.

IIycts Temepp A — BBIYKJI0€ MHOXKECTBO. Fcym ojiHO U3 |wmcelt
A1, A2 paBHO HYJIIO, TO paBeHcTBO (15.1) Bepro. OT™MeTHM, 9TO Beera
CIIPABEJTTIBO BKJIIOYUCHIE

()\1 + /\Q)A C MA+ XA

IIycte Ao >0 u z € A{A+ M A. Torna

A1 ot Ao
Mt At A

2= At Aoy = (A + )| = (M + A)w.
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Touka

w = M T + A2
RSV VRS VIV

B cuJty BbiykiocTn MHOKecTBa A. [Tosromy Touka z € (A1 + A9)A,

Jea

9T0 U TPebOBAJIOCH JIOKA3aTh.
1.4. Her. [Tyctb A — MHOKECTBO paIlMOHATLHLIX umcen R
1.5. Ha. Ilpemmosoxkum, 9T0 MHOXKECTBO A He sIBJIsIeTCsl BbI-
IIYKJIBIM. DTO O3HAYaeT, 4TO CYyIIECTBYIOT TOYKU g, Yo € A, duCiIO
a € (0,1) rakme, uro TOUKa z = axg + (1 — a)yy) ¢ A, mpudem
a # 0,5. Oupenennm MHOXKecTBa Bij, Bo; U TOUKU X4, Y; CIEIYIO-
M 00pa3oM:

Big = {Bxo+ (1= B)yo | B € (0,0,5)},
By = {,Bx() + (1 — ﬂ)yo ‘ B e (0,5, 1)}

Touka 2z TpUHAJIEXKUT OJHOMY W3 MHOXKeCTB Big, Bag. Ecim z €
Big, To monaraem x1 = 0,520+ 0, dyo, y1 = Yo, ecau z € Byg, TO 1o-
JaraeM x1 = xg,y1 = 0,5x9+ 0, 5yp. Ilpeamomoxkum, 910 MHOXKECTBA
Byj,B2j,5 =0,...i—1 u touku wj,y;,7 = 0,1,...,% oupeieyeHn.
Ompenensiem MHOXKeCTBA Bi;, Boj W TOUKA Tjy1, Yit1-

Bii ={Bzi+ (1= B)yi | B€(0,0,5)},
By, = {,3.731 + (1 — 5)% } RS (0,5, 1)}

Eciu z € By, 1o nonmaraem x;41 = 0,52; + 0,5y;, ¥i+1 = y;- Ecam
z € By;, TO mojlaraeM T;+1 = T;, Yi+1 = 0,5z; + dy;. llonydenmnoe
CeMeNCTBO TOYEK I;,%; O0JIagaeT CJIeIYIOIUMNA CBOHCTBAMMT:
a) i,y € 4;
b) 2z € [wi, yi] = {vei + (L =)y | v € [0, 1]}
¢) [Tit1,yir1] C [@i,ys] s seex 4
d) lim ||z; — vy = 0.
1—00
CieoBaTe/IbHO, 110 CBOMCTBY BJIOYKEHHBIX OTPE3KOB

z = lim = lim y;.
1—>00 1—>00
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B cuny samkayToctn A momydem, uro z € A. Ilomyuennoe mportu-
BOpeYHe JIOKA3BIBAET YTBEPXKJICHUE.
1.6. [a. IIycrs

x,y € M, z=10,5x + 0, 5y.
Torna

(AZ7 Z) =0, 25(A$,$) +0, 25(Ay7 y) +0, 5(A$7y) =
= 0,5(Az, x) +0,5(Ay, y) — 0,25(A(z —y),z —y) <
< 0,5(Az,2) +0,5(Ay,y) < 1.

ITosToMy, Ha OCHOBAHUHU YTBEPKIACHUS U3 IPEIbIAYIIEH 3a1a9u MHO-
»KecTBO A BBINYKJIO.
1.7. k=1.
1.11. Her. ITycts A = {
1.12. Her. ITycrs A = (0; 00).
1.13. Her. Ilycts A = {(z,y) € R? ‘ y <2z, x,y — nemsie }.
1.21. Her. IIycte A = {(1;1),(2;2)}.
1.30. Ilyctb A N B cocrout u3 k orpe3koB. KOHIIBI 0TPE3KOB
AN B seasiorcess koHmamu orpeskoB A mimm B. CrenosaresnbHo,
paccMaTpuBasi KOHIIBI OTpe3koB A N B, mosyyaem

(=1;0),(1,0)}, B = {(0;0)}.

2k < 2n + 2m. (15.2)

OjtHaKO MpU STOM JIEBBIN KOHEI OTpe3Ka M3 BeeX KOHIOB A wmn B
Jmbo He npuHagaexxur AN B, mubo BXOAUT B KOHILI A ¥ B KOHIILI
B. Buauur, npaByio 4acTb HepaBeHCTBa (15.2) MOXKHO yMEHBIIUTH HA
eMHUIly. AHAJIOTUYHO C CAMBIM IIPABBIM KOHIIOM. B mTore mojyaaem
HEPABEHCTBO

2k<2n+2m —2, mm k <n+m — 1.

1.31. Her.
2.2. Her. Ilycts

A={(z,y) € R* | y=0yu{(0,1)}.
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Torna
cod = {(z,y) € R* | y € [0, )} U{(0, 1)}
2.3. Her. Ilycte A = {a}, B = {b},a # b,a,b € R™.
2.4. Her. Ilycte A = {(—1;0),(1;0)}, B = {(0;0)}.
2.8. [lyctb 0 ={tg=a <t; < -+ < tp_1 < tx, = b} pasbuenue
orpeska [a,b]. Pacemorpum

K
1
S(o, f) = me(Ti)Au Ti € [ti—1, ti], Ai =t —ti1.
=1

A;
1b—a
pa36I/IeHI/I${ a 1 Jroboro Habopa Touek 7;. MHoxKecTBO COA sIBJIsIeTCst
KOMIIAKTHBIM. TakK Kak ¢pyHKIusi f WHTErpupyema, To

fo= lim S(o,f)

diamo—0

Tak Kak Z =1wu A; 20, o S(o,f) € coA s moboro

u odToMy fg € coA.

2.14. BosbmMem mnpsiMyio [, He Hapasiie/ibHyI0 HUKAKOH MPIMOIi,
IPOXOJIAIIEil Yepe3 gaBe orMmevueHHble TOYKU. [IpoBemem 401 mpsimyio
mapaJjieabao | Tak, 4ToObl B Kaxksoil w3 400 moJsioc Mexky coce/-
HUMM TPAMBIME HAXOJUJIOCh POBHO H oTMeUYeHHBIX To4ueK. OcTasioch
BOCIIOJIb30BaThLCs pelieHueM 3a1a9u 2.13.

2.15. PaccmoTpuM TOYKY

k

a= %Z(/\ai + (1= Nh(ay)).

i=1
Nmeem a € Ay. Tak kak h — B3auMHO OJHO3HAYHOE OTOOParKEHMUE,
TO
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2.16. Cwm. pemrenne 3aga4un 2.15.

2.17. PaccMoTpuM BBITYKJIYIO 000JI0YKY BceX Todek. [losmyuamm
HEKOTOPBIfT MHOTOYTOMBHUK. Ilycth AB — mpom3BOJIbHAS CTOPOHA
3TOro MHOroyroyibHuka. Cpelll OCTABIINXCS TOYEK BBIOEPEM TOUYKY
C', u3 KoTopoit oTpe3ok AB BuieH 1o HanOoJbmuM yriaoM. OKpy K-
HOCTBH, OTIMCAHHAs OKOJIO Tpeyroibauka ABC u 6ymer ucKoMoii.

3.1. 3x9 + 23+ 224 = 0. HocTrarouHo cpean HEPABEHCTB, 3a1a0-
mux A, HalTH TO, KOTOPOE HE BBLITIOJTHAETCS JITsT TOUKH.

3.2. Her. Ilycrs

A={(z,00e R* |z € [-1,1]}, B={(0,y) € R* | y € [-1,1].

3.5. [lycts A1 N Ay = @. Caenosarenbio, Aj, As crporo orme-
JIMMBL DTO O3HAYAET, YTO CylecTByIoT p € R™.p # 0, u € R' rtaxue,
qT0

(p,x) < p nas Beex x € Ay,
(p,z) > p s Beex x € As.

Iycrs x € Ay,y € As. Pacemorpum dynkmmo f : [0,1]) — R
f(t) =tp, ) + (1 =1)(p,y).

Uneem f(0) = (p,y) > p, f(1) = (p,x) < p. Hosromy cymecrsyer
to € (0,1), aro f(tg) = p. Tak kax z,y € Ay U Ay u A} U Ay
BBIIYKJI0, TO tox + (1 — 1)y € A1 U Ag. Ilyers tox + (1 —to)y € Ax,
rorna (p,tor+(1—tp)y) < p, 9TO IPOTUBOPEYUT paHee JOKAZAHHOMY
pasenctBy (p,tox + (1 — to)y) = p. Ilomyuennoe mporusopeune u
JIOKa3bIBaeT, 4To Aq, Ay uMeoT obIue TOYKU.

3.8. Ilyctp z € A. PaccMOTpUM THUNIEPILIIOCKOCTH

T Z2 Iy
He (o] D2 ),
21 22 Zn
U IyCTh U — BEpIINHA, OJMKaiilmas K Hadaay KoopawHar. Torma
Z; 7
u€ H-{x | zjlz—z < n}. Hosromy 35 — < n. Tax kax 2;,u; > 0,
i= =

i=1 %i
TO U; = NZ;.
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3.10. Ilyctp KaxkabIit ux MHOrOyTOTHHUKOB A, B, C' MOXHO OT-
JIEJINTH OT JBYX JApPyruX. JloKarkem, UTO WX HEJIb3sl IIepecedb OJHOM
npsimoii. [Ipenmonoxxum nporusnoe: X,Y,Z — touku A, B,C, ne-
JKarume Ha oftHOH mpsimoit. Toraa o/iHa U3 TOUEK JIEXKUT MEXKLy JBYMsi
apyrumu. [lyers Y jreskur mexxkay X, Z. CrenoBarenbHo, B HeJb3s
oraeuTb oT A u C, Tak Kax B IIPOTUBHOM CJIy4ae TOUYKa Y, JIOJ2KHA
ObITH oTxesneHa oT Toyek A, C.

IIycrb Temepb MHOIOYTOJLHUKN HEJIB3sI IEpecedb OMHOM MPAMOIL.
Otmernm, aro B 9ToM caydae A N BN C = @. Paccmorpum Bee-
BO3MOKHBIE BBIIYKJble 000y0uku Touek X € AY € B,Z € C u
JJIsT KaxKJI0ro TpeyrogbHuka XY /Z HaiijeM BBICOTY U3 BEPIIUHBI Y.
Bribepem TpeyrosibHUK, y KOTOPOT'O 9Ta BhICOTa HanmMeHbIas. 11ycTh
310 OyneT TpeyroabHuk XoYgZy. llpsimasi, mepreHIuKyasipHas BbI-
COTe W TPOXOSINAsd depe3 CePeInHY BBICOTHI, HE IMepeceKaeT MHOTO-
yrosibauku B, A, C, Tak Kak B IPOTUBHOM CJIydae CYIIeCTBOBaJ ObI

TPEYTOJBHUK C MEHBINEH BBICOTON, BBIXOMIAIIEH U3 Y(.
4.1. Her. Ilyctn

A={(z,y) e R* |z =1y¢c[-1,1]},
B={(z,y) € R* |z c[-1,1],y € [-1,1]}.

Torna 1iB = IntB,rid = {(v,y) € R?* |z = 1,y € (-1,1)} u
riANriB = @.
4.8. Her. IIycts A = [—1,0], B = [0, 1].

5.3. Basare v = sup(p, a).
acA

5.4. Her. Ilycre A = {z,y) € R* | zy > 1, > 0}. Torma
ACH, ={2€R?| (p,z) =20, p=(0,1)}. Oanako sobas runep-
wiockocts H = {(z,y) | y = a} e aBisiercst onopHoii.

5.6. a) Her. ITlycts A — xpyr B R2. Tlpoexkmus A na moGyio
IUIEPIVIOCKOCTD (MIPSIMYIO) — OTPE30K.

5.11. Her. Ilycrs A = A1 N As, THE

Ay = {(z1,22) | (21 + 1)2 +x
Ay = {(z1,22) | (31 —1)* + 2

—

NICENIY
V/ANV/AN

—
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B roukax (0;+£1) A umeer 66CKOHEIHO MHOIO ONOPHBIX I'MIEPILIOC-
KocTel.

6.8. Her. Ilycre A = {(z,y) € R? | (x — 1) + y? < 1}. Torma
conA = {(z,y) € R? ’ x>0} U{(0;0)}.

6.10. Her. Ilyctn

K ={(z,y) | 2> 0,y >0} U{(z,y) [z <0,y <O}
6.12. Her. Ilycre A = B = {1}. Torua

con(A x B) ={(\,A) | A =0},
conA x conB = {(z,y) € R | 220, y>0}.
6.14. Her. IIycte A = {(0;1)}, B ={(1;0)}. Torua
con(A+ B) = {(A\,\) | A =0},
conA + conB = {(z,y) € R? | 2 >0,y >0}

6.20. /Ia. K = R".
7.3. IlycTn

A:co({x ER’|ai+23=1, 23=0}U
U{z € R® } 21 =1,29 =0,23 € [—1,1]}).
Torma Touka (1;0;0) mpUHAIIEKUT 3aMBIKAHIIO MHOXKECTBA Kpaii-
HUX TOYEK, a caMa KpalHel TOYKOI He SBJISAEeTCS.
7.9 k = 1. Bocnoabp3oBarhest TeopemMoit 7.5.

7.13. IIycrs A = co{D1((—2;0)), D1((2;0))}. Torma Touxa (2;1)

ABJIETCS KpailHeil, HO He ABJIFeTCd BbICTYIIAOIICH.

7.14. 1). Ae;,i =1,...,n, rme e; — CTaHIAPTHBIA OPTOHOPMU-
poBanHblil 6azuc R™; 2). Ilycrs j € {0,...,n—1}, Torma Touka x =
(x1,...,2y) Takas, 9T0 T = - =x; =0, Tj11 = =Ty = P
OyzeT KpaiiHeil TOUKOIl.

7.18. Ilyctn

A:{$€R3|l’1:l‘2:0}, H:{$€R3|gj3:0}_
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Torna AN H = {(0;0;0)}, mo touka (0;0;0) mHe sBiIsieTcs KpaiiHeit
TOYKO#M MHOMKeCTBa A.

8.1. Ilycts ai,...,a, — 3ajaHHble TOYKU. PaccMoTpuM MHOXKe-
CTBa

A ={z € R? | ||z —a;|| < 1}.

A; — BBIIYKJIbIe 3aMKHYTBIE MHOXKECTBa, JIIOOblEe TPU U3 KOTOPBIX
nepecekatorcst. CiieoBaTesbHO, M0 TeopeMe XeJId BCe MHOXKECTBA
A; nmetor obmyto touky. Ilycrs a € (A;. Torma |la — a4 < 1

U, CJIEJIOBATEIBHO, KPYT €JIMHUTHOIO paﬁnyca C IIEHTPOM B TOYKE a
COIEPXKUT BCE TOUKHU ;.

8.3. KaxpIilt naTuyroJibHUK HE COIEPXKUT POBHO JIBE BEPIITHHBI
CEMUYTOJbLHUKA, II03TOMY JIIOObIE TPU ISTUYTOJbHIKA UMEIOT OOIILYIO
BEpINUHY, a 3HAYIUT, epecekatoTcs. CIie10BaTe/IbHO, TPUMEHUMa, T€O-
pema XesLtn.

8.4. [okazkem, 4To J1100bI€ TPU TOUKHM MHOXKECTBA A MOXKHO Ha-
KPLITh KPYIOM Pajuyca 1 = @d. PaccMoTpuM IpOM3BOJILHBIE TP
TOYKHA MHOXKeCTBa A U pacCMOTPUM TPEYTOJBHUK C BEPIIHHAMHU B
ruxX Toukax. OTMETHM, 9TO KarK1as CTOPOHA TPEyTroJbHUKA HE Ipe-
BocxomuT d. Eciiu TpeyrojibHUK IPSIMOYTOIbHBIH UJIH TYIIOYTOJIbHBIH,
TO KPYT, [IOCTPOEHHBIN Ha €ro 0OJIbIIEH CTOPOHE KaK Ha JuaMeTpe, Oy-
JEeT COollepyKaTh TPeyroJbHUK. IlycTh TpeyroabHUK OCTPOYTOJILHBII.

Ojun u3 ero yrios « He Menble 5. Torya pajuyc onmmucaHHoro Kpy-

I'a HE IIPEBOCXOJIUT
d - d _ @ i

. AN .
sina ~ sin % 3

ajiee mpoBOJMIM pacCyK/IeHNsI, AHAJOTUIHBIE PACCYKJICHUSIM IPH
pemrennn 3amaqun 8.1.

8.5. Hocrarounocrs. Kaxkoit pyukiuu f Buga
f(z) = ax® + bx + ¢ nmocrasuM B cooTBercTBHE TOUKY (a,b,c) € R3
U PACCMOTPUM MHOXKECTBA

Ap = {(a,0,0) | |f(x) = F(zp)| < e}
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JokaxkeM, 94T0 MHOXKeCcTBa Aj BBIIYKJIbL. Ilycrh

(a17b1701)7 (a27b27c2) c Ak,O[ € [07 1]7
fl(l') = CL1£L'2 + bll‘ + ¢, f2(fL‘) = (lgfL‘2 + bzl’ + c2,
f(z) =az® + bz +c=afi(z) + (1 — ) fox).

13 ycnosus 3aja4uu cjeiyeT, 9To JIoOble YeThIpe MHOXKEeCTBA U3 Ha-
bopa {Ax}}_, mepecekatorcs. ITosromy 1o Teopeme Xesam Bce MHO-
xkecrBa {Ag})_, umetor oburyio Touky (a,b,¢).

Oynxuusa f(z) = ax? + bz + é u Gymer HCKOMOL.

9.1. Her. ®yuknus g He yuosjerBopsier yciaosuio g(Ap) = Ag(p)
st Bcex A = 0.

9.2.5) c(A,¢) =0,5(]1 + @2| + |1 — p2);
Ry/¢i + 95, 2 2 0;
6) c(A, ) = b
R|()O1|’ p2 < Oa
9.10. a) B cuty caencrBust 9.7 cupaBelInBO PABEHCTBO

oc
i— (A, ) = c(A, p).
Xi:%aw( p) = c(4,¢)
uddepennupysa annoe paBeHCTBO 1O (0, HOJIYIHM

Oc
o, A#) = 8% )+ e, = (5 tdie))

OTKyJIa CJIEJIyeT a).
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10.1. |la; — agl| + |r1 — 72|

12.1. Her. IIycts A=10,2], B={-1;1}, C =[-1,1].
12.2. Her. Ilycts A= R?, B={0}, C = R2.

12.7. D 5(~1;0) N D 5(1;0).

12.11. [Iyctb n=2 m

A= Dy(0;0), B = co{(0;0),(1;0)}.

Torna A = B = D;(0;0) N Dy((—1;0).

14.1. Her. Ilycrs f(x) = 23, Torma mns moboro t M(t) =
(—00, ¥/t] — BBITYKIOE MHOXECTBO.

14.8. Her. Ilycts A ={z € R" | ||z|| < 2,},

fa) = {o, ol < 1,

+oo, 1 < |lz] < 2.

Torga epif = D1(0) x [0,00) — 3aMKHyTOE MHOYKECTBO.
14.11. A={(z,y) e R* |y < —1,2>0}, f(z,y)=y.
14.12. Cwm. pemenne 3a7a4u 14.14.

14.13. Iycrs A = {(z,y) | 2% +3° < 1}.

0, ecmmaz®+y?<l,

T,Yy) = 1

f@y) —— ecmm, x? +y? =1,
1+

riae ¢ € (0,27] — mosspHLIL yroa Toukn (x,y).

14.14. Tlycrs extA = {a1,...,ar}, max f(a;) = f(a;). U3 Teo-
(2

pembl Kpetina-Munbmana cireyer, 9to mjist goboit Toukn © € A cy-

mectByor «; > 0,Y a; =1 u rakue, 4to T = Y @;a;. U3 BbIIyK-
i i
jgoctr pyHKIMKA [ TOTydaeM

flz) = f(z aiai)< Zaz‘f(az‘) < flay).

W3 nostyuenHoro HepaBeHCTBa CJIEIyeT, YTO MaKCUMaJIbHOE 3HAYEHUE
dbynknun f nocruraerca B Kpaiineil Touke a.
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14.17. Ilyctb M — mpou3BOJIbHOE BENECTBEHHOE YMC/I0. TaK KaK
f wneorpanmvena ma A, TO cymecTByer TouKa z € A Takasi, 4TO
f(z) > M. Bosbmem mpousBosbHyIO TOUKy = € IntA m paccmor-
puMm cemeiictBo Touek (o) = ay + (1 — a)z,a € [0,1]. Tak kax
z(a) € IntA mpu a > 0,2(0) = z, dbyskuus f HempepbBHA, TO
JUIST JJIs BCEX (v, OJIMBKHMX K HYJIIO, OY/IeT BBIIOJIHITHCA HEPABEHCTBO
f(z(a)) > M.

14.18. Her. IIycts A = [0, 1] x [0, 00),

flany) = {0, ecn x # 1,

y, ecan x = 1.

14.20. Tax kak Zf(l'z) Zf( Triy)s 125 f(Wi) = 22 f(Yn(a))s

TO MO2KHO CYHTATD, LITO

TLZ2T22 ... 2Ty, Y1 ZY2 > ... 2 Yp U T; # Y AT BCEX 1.

Ob6ozHaunM
flak) — flyk)
D , Xk Y, =
= Lz zwl, - zy,

ITo ycioBuio X > Vi, k=1,. —1,X, =Y,. B cuny caeacreus
14.2 umeem Dy > Dyyq u, clegoBaTebHO,

n—1

> (Xk = Yi)(Dy — D) + (Xn — Yn)Dp > 0.

k=1

Ucnionbayst npeobpazoanue Abesis

n—1 k
Zakbk, =" Ap(br, — brs1) + Anbn, tie Ay = ay,
k=1 k=1 =1

nosydaeMm Y (zx — yr) Dy = 0, 9ro u TpeboBaIoch JJOKA3aTh.
k=1
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14.21. Bocnosbdyemcst pedyiabratrom 3agadn 14.20. Bekrop
x = (a1,as,as,...,02,—1) MasKOPUPYET BEKTOP
y = (a2,a4,06,...,02,,a), TAC a = a1 —az +az —ag + - + azp-1.
n n
IMosromy > f(x;) = > f(yi). CrenosarensbHo, cripaBeyinBO HEPa-
= i=1

=1
BEHCTBO

flaz) -+ flazn) + f(a) < f(a1) + - + f(azn-1),

970 U TPebOBAJIOCH MOKA3aTh.
14.22. MoxKHO cYuTaTh, 9TO CIPABE/INBO HEPABEHCTBO
a1 =z as = ... =2 an. llycre S=a1+as+ -+ a,. Torma

S S S
(a17a27""an) - (7777"'>7>
n'n n
1
Qynkuns f(r) = — aBiasgercsa Bblrykioil Ha (0,00) n m03TOMY, B

cuny pesyibrara 3aja4un 14.20, cripaBe jiInBO HEPABEHCTBO

YRS S
=1 =1

LRSS SRC S +1_n2

a an ~ S/n S/in S’
YMHOXKas 06e YaCTH MOC/IeTHEr0 HEpaBEHCTBA Ha S, IOJIyIaeM Tpe-
Oyemoe.

14.23. Ilycrs f: R' — RY,
1, >0,

X =
/(@) {0, z < 0.

f — xBasuBbmmykisas dyskmus. Ilyers v = —1,v = 1, = 0;75.
Torma z = 0;5. Hepasencrso f(u) < f(v) BepHO, a HEepaBeHCTBO
f(2) < f(v) ne BbiOIHSIETCS.

14.24. [yers A = {(z,y) | |z| + |y| < 2},

1, |z|+|y| =1,
fx,y) = e
0, o[ +ly[ # 1.
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14.25. f: R?> - R, f(v,y) = —wy. Baas u = (1;1), v =
(-0.5:-0,5), a = 3 e f(u) < f(0),2 = (0:0), /(v) < f(0)

Kpome toro f(z) = f(0) > max{f(u), f(v)}.

14.26. Ilycts 0 <t < to.
a) to —t; < h. Bocnonbsyems: Teopemoii 14.10 st Todwex
t1,to,t1+h u to,t1+h, to+h. Ilomygaem cupaBeIIMBOCTL HEPABEHCTE

—fG R+ ) —ftth) + )

h = t1+h —t ’
—f(t1+h)+ f(t2) < —f(ta+h) + f(t2)
t1+h—ts = h '

Orcioa umeeM

[t h)+ ) o —f(e+h) + f(t2)
h = h

, wn g(t) 2 g(ta).

b) ta —t; > h. Paccmorpum pasbuenne o orpeska [t1,ts] Buia
=T <Tp < <Ts =ty

npudeM Tj41 — 7; < h. Ha ocnoBamun nynkra a) GymeMm nMerb

9(m) = g(m2) = ... = g(7s) = g(ta).

14.27. Ecim y = 0, mepasenctso Bepuo. [Iycts y > 0. Bocrosn-
3yeMcst pesysbraroMm 3ajadn 14.26. Bosbmem h = y paccMoTpuM
dyuxmio g(t) = f(t+y) — f(t). o panee nokaszanHoMy, g He BO3-
pacraeT. 3HaYUT, 1Jist BceX x > (0 CcIpaBeyinBO HEPABEHCTBO

9(x) < g(0), mm f(z+y)—f(z) < fly) - f0),

OTKYy/J1la CJieJlyeT TpedyeMoe HEPABEHCTBO.
14.28. Bocnonb3yemsa Teopemoit 14.10, mosaras z = 0. Tlonyya-
eM, 9TO eCcii & > Y, TO

f) = 10) _ f@@) = 1(0)
y—0 = z—0

, wm g(y) < g(x),
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9T0 U TPebOBAJIOCH JIOKA3aTh.
14.29. 1) Her. Ilycrs f(z) = z,z € (0,00). 2) Ha.
14.30. f(x) = const.
103
14.36. Her. f(z1,22) = —2} 24 : RZ — R! sBasercs BblyKiIoi
10 KaK/IOMy U3 apIyMEHTOB, HO He sIBJISIeTCs BBITYKJION Kak (QyHKIHsT

JBYX IIePEMEHHBIX.
14.37. e1+---+¢e, < 1.
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