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Introduction

This work ! is devoted to two-dimensional differential games with the nonfixed
time of termination. In such games, the first player tries to bring the state vector
to a given target set, the second player tries to avoid the state vector from the
meeting the target set.

According to the R.Isaacs terminology, the problem of finding the set of all
states such that the first player guarantees the achievement of the target set is
called the game of kind. In Chapter 1, an algorithm for solving games of kind
with linear dynamics of the general form is given. The similar algorithm for one
particular nonlinear system is described in Chapter 2. The main feature of these
algorithms is that they are not based on the treatment of auxiliary problems
where the time is considered to be the payoff function; the algorithms are based
on the analysis of families of semipermeable curves. The number of such families
is determined by the number of convexity-concavity cones of the Hamiltonian of a
control system. The solution becomes more complicated when the number of such
families increases. The complexity of problems of kind also depends on the form
of the target set. The main attention is paid to the case where the target set is a
single point in the plane.

An algorithm for finding level sets of value functions of linear minimum-time
game problems is considered in Chapter 3. The basis of the algorithm is a
backward procedure for finding fronts consisting of points where the value function
is constant. Besides the front, the boundary of a level set of the value function is
formed by barrier lines where the value function is discontinuous.

These algorithms were developed at the Institute of Mathematics and
Mechanics of the Ural Department of the Russian Academy of Sciences in the late
1970s/ early 80s. They are related to the approach typical for the Ekaterinburg
scientific school on differential games. The paper outlines only short schemes and

basic ideas of the algorithms. The main points of interest are concrete examples.

!The research decscribed in this publication was made possible in part by Grant NY NME00O
from the International Science Foundation



Basic notations

B — solvability set in the game of kind,

P — geometric restriction on the control parameter of the first player,

() — geometric restriction on the control parameter of the second player,
m — target point in the game of kind,

H — Hamiltonian of a conflict-controlled system,

(MW — 4 to — zero of the function H(-,z) belonging to the set TV,
(@1 — — to 4 zero of the function H(-,z) belonging to the set T'(?),
$M — family of the semipermeable curves of the first type,

$2) — family of the semipermeable curves of the second type,

p(™ — semipermeable curve belonging to the family &%),

gl g2

types used in the process of construction of the set B,

— piecewise smooth semipermeable curves of the first and the second

m, — source point in the nonlinear game of kind,

M — target set in the minimum-time game problem,

'y — usable part of the target set,

A — step of backward procedure for the minimum-time game problem,

W(iA, M) — level set of the value function corresponding to the time ¢A and
to the target set M in the minimum-time game problem,

F;, — front of the set WA, M).



Chapter 1

Linear two-dimensional differential games of
kind

1. Statement of the problem

We consider the following system of the second order:
r=Ar+u+v (1.1)

rE€R uwue P, veQ.

Here x is the state vector, A is a constant 2 x 2 matrix, u and v are control
variables of the first and the second players bounded by geometric constraints P
and @), respectively. The sets P and () are convex closed non-degenerated into
points polygons. The first player strives to control system (1.1) so that the state
vector arrives at a given point m € R?, the second player tries to prevent this.
It is required to find the set B of all initial states o € R? such that a feedback
strategy of the first player guarantees the transfer of system (1.1) from x¢ to m in
some finite time under any actions of the second player.

In accordance with the terminology of R.Isaacs [1], problems of finding the
set B are called games of kind. When studying the possibility for system (1.1)
to be brought to m, we are only interested in reaching of m within a finite
time interval but the duration of the process is not crucial. The estimate of the
duration can depend on the initial point 2y and can go to infinity when varying
xo 1n the set B. So, problems we consider are differential games with unbounded

time of termination.

Let us define the set B more carefully. Let i be the set of all strategies U of the
first player. Namely, this is the set of all functions defined on R, x R* with values
in P. Here, R, is the set of nonnegative reals. Let ¢ be an arbitrary partition of
R, formed by points 0 < t; <ty < ... (t; = 00 as { — 00), d(o) its diameter, and
v(-) measurable function of time with values in Q). For fixed o, U, v(-), we denote
by y(-;0,20,U,v(+)) the Euler spline [2, 3] of system (1.1) emanating from the
point zo. We denote by B the set of all 2o € R? for each of which there exist a
strategy U € U, a time 6, and a mapping ¢ — 6(¢) from R, into R, such that for



any € > 0, any partition o with the diameter d(o) < é(¢), and any function v(-)
with values in @ we can find a time ¢ € [0, 6] at which y(¢; 0,20, U, v(-)) lies in the
e-neighborhood of the point m.

By the alternative theorem [2, 3], for any point zo € R*\ B, the second
player can prevent system (1.1) from attaining m within any prescribed finite

time interval.

In order to simplify the algorithm of finding B, we exclude from considerations
the case of “one-type objects” where there exists a polyhedron D such that P =
—@Q+ D. In this case, game (1.1) can be reduced [2, 4] to the following control
problem

t=Ar+w, wéeD.

2. Smooth semipermeable curves

Our algorithm for finding the set B 1s based on the construction of special lines
(semipermeable curves [1]) in the phase plane. Let us define smooth semipermeable
curves.

We consider a smooth curve p in the plane (Fig. 1.1). Let + and — mark
positive and negative sides of the curve. Denote by ¢ (x) the normal vector to p
at a point x directed to the positive side of p. The curve p is called semipermeable
if for any point x of this curve the following condition is fulfilled

rilealgc %16151@(:1;), Ax +u+v) =0. (1.2)

Let us make the sense of the semipermeability property more precise. Let
u, € P be a control of the first player which gives the maximum to the left-hand
side of (1.2). Then
(l(x), Ax +u.+v) >0

for any control v € () of the second player. This means that for v = w.
the v-vectogram of system (1.1) lies in the positive half-space determined by
the vector ((x) (Fig. 1.1). In other words, the control u, of the first player
prevents trajectories of system (1.1) from penetrating from the positive side into

the negative side of the curve p.



Fig. 1.1. The property of semipermeability.

Let now v, € @ be a control of the second player giving the minimum in (1.2).
Then
(l(x),Ar +u+v.) <0

for any u € P. This means that for v = v, the u-vectogram of system (1.1) belongs
to the negative half-space determined by ¢(x). So, the control v, of the second
player prevents trajectories of system (1.1) from penetrating from the negative

side to the positive side of the curve p.

The solution methods for games of kind described in the book of R.Isaacs
are based on constructing semipermeable curves. This methods are applicable
to cases where two smooth semipermeable curves emanated from the target set
and faced each to other by positive sides either have an intersection point or
have infinite length. It can be often shown in this case that B coincides with the
set contained between these two curves. However, in most interesting cases the
smooth semipermeable curves emanating from the target set may not have points
in common and one of them or both have finite length.

In [5-8] methods for constructing the set B based on a sewing the
semipermeable curves are proposed. With these methods, the linear second-order
differential game of kind considered in this chapter can be completely solved. A
short sketch of these methods and arising from them algorithm for constructing
B will be given in the next section. Other methods for finding B based on sewing

semipermeable curves were studied in [9-12].



3. Families of semipermeable curves of first and

second types

We consider the function

_ . _ . 2
o(l) = max %151@, u+v) = rgg;c(ﬁ, u) + %151@, v), [€R.

Due to our assumptions about P and (), the phase plane can be divided into
even number of running in succession convex cones K, ..., Ky5, with the apex in
the origin, the nonempty interior, and an opening less than 7 such that: 1) the
function ¢ is concave for any odd j = 1,2s and is convex for any even j = 1,2s;
2) the restriction of ¢ onto each K is not a linear function.

We denote by E an arbitrary consisting of 2s links closed polygonal line in the
plane such that if E; is its link numbered j, then K; = Uy>0AE;. Let us agree that
the cone K, follows counterclockwise the cone K; , j = 1,2s — 1 (Fig. 1.2). For
any vectors (1, {5 with the ends belonging to E and not collinear one to other, the
notation #; < {3 means that the direction of the vector #; after the counterclockwise

rotation by not exceeding 7 angle coincides with that of the vector ¢,.

Fig. 1.2. Partition into the cones K.



We introduce the function

H((,z) = maxmin((, Az + u +v) = ({, Az) + ¢((), (€ R%.

ueP vEQR

It is evident that the function H(-,x) inherits the convexity-concavity properties
of the function ¢ in each of the cones K.
The semipermeable curves will be formed using zeros of the function H(-, ).

We say that (. € E is a — to + zero of the function H(-,z) if H({.,z) =0 and
H(l,z) <0 (H((,xz)>0)
for any ¢ < (. (> (.) that lies sufficiently close to (..
We define 4+ to — zeros of the function H(-,x) in the similar way.

We denote by Tt M2 715 the pairwise unions Ey U Ey, Es U Ey, ...,
Ey5_1U Ess, respectively. Let 1 T2 T2 be the pairwise unions E, U Es,

E,UE;,..., Ess U Ey. Due to above mentioned convexity-concavity properties, the

function H (-, z) may have at most one + to — zero belonging to IV, ; = 15, and

(564, i =
1,s, the set of all z € R? for each of which there exists a + to — ( — to +) zero of the
function H(-,z) belonging to T+ (T2), Let ((Mi(z) € T (¢2)i(z) € TR

be a vector which is a 4 to — ( — to +) zero. Function ¢(M(.), n =1,2, i =1,

at most one — to + zero belonging to I'®, i =T,s. We denote by S

is locally Lipschitz on S

Let II; and II_ be matrices of the rotation by 7/2 counterclockwise and
clockwise, respectively.

We consider the differential equations

dz

- = M (Wiz), e s (1.3)
dz (2), (2),
T =TL(z), 2 e s (1.4)

We denote by 2()(+, z) a solution of differential equation (1.3) satisfying the initial
condition (0, z5) = 2y and maximally extended in both positive and negative
directions with respect to 7. Similarly, let 2(2)7(-, zy) be a solution of (1.4) satisfying
the initial condition 220, 25) = zo. It follows from the form of equations (1.3),
(1.4) that all phase trajectories of these equations are semipermeable curves.
Corresponding to solutions phase trajectories form a family &1 ($(2)%) filling

the region S (5(2“). Curves of the first family obtained with the use of + to —



zeros of H(-,x) will be called the semipermeable curves of the first type. Curves
of the second family obtained with the use of — to + zeros will be called the
semipermeable curves of the second type.

The number of families of semipermeable curves of the first and the second
types depends on the number of convexity-concavity regions of the function ¢.
If P or () is a segment, one can divide the plane into four running in succession
convex cones I; so that the function ¢ is concave in K, K3 and is convex in
Ky, K. Therefore, s = 2, and we have two families of semipermeable curves of

the first type and two families of semipermeable curves of the second type.

4. Short scheme of algorithm for constructing

solvability set 5. Computed examples for games of kind

There may occur that the set B consists of the single point m. This means that for
any initial point x¢ # m the second player can prevent system (1.1) from reaching
the point m in any finite time. Necessary and sufficient conditions of the equality
B ={m } are given in [13-15].

The algorithm [5-8] for computing the set B is based on assembling some
piecewise smooth curves g, g(? from smooth semipermeable curves and on the
analysis of mutual locations and intersections of g, g(®). The curve g is designed

using arcs belonging to the families @7, i =T, and the curve g(? is composed

of arcs belonging to the families &+ ¢ =T .

In this paper we restrict ourselves by the explanation of the idea of the
algorithm in the case where the set P is a segment and the set () is a convex polygon
in the plane. In this case, the curves of four families M1, 12§11 H(2)2
can be involved into the construction of a solution. We will also suppose that
the matrix A has complex eigenvalues and the phase trajectories of the equation
#(t) = Ax(t) go around the origin in the counterclockwise direction with ¢
increasing.

We denote by p(™+(a,b) a part of a semipermeable curve of the family &)
that connects the points a, b (7 increases when we go from a to b). We denote

by pi(a) a part of a semipermeable curve of the family ®") emanating from a

point a and extended up to the boundary of the set S,

Let7=1when:=2and: =2 wheni = 1.
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The procedure of sewing semipermeable curves will refer to the notion of sprout
points. A point b is called the sprout point of a curve pi™i(a) if it is the first point

(when moving from the end of this curve) such that :

1) there exists a zero {y of the function H(-,b) belonging to the set T(”)g;
2) the composed curve p(™i(a, b) U p(”)’?(b) has the semipermeability property.
Condition 2) can also be formulated in terms of zeros of H(-,x). Namely: a) the

angle between the vectors ((M(b) and (, is less than m; b) for any vector ¢ €
E, (b)) < { < o, the inequality (—1)"H({,b) > 0 holds; ¢) for any ¢ € E which
is sufficiently closed to (o and such that [ > {y, we have (—1)"H({,b) > 0.

At the first step of the algorithm we check the validity of the relation B # { m }.
Except for some subtle cases which rarely appear in practice, it is sufficient [15]
to verify that the function H(-,m) has only one 4+ to — zero, only one — to +
zero, and the angle between these zeros taken counterclockwise from the first zero
to the second one is less than 7, to recognize that B # { m }. We suppose that
this condition is fulfilled and vectors (V1 (m) and ((2)72(m) are, respectively,
+ to — and — to + zeros mentioned in the condition.

In the description of the procedure for constructing gV, ¢® we will use the
term “branch” for indication of appearing auxiliary curves. This term seems to

be meaningful because these auxiliary curves may ramify from each other like

branches. We denote by gggn) the kth branch of g{™. We begin with the branch

o) = { p@=(m), . 7
b L ) U (), h =

(2)

Here ¢, is a sprout point of the curve p(®(m).
(1 ,(2) (1)

Then we construct the branches gy’,g5’,g5’,... of the curves g(l),g(z)

alternating the indices 1 and 2. Each curve in this sequence is a semipermeable

(m)

curve p(”)’i(q,gn)) (with an appropriate index ¢) emanating from the sprout point ¢,

(1)

of the previous curve. It is assumed that ¢,/ = m. Before starting a new branch of

the curve g, we change the second index of the family of semipermeable curves.

(m)

If, for example, we have used the family &™) for constructing g, then we are
to employ the family &)+ when constructing gg:_)l. To construct the next branch

ggj), we are to find its starting point q,gn). If the sprout point for the next branch

does not exist, then the construction of g™ is finished. The process of developing

the curve g can be represented by the sequence gﬁ”)(m, qé”)), g(zn)(qén)a Q:(an)), s

(m)

where ggj)(a, b) denotes the arc of the curve g drawn from the point a up to the

point b.

11



In the case considered (the matrix A has complex eigenvalues), the curves
g g2
we analyse mutual locations of g(M) gl

(1)

When constructing the curve g; ’, we verify the intersection with the part of the

can be twisting and untwisting spirals. In the course of the construction
2)

curve g?) available by this stage. This type of intersection will be further called
a-intersection. The typical form of the set 5 in the case of a-intersection is shown
in Fig. 1.3. The part of the curve g? disposed beyond the intersection point does
not give any contribution to the boundary of the set 5.

When constructing the curve gf), we verify the intersection with the part of
the curve gl obtained by this stage. This type of intersection will be called
E-intersection. The form of the set B in the case of £-intersection is shown in
Fig. 1.4. The part of the curve g(V) which is constructed but does not give any
contribution to the boundary of B is drawn with a thin line.

If the curve gV is a twisting spiral and has a common point with the curve g(?),
we say that these curves have g-intersection. The structure of the algorithm in this
case looks like that of one in the case of é-intersection. The set §2 bounded by the
curves g(m, ), g (m, #) does not belong to B. The form of the set B in the case
of -intersection is determined by the behavior of the curve g(?) beyond the point
of B-intersection. Namely, if g(® has a limit cycle, then clB = cl(Q?) \ Q) where
Q)  is the set bounded by this limit cycle ; if there is no limit cycle of g (@) | we
have clB = cl(R*\ Q). An example of S-intersection is given in Fig. 1.5. The curve
g®? is an untwisting spiral which has not any limit cycle. The set B is the whole
plane excluding the open set bounded by the curves g(V)(m, 3), g?(m, 3). The part
of the curve g(?) (the untwisting spiral) lying beyond the point of F-intersection is
shown with a thin line.

It should be noted that we verify the intersections not for the whole above
considered curves but for certain fragments of the curves which are specified by
the algorithm.

If in the course of constructions we obtain an intersection of the curves g(!)
and g, then this intersection is related to one of three following types: a, &, or
PB-intersection. If the curves do not intersect each other, then the following cases
may occur.

The curves g, g are untwisting spirals. The set B is bounded by the curves
g and g®; B is infinite but does not coincide with the whole plane (Fig. 1.6).

The curve g?) is an untwisting spiral. If it has a limit cycle, we denote by Q)

the open set bounded by this cycle. If there is not any limit cycle, we put

12



T2 o

0.2 +
Q 1
P
m i i
0.2 4 06 1,
-1
g(l)
-0.2¢+
B .
rr=r2+ w1+ v
g Ty = —4w1 + uz + v2
-04.-

Fig. 1.3. The set B in case of a-intersection.

T2

1.5

21 = 0321 + 22+ ur + 1

\

-4 -2 2 4 T Ty = —x1 + ug + v2

Fig. 1.4. The set B in case of {-intersection.

13



T2

Q 1
P
-1
4 ' 11
B B
-2 21 = —0.1721 + 22 + u1 + 01
o = —x1 + u2 + v2
Fig. 1.5. The set B in case of -intersection.
L2
1.5
Q P
—4 —2
B

g(2) -20 1 = —04dz1 + 2 +up + 11

o = —x1 + u2 + v2

Fig. 1.6. The set B is an infinite “ribbon”.
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Q) = R?. The curve g is either a twisting spiral winding down onto its own limit
cycle or a finite curve whose construction is finished because the corresponding
sprout point does not exist. If gV has a limit cycle, we denote by Q) the closed
set bounded by this limit cycle. If there is not any limit cycle, we put QM) = . In
all these cases, B = Q2 \QW),

The set B may be not closed: some fragments of the boundary may not belong
to B. For example, if B is bounded by a limit cycle of the curve g(?, the limit cycle
itself does not belong to B.

The above mentioned examples were computed with the use of the program

described in [8].

In the papers [5, 6], the existence of a strategy of the first player which
guarantees the attainment of the point m within a finite time interval was proved
in the case where the set P is an arbitrary segment. The proof is based on the
dividing the set B into elementary cells (curvilinear polygons) Ay, ..., Ay. The cell
A; adjoins to the point m. Each type of cells is associated with the control of
the first player which has a constant value in the interior of a cell and has some
switching structure on the cell’s boundary. Such a control ensures transfer from

the current cell to a cell with a lesser index and, finally, from A to m.

If, for constant values of u, v, phase trajectories of system (1.1) are circles, the
set B can be constructed with a pair of compasses. Let us explain this using the

following example. Consider the control system

1= T2+ur+v
Ty = —x1+ uz + vy,

=)o o= (i) ce

The sets P, @ are shown in Fig. 1.7. The set P is the vertical segment of the

(1.5)

length 2 which is symmetric with respect to the origin.

We have vy = 0, which means that the control variable of the first player takes
scalar values; the relevant constraint can be written as | uz |< p. We assume that
p 1s sufficiently large. We denote by hy, hy the vertices of P, and by 74,7, the
normal vectors. The set () is the quadrangle with the vertices ry,ry, r3,1r4. We

denote by 11,12, 13,74 the inward normals to Q).

15



T2

1
hy
m L)
Q
2
P
N4 rs3
13 .
[ B
T4
hy

Fig. 1.7. The sets P, @) for game (1.5).

We consider the partition of the plane into the cones Iy, ..., Ky (Fig. 1.8). Let
E Dbe corresponding to this partition closed polygonal line consisting of four links
Ei, ..., Ey. The function ¢({) = max Ejr&gl(ﬁ, u—+wv) is concave in the cone K5 because
the normals v,7, do not belong to K3 (so, for any ¢ € K, the same element
of P gives maximum to the expression riltrlealgcﬂ, u)) but the normal 13 to the set @
belongs to 5. For similar reasons, the function ¢ is concave in the cone Kj. The
function ¢ is convex in Ko, since any normal of @) does not belong to K, (so, the
same element of () gives minimum to the expression E]r&gl(ﬁ, v) ) but the normal v,
to the set P belongs to 3. The cone K, containes the normals ~,, 12 to the sets
P and @) and these normals have the same direction. The function ¢ is convex in
K4 because the length of the segment P is greater than the length of the parallel

segment [rg, r3).
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A $2
concave
K,
Es K
- L
K 4 2
5 N3 convex
convex 4 F,
Uy Y1 T
72
N4
m
E;
I concave

Fig. 1.8. Partition into the cones for game (1.5).

We denote 'MW = By UE,, TMW?2 = E,UE,, T = B,UE,;, T®?=E,UE,.
We put
J=c((P+Q\((Q+m)U(Q+h)).
The set J is drawn in Fig. 1.9. Each vertex of the polygonal line bounding the

set J has the form u + v, and
a = hy+ry, Z:h2+r47 ¢ =hy+rs, J:h1—|-7“27 €=hy+ry.

Let S+ be the set of all y € R? for each of which there exist a + to — zero of
the function max mig(ﬁ, u+v—y)in [ if n = 1 and, on the contrary, a — to +
ue vE

zero in T if n = 2. Tt is easy to see that the sets S+ have the form shown in

Fig. 1.10 in the example considered. We obtain

S(n)’Z: {x €R2; —}Lq;:y7 Yy € g(”)”}, n=1,2, = 1,2.

We put
J={teR —Ax =y, yec J}.

17



In this example,

A:(_Ol(l)).

So, the sets (™7 J can be obtained via rotation of the sets S J by /2

clockwise.

Y2

"

|
+ Iy

@thy
/

/
/
/
/
/

Fig. 1.9. Construction of the set J.

For any point & which does not belong to J, there exist one + to — zero and
one — to + zero of H(-,x). For any point from the interior of J, there exist two
zeros of each type.

Semipermeable curves of families ®()7

are composed of arcs of circles whose
centers are points a, b, ¢, d, e. Figure 1.11 shows, for example, the semipermeable
curve pt! belonging to the family (1), This curve is composed of the arcs wyws,
waotz, wswy, wqws whose centers are the points d, e, a, b, respectively. Figure
1.12 shows the semipermeable curve p(®+' belonging to the family ®®'. The arcs

f1f2 and f3 f3 have centers at b and ¢, respectively.

18



Yo Y2
21 S§(2).2
)
-
. m "Y1

"

I /.
Fig. 1.10. The form of the sets SOR

Let us explain how does the construction of the set B go, when the target point
m € SW2N 522 (Fig. 1.13).

The semipermeable curve p?)3(m) of the family ®®)? is an arc of a circle with
the center at e. We draw the arc p®%(m) up to the boundary of the set S22,
The end point of this curve is denoted by w. We seek a sprout point on the curve
obtained. Starting with the end point w, we search through points of p(®%(m,w)
and find the first point qf) such that conditions 1),2) (see page 11) are fulfilled.
It should be noted that conditions 1), 2a), 2¢) hold for all points of p(z)’l(qf),w),

while condition 2b) is valid for the point qf) only. We draw the curve p(z)’l(q@)

(2)

of the family &' from the point ¢;*’ (it is composed of arcs with the centers

19



Fig. 1.11. A semipermeable curve Fig. 1.12. A semipermeable curve

of the family &1, of the family ®®)1,

at b and ¢). We continue this curve up to the boundary of the set S)'. The curve
(2)

gi” 1s formed by two smooth pieces

el = p?2(m, i) Up@(g?).

Then we construct the first branch of gi"). The curve p(")?(m) is composed of arcs

with centers at ¢ and d. When constructing this curve, we test a-intersection with

(2)

the curve g;”’. The a-intersection does exist. The construction is finished. The set
B is bounded by the curves gf)(m, a), ggl)(m, a).

In Fig. 1.13, positive and negative sides of curves are indicated with marks. A
feedback control transferring the system to the point m can be designed using the
following scheme: being originated from any point zy € B, any motion of system
(1.1) with uy = p meets the curve p(®%(m, qf)); switching the control for uy = —p
prevents the motion from penetrating into the negative side of this curve; if the
motion comes down to the positive side of the curve p(?2(m, qf)), then after some
time we put uy = p again, and so on; the sliding mode along the curve p(?2(m, qf))
ensures the movement towards the point m.

The set B for some other target point m € S-S is shown in Fig. 1.14.

In this specially selected case, B depends discontinuously on m : very small
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Fig. 1.13. Construction of the set B for m € §1)2 N 522,

Fig. 1.14. The set B for m € SN SE1,
The case of tangency of g(') and g?).
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displacements of m cause violent changes of 5. In such a situation it is important
which of formalizations is used. With the assumed by the authors formalization
that corresponds to [2, 3], the set B contains the set C lying beyond the tangent
point a. The set C may not belong to B for other formalizations. It should be
noted that in examples shown in Fig. 1.13 and in Fig. 1.14 the set B is not closed:

the arc ozqf) in Fig. 1.13 and the similar arc in Fig. 1.14 do not belong to B.

The sets T') in the example examined were introduced via the polygonal line
E with the links Fy, Ey, E3, E4. Another variant of setting the sets () {5 their
definition via two parallel horizontal straight lines which we denote for convenience
by Ei, Ej. The line E lies below the origin, the line E5 lies above the origin. Since
P is the vertical segment, the function ¢ is concave on E; and E5. Specification of
ree. Tl = g, 7M2 = By, T = By T2 = B, Such a definition may be
more convenient in some cases and it will be used in Chapter 2. It should be taken
into account that by this definition horizontal vectors do not belong to T+,

The computational algorithm for finding the set B does not use any explicit
geometric description of the sets S()i g T J These sets are useful if we
construct the set B “by hand”. The program for finding the set B in the case of an
arbitrary matrix A with complex eigenvalues and arbitrary convex polygons P, ()
is given in [8]. This program computes associated with the point m semipermeable
curves using zeros of function H, analyses mutual dispositions of these curves, and
gives the boundary of B. Several variants of the set B for various matrices A and
polygons P, () are demonstrated in Figs. 1.15-1.18.

A complete description of solution to games of kind in the case of scalar control
of the first player (the set P is a segment ) and arbitrary matrices A is given in [5, 6].

If the matrix A has real eigenvalues, the solution is, as a rule, more simple

2) is less than that in

because the number of branches of the curves g, gl
case of complex eigenvalues. On the other hand, the solution may be more
complicated because in some cases there may be insufficient to construct only
curves associated with the point m for finding the set 5. Sometimes, it is necessary
to use semipermeable curves of the first and the second types associated with one
or more additional “source” points. An example of the set B in the case of real

eigenvalues of the matrix A is shown in Fig. 1.19. The point m; is a source point.
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Examples of solving games of kind in the case

of nonscalar control variable of the first player

T2

21 = 0521 +0.1720 + v1 + v

29 = —0.1721 + 0.1229 + us + v9

Fig. 1.15. The set B is determined by «-intersection point.

T2
1.5
B @ P
—6.2 —4
—2
1 = 0.621 + 22+ ur + 1
H |
4 2 T Ty = —x1 +uz + vz

Fig. 1.16. The set B is determined by &-intersection point.
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1
-05 0'5 1 1'5 2
€1

21 = 01221 + 22+ u1 + 0

o = —x1 + u2 + v2

Fig. 1.17. The set B is bounded by the limit cycle of the curve g(?),

T2

] \/ 5
1
a1
1 = a2+ ur + v

2L o = —2x1 +uz + v2

Fig. 1.18. The curve g(!) is the twisting spiral, the curve g() is
the untwisting spiral. The set 5 is the whole plane.
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T2

\1 2 21 = 0.2521 + u1 + 0
m

z9 = 0.bzy + ug + v9

Fig. 1.19. An example of the set B in the case of real
eigenvalues of the matrix A.

T2
ol 5
By P
1 Q
—2.3 2.3
| M |
-2 -1 1 2 - y
Bs
4 1 = a2+ ur + v

o = —a1 + uz + v2

Fig. 1.20. An example of solution in the case where
the target set is not a single point.
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We considered the case where the target set is a single point. If the target
set 1s an arbitrary convex compact M in the plane, the game of kind can also be
solved using semipermeable curves of the first and the second types. The simplest
structure of solutions in this case is the following: one or more components of
the set B growing from the set M can be constructed independently and these
components do not intersect each other. Such a simple variant is demonstrated
in Fig. 1.20. The set B computed consists of two pieces By, By. Significant

complications occur when the above mentioned pieces intersect each other.
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Chapter 2

Nonlinear game of kind

The idea of the algorithm for finding the set B for two-dimensional linear
differential games of kind can be extended to differential games of kind with
nonlinear in phase variable dynamics. In this chapter we describe how to modify

the algorithm for the following nonlinear system

Tr= e (2.1)
Zy = —ksin(xy +a) +uz+e¢
v € [1/*,1/*], | U2 |§ He
The target set is a point m in the plane. The constants ¢, u, k satisfy the relation
¢ < p—k, k> 0. This condition does not simplify the problem essentially, it

only reduces the number of variants of the possible structure of the set 5. A more

detailed description of the algorithm is given in [16, 17].

1. Description of families of semipermeable curves

By analogy with Chapter 1, we consider the function

() = in( (€ R?
p(¢) = maxmin(l,u +v), (€ R,

where P is the segment with the vertices (0, ), (0,—p) and @ is the segment
with the vertices (v, ¢), (v*,¢). As P is the vertical segment, the plane is divided
by the xi-axis into two half-planes {¢, > 0}, {¢; < 0} so that the function ¢ is
concave in each of these half-planes. Instead of the polygonal line E introduced
in section 3 of Chapter 1, we consider the horizontal straight lines Fy: (, = —a«

(a is an arbitrary positive number) and Es: (3 = o. We put
rWl=pg, TW2=pg, TO'=pg, TO2=F,

The function H introduced in Chapter 1 has now the form

T2

H(lz) = (¢, ( sin(er 4 ) )> + o(0).
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It inherits the concavity-convexity properties of the function ¢ with respect to
variable (. So, for any = fixed, the function H may have at most one 4+ to — zero
and one — to + zero in each set T4 n =12 i=1,2.

Just as in section 4 of Chapter 1, we introduce sets S+ that are sets of all
y € R? for each of which there exist a + to — zero (if n =1) and a — to +

zero (if n = 2) of the function max miggl(l,u 4+ v — ) in the set T The sets
ue ve

S =1,2, ¢ =1,2, are open and have the form shown in Fig. 2.1.

S
(v i+ o)
Y
08! .
S(1):2
j g(l),Z j
[
(v =+ ) } y
()1
S@2)1 §(2)2
- Yy -
J ()1 J
£(2),2
[

Fig. 2.1. Sets SRR

We consider the mapping ¥: (z1,22) — (—x2, ksin(x; + a)). The preimage of
the set S (5(2“) under the mapping ¥ is a set S (S(2) consisting of points
 such that there exists a unique zero ((:i(z) (¢)i(z) ) of + to — ( — to +) type
of the function H(-,z) belonging to the set T ( T2 ),
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Since ¢ < p — k, the preimage of the set {y: y2 < —p 4 ¢} under the mapping
T is the empty set. So, SU (S22 is the half-plane below the line z;, = —uv,
(above the line z9 = —v*).

If | u+c| /k <1, then SO n #£ 4 is the collection of sets which are
translations of the set X"+ (Fig. 2.2) by 27r, r = 0,£1,£2, ..., along the x,-axis.
By b, d, e in Fig. 2.2, we denoted the values

+c . ptc . ptc
- T —a + arcsin k 5 —d — arcsin

—a — arcsin , + m,

respectively. If | g+ ¢ | /k < 1, then the sets S22, S@)! have the forms shown in
Fig. 2.3.

(b, —x) (d, —vx) X (1).2

27 27

(e, —vx) (d,—12)

(b,—v") (e, —v")

(bv_’/*) (e,—y*)

(b,—v™) (d,—v™)

Fig. 2.2. Auxiliary sets X ("),

If | w4+ ¢ | /k > 1, then the preimage of the set {y: vy2 > pu + ¢} under
the transformation ¥ is the empty set. In this case, the set S1)? ( S@)1 ) is the

half-plane above the line 3 = —v* ( below the line x5 = —v, ).
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Lo = —Vy

Fig. 2.3. Sets S():2, §(2)1,

The function ((")(.) satisfies the Lipschitz condition in any closed bounded
subset of S+ for any n = 1,2, ¢ = 1,2. Similar to the case of linear system, we

consider the following differential equations

d . ,

—dZ =10, 0M(2), zesW (2.2)
-

dz (2).0 (2).0

= 0" (z), =ze€ S (2.3)
-

Belonging to S (S(?)%) phase trajectories of maximally extended solutions of
equation (2.2) ( (2.3) ) generate the family ®() (®2)) of semipermeable curves.
We put

F={x€ R ksin(v;+a)<pu+c}, G={xe R ksin(a;+a)>pu+c}.

If | p4c¢| /k < 1, then the set F' (G) is the collection of vertical strips
F, (G,), r = 0,£1,42, ..., which are repeated periodically with the period 2.
These strips are bounded by the following vertical straight lines

M, = {z €eR? x,= —a+arcsinﬂzc+27rr},
2 . ptc
N, ={x € R*: 1 = —a — arcsin + 7+ 27r}.

If (u+c)/k<—1,then F =0, G=R>1If (u+c)/k > 1, then F = R*, G = 0.

We concentrate ourselves on the most complicated case | p+ ¢ | /k < 1.
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Semipermeable curves p™+ of the family & can be interpreted as phase

trajectories of system (2.1). Namely, curves pM1 are phase trajectories
corresponding to u; = —pu, v; = v.. Curves p®? are phase trajectories with
Uy = —p, v, = v*. Curves pt? are phase trajectories with us = p; v1 = v, in the

set G and v; = v* in the set F. Curves p(®! are phase trajectories with uy = y;
v; = v* 1n the set G and v; = v, 1n the set F.

The above mentioned semipermeable curves are drawn schematically in
Fig. 2.4. Arrows show the reverse time directions for motions of system(2.1) or,

which is the same, directions of motion for increasing 7 in equations (2.2), (2.3).

D(l)

T
s i
]
P
n./,,mef,”' e AN

o

|
f LA
- — g
W” e -~
|

/

A

d

/

o "

A

¢
|
|
/‘ / !
-
¢ i
% LR
[ 1 '

Fig. 2.4. Families of semipermeable curves.

Curves pt! and p(1)? have a smooth conjunction at all points of the segments

DM = {z: 2, = —v,}NclG,, r = 0,£1,42, ..., with the exception of the points

+c

+ 74+ 27r, —v) € Dfol) ﬂNT,

.
m, = (—a — arcsin

which are saddle points of system (2.1) for uy = p, v, = v.. Curves p®! and
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p?? have a smooth conjunction at all points of the segments D) =

{z: 29 = —v*}NclG,, with the exception of the points

+c

+ 74278, —V") € Dfoz) ﬂNT,

h, = (—a — arcsin a

which are saddle points of system (2.1) for uy = p, vy = v*.

The sets S+ are open. Nevertheless, we need the notion of semipermeable
curves emanating from some points of the boundary of S It is clear from
Fig. 2.4 that for each boundary point of S(* at most one curve of the family
$(")" may outcome from and at most one curve of this family may arrive at such
a point. So, the notation p(™(x.) for x, € S has the evident meaning.

For each point m,, the curves pt")2(m, ) and p®'(m,) are tangent at this point
to an invariant straight line associated with the positive eigenvalue of the matrix
of the system obtained via linearizing system (2.1) with respect to the equilibrium
point m,, under uy = p, v; = v.. The state vector of system (2.1) approaches
asymptotically to m, along these curves as t — oo. It should be noted that the
curve p(”)’%(mﬁ) is obtained from the curve p(”)’%(mw), ro > r1, by the horizontal

displacement by the value 27 (ry — 7).

2. Algorithm for finding the solvability set B.

Examples of solving the game of kind

Like the idea of Chapter 1 where the dynamics of the control system is linear,
the 1dea of the algorithm for finding the set B consists in constructing by turns
semipermeable curves of the first and the second types. The main distinction
from the case of complex eigenvalues of the matrix A is the following: for finding
the set B, besides m we may need one or several additional points called further
source points. Such points arise because equilibrium states of a certain type may
exist in the nonlinear case. The set B is determined by all semipermeable curves
emanating from the point m and from source points. For the problem in question,

the points m, will be used as source points.

In the course of the construction of the set B, curves pt)! are sewn together
with curves p(M? and curves p?! are sewn together with curves p(?2. The
assembling of curves with the observance of properties 1), 2) which determine

the sprout point (see section 4 of Chapter 1) is realizable for curves p (V:4p (1):2
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only at points of the segments D), and for curves p1, p )2 only at points

v
of the segments D (?. As it follows from properties of the curves (see Fig. 2.4),
curves of the first type are smoothly sewn everywhere on D) excluding the
points m,, and curves of the second type are smoothly sewn everywhere
D® excluding the points h,.The resulting line obtained after sewing the
curves with the same first indices has the semipermeability property.

Like in Chapter 1, a special condition [13-15] excludes the case B = {m}.
In particular, B = {m} if the point m lies in the horizontal strip between the
lines wo= —vy, v = —1™.

Suppose B # {m} and describe the algorithm for constructing the set B.
Assume for definiteness that m lies below the horizontal strip specified. That

is, m € SN S@1,
At the first step we construct the branch

@ [ PP (m), pP(m) is infinite
BT p@(m, ) U pD2(g®), pD1(m) s finite.

(2)

2
Here, ¢;

(2)

is the sprout point of the curve p®'(m). The point ¢;” coincides with

the endpoint of the curve p(®+!(m) and belongs to the segment D),
2) (1 () (1)

are constructed by turns: gy, g5/, g5 5 ... .

The branches ggl), g(zl) are associated with the point m: ggl) = p(l)’l(m, qgl)), g(zl)

The branches of the curves g(l), g(

p(l)’z(qgl)). Here, qgl) is the sprout point of the curve p("'(m). The point qgl

coincides with the endpoint of the curve p(")!(m) if it belongs to D(V. If do

~—

no, we decide that the sprout point on the curve p{")'(m) does not exist and put
gh) = 0.

Let us define now the curves associated with the points m,. We will only use
those points which lie on the left from the endpoint of the curve ggll ) We enumerate
such points from the right to the left and denote them my, my, .... For the curves of

the first type with 7 > 3, we put

1 _ pM3(mi=), j is even number
0, 7 1s odd number.

For the curves of the second type with 7 > 2, we let

p@(my), j is even number

gf) = p(z)’z(q(2 ), 7 is odd number and sprout point q(2) exists

J J
0, 7 1s odd number and sprout point q;Z) does not exist.

So, the curves of the first type emanating from the points m, belong to the family

$M)2 and they do not have sprout points. The curves of the second type emanating
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from m, may have sprout points. In the latter case, the curves of the family (!

are continued by the curves of the family &2,
(1)
J

one or two already constructed curves of the second type. If the intersection occurs

(1)

J

When constructing the current branch g/, 7 > 1, we test intersections with

(a-intersection), then the construction of g;"’ beyond the point of intersection is

(2)

ceased. When constructing the current branch g;”, j > 2, we test intersections

with one of the already constructed curves of the first type. Namely, for even

(1)

indices j, we check the intersection with g3’ , for odd indices j, we analyse the

(1)

intersection with g, . If the intersection occurs (&-intersection), then the

construction of g(f) 1s finished.

In the most simple cases, the set B is determined only by curves emanating
from the point m. All these cases are listed below:

a) If in the course of the construction of g 51) or g(zl) an a-intersection with gf)
occurs, then the set B is bounded by the curves drawn from the point m up to the
point of a-intersection (Fig. 2.5);

b) If the curve g(zl) is infinite and does not have points in common with the
curve g@, then the set B is bounded by the curves g(), ¢(®) emanating from the
point m (Figs. 2.6-2.8). In this case, the set B is infinite but does not coincide
with the whole plane.

In Figs. 2.6-2.8, three variants of the set B are shown. For all variants,
e
they correspond to different segments ).

Note that Fig. 2.5 is similar to Fig. 1.3 of Chapter 1, and Figs. 2.6-2.8 are

similar to Fig. 1.6.

are smooth infinite curves. The pictures differ one from other because

It may happen that the curve ggl) does not have any sprout point (Fig. 2.9)

or it has a sprout point but the curve g(zl) is finite (Fig. 2.10). Besides, the above
mentioned curves do not have any a-intersection with the curve g§2). For linear
systems with complex eigenvalues of the matrix A, such a configuration would
determine the set B. (The set B would be either bounded by a limit cycle of the
curve gt? or would coincide with the whole plane if g¢(® does not have limit
cycles.) The solution of the nonlinear problem considered is more complicated:
to obtain the set B, one should use semipermeable curves of the first and the second
types emanating from the points m,. This is what the algorithm does.

In the example shown in Fig. 2.9, the following is done. We trace the curve
g(;) from the point m; and obtain &-intersection with ggl). As g(zl) =0, ggf) =0,

(1 (2) (1)

and g3) = (), we issue the curve g;”’ from the point m,. Then we trace g;’ from
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my. This curve is infinite. The set B is bounded by the curves ggz)(m), ggl)(m, 1),
g(;)(ml,fl), ggl)(ml). The curve gf) was constructed but it does not give any
contribution to the boundary of B.

Let us explain the constructions shown in Fig. 2.10. After construction of

(2) (1) (2)

the curves g;” and g;’/, we compute the curve g;” emanating from my. It has

(1) (1)

E-intersection with the curve gy /. Then we trace the curve g5 ’. It has a-intersection

(2) (2) (1)

with g;’. Then we construct the curve g;”’ from the point my and the curve g;
(1) (2)

from the point m;. The curve g; ’ has a-intersection with g;”’. The boundary of B

is formed by the curves

g§2)(m)7 ggl)(qugl))v ggz)(mlval*)v ggl)(qgl)val*)v gglz)(m%a?*)v ggll)(mlva%)v

and also by the curves gﬁm(mﬂﬁ,a(ﬂﬁ)*), gﬁm(m1+,§,a(2+,§)*), k=12 ..,
that are translations of the curves gf)(mg,ag*), gfll)(ml,ozz*) in the z{-backward
direction by the value 27k.

Figures 2.5-2.10 present results obtained with the use of the computer
program implementing the above described algorithm. Some of the other possible
variants of the structure of the set B are shown in Figs. 2.11, 2.12. In the first
case (Fig. 2.11), the only source point m, takes effect on the boundary of the set
B. In the second case (Fig. 2.12), the number of such source points is infinite (as
well as in the example shown in Fig. 2.10). In [16, 17], all of the possible variants
of the structure of the set B are given (19 variants) for the case where the point
m lies below the line x5 = —v*. These papers describe also some variants of the

structure of the set B when the point m lies above the line x5 = —v.. Two of these

variants are shown in Figs. 2.13, 2.14.

The set B of initial states for the successful termination of the game may be not
closed. A limit point & belongs to B if and only if one of the following conditions
is satisfied: a) & is not an « or £- intersection point of boundary curves, and the
state vector does not meet the singular points m,,h, when moving in direct
time from & along a boundary curve passing through &; b) & is an a-intersection
point, and for each boundary curve passing through # the state vector does not
meet the singular points m,, h, when moving in direct time from & along this
boundary curve; ¢) & is an £-intersection point, and the state vector does not meet
the singular point m, when moving in direct time from 2z along the boundary
curve of the first type.

In examples shown in Figs. 2.9-2.12, 2.14, the set B is not closed. For instance,

in Fig. 2.10, the curve aq.mjas.moczams...agmg... does not belong to B.
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Examples of the set B in the nonlinear game

1°. Behaviour of the set B when resources of the second player decrease.
Source points are absent.

L1
P
- L1
Q
T2
6 o
al gl o
B
2L
€1
m 4 8 12
Fig. 2.5.
T2
L1
12k P
B - L1
\—’\/— Q
8- g(2)
4k
g(l)
1
I I I I
-10 -5 m 5 10
Fig. 2.6.
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T2
— L1
\ Q
(2)
\/\_/8-_ g
B
4+
g(l)
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| I i I I
-12 -8 4 m 4 12
Fig. 2.7.

-1

P

22 L1

Lo
10 -
\_/_\/—\/ g(l)
5 -
g(2)
| /I\/\’\/—\/_\
-1IO m 1|0 20 T
Fig. 2.8.
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2%, The form of the set B in cases of one and infinite number of source points.

2
P
Q -2
T2
1
\/\_/\/-ggl\)/_ B
ffffffffffff -6 o To = —Vx
(2)
g )&
ffffffffffff 4+ 4 xpy=—VF
e
2
£
| | 1
| | m | |
-20 -10 10 20 1
Fig. 2.9.
2
P
T2
Q
8- B _— 5
g(;)( )
1
N Lo = —Us
ffffffff zy = —v*
g :
&
10 20 x1
I I
e
Fig. 2.10.
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Fig. 2.11.

Fig. 2.12.
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Fig. 2.13.

Fig. 2.14.
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3. Controls of first and second players

Since we are not interested in finding time optimal controls, there are many
strategies of the first player which provide the reaching of the target point m.
One of such strategies can be designed using the extremal aiming procedure[2, 3]
applied to the closure of a bundle Y (x) consisting of trajectories of (2.1) starting
from the point z¢ at to = 0 and arriving at m by a time 6 which can depend on
2. The bundle Y (x) has the u-stability property. The notions of u-stability and
of extremal strategies that we use here are given in [2, 3].

Construction of the bundle with the necessary properties uses (see for details
[16, 17]) a partition of the closure of B into “cells” Ak defined via an increasing

sequence of sets:

Al g A2 g ... € A/g; g ceey A/g; g Cl[D,7 R = 1,2,....

The construction of such a sequence {Ag} is explained in Figs. 2.15, 2.16. In
some cases, the sets with neighbor indices may coincide. The sequence {Ax} in
Fig. 2.15 corresponds to the set B given in Fig. 2.11. In this example, we have
Ay = clB. In Fig. 2.16, the sets Ay, Ay = A3, Ay = A; of an infinite sequence
{Ag} corresponding to the set B depicted in Fig. 2.10 are shown. In general case,
the boundary of Ax is composed from semipermeable curves of the first and the
second types and from some auxiliary vertical lines. If clBB does not contain the
points m;, ¢ = 2,3, ..., then Ax = clB for some « < 4. Otherwise, the sequence
{Ag} is infinite and converges to clB as k — oc.

The cells Ag are defined in the following way: Ay = cld;, Ax = cl(Ax \
Ag_1), k> 2. If Ax = Ak_1, then Ag = 0. The intersection of two different cells
may consist of some of their boundary curves only. In Fig. 2.17 and Fig. 2.18,
partitions into cells corresponding to sets B from Fig. 2.15 and Fig. 2.16 are
given. We put uy = p for the cells with even numbers and uy = —pu for the cells
with odd numbers. Such a control ensures the right-hand side of system (2.1) to
be not equal to zero in the interior of cells for any control vy of the second player.

The idea of construction of the bundle Y(xo) with the above mentioned
properties looks as follows. We find the smallest x, such that zo € Ag, and
consider the cells Ag with x < k,. The first player uses the constant control
Uy = pt (ug = —p) in the cells with even (odd) indices. There are some peculiarities
of the control choice near the cells boundaries. Namely, if a motion of system

(2.1) for uy = p (ug= —p) meets a part of the boundary of A, which does not
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mi q;l)

Fig. 2.15. Construction of auxiliary sets A,.

e

Fig. 2.16. Construction of auxiliary sets A,.
The case of the infinite number of source points m;.
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Fig. 2.17. Partition of the set B into cells A,.

| | | | |
TR I ST
| | | | 8t |
| | | | |
| | | | |
[e¥'™ 3% s 5P [s 5
-2|0 -:II.O 1|0 2|0
I I m \/—4\—/\_;\_’_‘

Fig. 2.18. Partition of the set B into cells A,.
The case of the infinite number of source points m;.
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belong to Ag for some s < k., then we switch the control wu; for the control with
the opposite sign and keep it until the motion meets some auxiliary “tracking”
line which lies close to the above mentioned boundary curve. After meeting this
auxiliary curve, we put uy = g (uy = —p) again, and so on. Thus, the sliding
mode near the cell’s boundary may occur. Such a rule of the control choice provides
transition of trajectories from Ag to Ag for some s < k. For trajectories starting
from the point xg, the sequence of passable cells is not strictly determined ( it
depends on the actual control vi(-)) but the values of indices of passable cells
increase necessarily. In some cases, to realize the motion of the state vector of
(2.1) towards m, one should use some discrimination of the second player: the
control of the first player must depend not only on the actual state position but
also on the control vy(t) which is anticipated for some small time interval. The
bundle Y (xg), g € B, is defined as the set of all trajectories of (2.1) obtained
using the above control rule of the first player and by union over all controls v (-)

of the second player.

The way to design a strategy of the second player preventing the trajectories
from meeting the point m whenever the initial states belong to the set R*\ B is

given in [16, 17].

The considered example with the nonlinear dynamics demonstrates the
possibility of finding solvability sets for games of kind using some preliminary

analysis of the behavior of semipermeable curves of the first and second types.
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Chapter 3

Minimum-time game problem

The previous chapters were devoted to the construction of solvability sets for games
of kind. The following properties characterize points of solvability sets for games
of kind: the first player guarantees the attainment of the target set within a
finite time interval, but the minimum guaranteed time of attainment can not be
specified.

In this chapter, we consider two-dimensional minimum-time differential game.
The payoff function in such a game is the time of reaching a given target
set M. The first player seeks to minimize the time of reaching M, the
aim of the second player is opposite. The solution to such a problem will
be obtained via construction of sets W (6, M), 8 > 0. Each of them is the set of
all initial states xo such that the first player guarantees the transition of the state
vector to M by the time 6. The set W (6, M) is the level set (the Lebesque set) of
the value function of the minimum-time game problem. This set is also called the
set of the positional absorption by the time € or t-section of the maximal u-stable
bridge [2, 3] corresponding to t = #. The set W (6, M) converges to the solvability

set of the corresponding game of kind as 6 — oco.

To find the sets W(6, M), we will use backward procedures. The general
ideas of backward procedures for differential games were considered in papers of
R.Bellmann, R.Isaacs, W.Fleming, L..S.Pontrjagin, and B.N.Pshenichny.

The most advanced results [18-25] related to algorithmic implementations of
backward constructions were obtained for linear differential games with fixed time
of termination. The main peculiarities of these problems are the following: 1) the
convexity of target sets implies the convexity of f-sections of maximal stable
bridges; 2) if the target set is cylindrical with respect to all coordinates with
exception for some k coordinates, then one can reduce the problem to an equivalent
k-dimensional game. The latter enables to apply numerical methods to some
important practical problems [26-30].

The above mentioned features are not inherent to differential games with
nonfixed time of termination: as a rule, t-sections of maximal stable bridges are
not convex, and, what is more worth, it is impossible to reduce the dimension

of the problem using the standard change of variables. Numerical methods for
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solving nonconvex problems with fixed time of termination and for nonfixed time
games are developed in papers of V.N.Ushakov and his collaborators [31-34]. The
algorithm for constructing the set W (6, M) described below is based on the ideas of
the algorithm proposed in [19, 20] for linear games with fixed time of termination
and uses operations on polygonal lines which are similar to parts of boundaries of

convex sets.

The sets W (6, M) can be used for finding optimal strategies of the first and
second players in minimum-time differential games [2, 3]. But the problem of
finding optimal strategies is rather an independent task, and we do not consider
it in this paper.

The backward procedures we apply do not have immediate connections with the
analysis of singular surfaces [1] of differential games. The construction of singular

manifolds for solving differential games is a special field of research [1, 35-37].

1. The statement of the problem

We consider a two-dimensional linear differential game with the dynamics
r=Arxr+u+v (3.1)

and with the geometric bounds on controls: u € P, v € ), where P and @) are
convex closed polygons in the plane.

A time 6 > 0 and a convex closed polygon M C R? are given. It is required to
find the set W (6, M) of all initial points zq € R* from which a feedback control of
the first player provides the reaching of M by the time 6.

We define now the set W (6, M) more precisely [2, 3]. Let U be the set of all
positional strategies U of the first player. Namely, this is the set of all functions
defined on [0, 6] x R? and taking the values in P. Let ¢ be an arbitrary partition
of the segment [0, 6] formed by the points 0 = t; < t3 < ... < t, = 6, d(o) its
diameter, v(-) measurable function of time with values in @, and y(-; 0, xo, U, v(+))
the Euler spline emanating from the point x9. We denote by W(6, M) the set of
all points xo € R? for each of which there exist a strategy U € U and a mapping
e — 6(¢) from Ry to Ry such that for any ¢ > 0, any o with the diameter
d(o) < é(e), and any function v(-) with values in @) there exists a time ¢ € [0, 6]
at which y(¢; 0,20, U, v(-)) belongs to the e-neighborhood of the set M.
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In the next section we give a short sketch of the algorithm for the approximate
construction of the set W (6, M). The more detailed description of the algorithm
is done in [17, 38].

2. The main idea of the algorithm

The set W(6, M) is formed via a step-by-step backward procedure generating

a sequence of embedded sets
W(A,M)CWERAM)CWBAM)C...CWEAM)C...C W(6,M). (3.2)

Here A is the step of the backward procedure. Each set W(iA, M) consists
of all initial points such that the first player brings system (3.1) into the set
W((i — 1)A, M) within the time duration A. We put W(0,M) = M.

Before doing the first step of the backward procedure, we find a usable part I'y
on the boundary of M. In accordance to [1], the usable part is a curve or several
curves of the boundary of M attainable for trajectories of system (3.1) from points
lying in the exterior of M close to the boundary of M. The usable part is defined
by the following formula

Ty =cl{x € OM : mi}l;lm%X@,Ax +u+wv) <0, V0 K,}.
ue vE

Here K, is the cone of outward normals to the set M at . Since the target set is
convex, each curve of the usable part is locally convex in the following sense: the
normal to the curve at a point = runs in only direction when = moves along the
curve.

Let us introduce the term “front”. We put Fo = I'g. The front F; is the set of
all points on the boundary of the set W(tA,M) for which the minimum
guaranteeing time of reaching F,_; (therefore, the time of reaching the set
W((i —1)A,M)) is equal to A. For other points on the boundary of W(iA, M)
the optimal time of attainment of W((¢ — 1)A, M) is less than A. Thus, the
line OW (:A, M) \ F; possesses the properties of barriers [1]. The front F; is
designed using the previous front F;_;. Straight lines connecting endpoints of F;

with the corresponding endpoints of F;_; give the extension of the barrier lines.
The boundary of the set W (A, M) is formed by the front F;, the above mentioned
extentions of the barrier lines, and the line OW ((: — 1)A, M) \ F,_; (Fig. 3.1).
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Suppose the usable part of M consists of one curve only. Due to the linearity
of system (3.1), the fronts Fy, F,, F5, ... inherit the property of the local convexity
of 'y, and this property is kept until the next front F; does not meet the already
constructed set W((z —1)A, M). If such a meeting happens, we say that the front
collides with the set W((: — 1)A, M). The situation of “collision” means that the
current front meets the barrier part of the boundary of W((: — 1)A, M) or the
part M \ T'g of the boundary of M. In many examples, the case of collision either
does not occur or it happens for sufficiently large values ¢:A. The property of the

local convexity of fronts enable us to employ, with some small modifications,

W(iA, M)

Fig. 3.1. Construction of the set WA, M).
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procedures for the construction of cross-sections of maximal stable bridges which
were developed for linear differential games with convex target sets and fixed time
of termination. An example of constructing sequence (3.2) in the case where
the collision does not happen is shown in Fig. 3.2. The lines ab, c¢d are barriers.
Further computations are shown in Fig. 3.3 where the collision occurs.

Let the front F; meets the set W((: — 1)A, M). To construct the next front
Fit1, we should take into account that F; and the boundary of W((i — 1)A, M)
have the nonconvex conjunction. The next front F;;; may be not locally convex.

The barrier lines of the set W(iA, M) are stored in the corresponding computer
program as ordered collections of points. Until the case of collision does not
happen, updating these collections can be done very easy. The program is not
applicable to very complicated cases of collision whose processing requires the
exhaustion of significantly large number of variants.

If the usable part of M consists of several fragments of the boundary of M,
then the construction can be carried out independently for each fragment until

an intersection of the sets sprouting from these pieces does not occur.

So, the algorithm consists of the following operations:
1) Finding the usable part on the boundary of the target set.
2) Constructing the next front using the previous front.

3) Testing the intersections of the current front with the barrier part of the already
constructed set. If the intersection is detected, further computations are carried

out taking into account the arising nonconvex conjunction.

Let us describe now an algorithm for the construction of fronts. We assume
for simplicity that the sets P and () are segments in the plane. Suppose a
current front F; is already constructed. Let us construct Fiyq.

First, consider the case where the situation of collision does not occur. The
front F; is a polygonal line belonging to the boundary of W(:A, M) and possessing
the local-convexity property which means that normals to the links of the line
are rotated in the clockwise direction when we go along this line in the
clockwise direction. Let us enumerate vertices of F; and denote them zq,
Za, ..., Zr (see Fig. 3.4). We associate the outward normals (;_; and (; to the

links [zj-1,2] and [z j,z;41] with the vertex z; , 7 = 2,r — 1. The vertex z; is
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associated with normal ¢; and a vector ¢ specified by the following conditions:

1) Z%IEI&%XMO’AZI +u+wv)=0,

ueP vE

2) Vl: 0 <<l minm%xw,Azl +u+wv) <0,

The vertex z, is associated with the normal ¢,_; and a vector £, such that

1) minmax((,, Az, + u+v) =0,
ueP vEQR

2) Vl: 0, <l < l,_y minmax((,Az, +u+v) <O0.

ueP vEQR
If mi}l;lm%X@l,Azl + u + v) = 0, then we put ¢, = (. Similarly, if
ue veE
minmax((,_1, Az, + u+v) =0, we set {, = (,_;.
ueP vEQR

Let ¢1, g2 be endpoints of the segment (). We divide the polygonal line F; into
parts F"™ so that for any normal (; to the line F™ the same endpoint of the

K3 K3

segment () gives maximum over v € () to the scalar product (¢;,v).

@ _

Assume for definiteness that there are two parts E(l) = [z1, .., 2] and F;

(245 -y 2] in all, and we have
argmax(ﬁ v) =q, j=0w—1,
veQ

for the first of them and

argmax(ﬁ V) =qq, J=00,T,

for the second.
Such a partition means that one of the normals to the segment () lies between

the vectors (,_1, (,. We denote this normal by /.
(1)

For each vertex z;, y =1,w — 1, of F; "/, we consider the following trajectories

21) =z —7(Az; + u+v) (3.3)
with v = ¢¢ and v = u, or u = u* where u,, u* are specified by the following
conditions

Uy, = arg mi]IDl<£]‘_1,u>, u* = arg mm(ﬁ u). (3.4)
ue

When constructing trajectories (3.3) corresponding to the point z,,, we replace the
index j by w and the vector (; by ¢, in (3.3), (3.4).

If u. = u*, we obtain a single trajectory. If u. # u*, we have two trajectories. If
the vector £;_; is orthogonal to the segment P, then the vector ¢; is not orthogonal

to P and u* is determined uniquely. We set u, to be that of two endpoints of P
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which does not coincide with u*. We do similarly if the vector ¢; is orthogonal to
P. We continue the trajectories up to the time 7 = A.

For the points 2,41, ..., 2, of FZ»(Z), the trajectories are constructed in a similar
way with the replacement v = ¢; by v = ¢2. When constructing the trajectories
corresponding to the point z,, we replace the index 7 by w and the vector ¢;_; by
(, in (3.3), (3.4).

So, if the front F; is divided into two parts E(l) and FZ»(Q) we deal with
two families of regular extremal trajectories. Trajectories of each family can be
interpreted as characteristics of the appropriate Bellmann-Isaacs equation.

Being connected consecutively, the corresponding to time 7 = A endpointsof the

(1)

;) form a spline [€ 1, ..., &s].

extremal trajectories emanating from the vertices of F
The endpoints of the trajectories emanating from the vertices of E(z) form a spline
(54155 Em]. The method we used for constructing the trajectories ensures the
type of the intersection of these splines (“the swallow-tail”) which is shown in
Fig. 3.4. Two trajectories emanating from the point z, and arriving at the points
£s, Es11 are depicted in Fig. 3.5 with dash lines. If we imagine that trajectories
are constructed for all points of F;, then the part {4 &5 is formed by the endpoints
of the trajectories (with v = ¢;) emanating from the points of the line z*z, which
adjoins to z, from above, and the part €541 1s formed by the endpoints of the
trajectories (with v = ¢2) emanating from the points of the line z,z, which adjoins
to the point z, from below. It is clear that the trajectories which form the part
Ea syt intersect the trajectories which form the part £0€s. The lines £n€s, Ea€stt
are eliminated. The resulting spline [£1, ..., €q, -.oy €] 18 the next front F, . Each
of the lines £q s, Eaésy1 may consist of several (not a single) segments. If so, we
eliminate the splines [{q, ..., £s] and [{a, ..., Es41]-

If the polygonal line F; is divided into three or more parts F™ then

P
some complicated types of intersections of the polygonal lines composed from
endpoints of the extremal trajectories may occur. The algorithm eliminates the
lines corresponding to the intersection of characteristics. If the extremal vector
v € () 1s the same for all normals ¢; to F}, then we do not divide F; into the

(%)

parts F.)" and we consider the extremal trajectories corresponding to this value v.

The curve formed by the endpoints of the trajectories is the next front F; ;.
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Zw—l—l

Fig. 3.5. Intersection of polygonal lines in the process
of construction of the current front.
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Consider now the case of collision. Let the current front meets the barrier
part of the boundary of the set W((: — 1)A, M). The part of F; belonging to
W((i —1)A, M) is eliminated. When constructing the front F;y;, we should take
into account the nonconvex conjunction of F; with OW ((¢:—1)A, M). We enumerate
the vertices of F; and denote them by zi,..., z,. We add the small segment 2,z
(Fig. 3.6) of the boundary of OW((: — 1)A, M) to the front F;. The point z; is
the point of nonconvex conjunction. Consider a small neighborhood of the point
z1. When constructing trajectories started from the point zy, we deal with the
following “inverse problem 7.

Assume that the aim of the second player governing the control variable v is
to bring the state vector of system (3.1) to the shaded set shown in Fig. 3.6.
The aim of the first player, who uses the control variable u, is to avoid the state
vector from meeting the shaded set. We associate both the normal 570 to [z120]
and the normal €~1 to [z122] with the point z;, and consider extremal trajectories
constructed according to the above described method with the only difference that

the sets P and () change their places in the description.

Fig. 3.6. Treatment of the case of the nonconvex conjuncture.
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If the extremal control of the first player is the same for both vectors (o and
0 (let, for example, u = p4), then we consider trajectories (3.3) emanating
from z; and corresponding to u = p; and v =wv, or v=wv* which are
determined from the conditions

.= in(/, = in(ly,v). :
v arglgjrégl( 0,0), U arglgjrégl( 1,0) (3.5)

If v, = v*, then we obtain a single trajectory. If v. # v*, we have two trajectories.
Suppose now that extremal controls of the first player are different for the vectors
570, £~1, le.

argrgealgiwvmw = P1, argrgg};{(&,@ = P2

This means that one of two normals to P (we denote it by (,) lies between the
vectors 570, (. First, we trace the trajectories from the point z; with v = p; and
letting v = v, and v = v* where v,, v* are found from (3.5) with ¢, in place of £~1;
then, we consider trajectories with u = p; and both v = v, and v = v* where v,,
v* are chosen from (3.5) with ¢, in place of lo.

From the other vertices of F;, we trace the trajectories in the “normal” way. As
the result, we obtain a collection of several curves. Now, we eliminate the parts
of these curves corresponding to intersections of characteristics. The resulting
polygonal line [£1, €3, ..., &) shown in Fig. 3.6 corresponds to the case where v, # v*
and extremal values of u are different for the vectors ¢y and ¢;. The vertices & and
£y are the points of the nonconvexity. We take this into account when processing

these points at the next stage of the algorithm.

If P and @ are polygons, then the number of families of regular extremal
trajectories appearing in the process of constructions increases. In the case of the
local convexity (local concavity), the number of trajectories tracing from each
vertex of the current front is determined by the number of outward normals to

edges of P (Q) lying between the normals associated with this vertex.

3. Examples of solving minimum-time game problems

1. The canonical example of the minimum-time problem in the theory of optimal

control has the following form:

flz T2
Ty = w, | u|< 1.

99



We add the disturbance v to the first equation and consider the following

differential game:
$'1 = X2 + v
J:’z = u,

(3.6)

The first player minimizes the time of reaching M, the aim of the second player is

opposite.

If M is a small regular polygon with the center at the origin, then the sequence
(3.2) becomes stationary starting with some index ¢. The solvability set for the
corresponding game of kind reduces to the origin when the set M reduces to the
origin. Similar situation occurs if the target set is a sufficiently small regular
polygon with the center at z such that | x;|< 1. If M is a regular polygon with
the center at = such that | 5 |> 1, then the solvability set of the game of kind is

the whole plane; the construction of W (A, M) is meaningful for any index i.

Let M be a regular octagon inscribed into the circle with the radius 0.1 and
with the center at the point (0,2). We set A = 0.05. The sets W(r, M) (W (1)
briefly) for the time instants 7 = k- 4A, k = 0,50, are shown in Fig. 3.7. The
sets W(7) for 7 = k- 20A, k = 1,20, are given in Fig. 3.8. The first situation of
collision happens at 7 = 6.6. The set W (6.6) is contoured in Fig. 3.7. The front
W(9) is also shown. We denote by a, b the endpoints of the usable part 'y of M.
The curves ac and bd formed by the endpoints of the fronts are barriers. The
value function is discontinuous on these curves and also on the line
OM \ Ty. The line cf formed by the corners of the fronts is the set where the

value function is not differentiable.

The differential game we consider was investigated in [39, 40] under
assumptions of incomplete information about the state vector. The minimum-time
game problem with dynamics (3.6) was also studied in [41]. It follows from
these papers that the optimal synthesis of feedback controls is determined by the
singular line ghbacp (Fig. 3.9) dividing the plane into two parts. We have u® = —1,
v = 1 above this line and u® = 1, v° = —1 below it. The joining to M fragments
ac, bh of the singular line are barriers. The rest of the line is formed by the
equivocal curves ey, ey, e3, €4, €5,... . The second equivocal curve e; is designed
using the first curve ey, the third curve ej is obtained using ey, and so on. The

first equivocal line e; is described by a differential equation. For other equivocal
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lines, there are not any explicit equation, some qualitative properties can only be
formulated. So, the value function does not have global analytical description.

Computations depicted in Fig. 3.7 are carried out up to the time 7 = 10. The
line ¢f is an initial part of the equivocal curve e; depicted in Fig. 3.9. The line
bd of the barrier bh shown in Fig. 3.9 ceases to grow when the endpoints of some
front come together. The development of such a situation is seen in Fig. 3.8. In
Fig. 3.8, the constructions are carried out up to 7 = 20 but the points f and d do
not yet reach their limit locations (see Fig. 3.9.)

Thus, in this game with the simple dynamics, the most complicated singular
lines (equivocal lines) appear. This fact makes difficult the employment of the
method of characteristics [1]. When we apply the above described algorithm to
this example, the only difficulty is the presence of the situation of collision but

this does not lead to the loss of the local convexity of fronts.

T2

€4

€9 h

[

x1

€3

€s

Fig. 3.9. Singular line in the problem of control of a mass point.
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2. In [42], the complete analysis of the minimum-time differential game with

the following dynamics

1= —Mzit+utp —v

J:’z = _A2$2 + ku + P2 — ZU, (37)

[ul<p, vy,

and the target set M consisting of a single point is done. Here, Ay > A\ >0, k>0,
[ <0, p>0,v>0; p;, py are arbitrary numbers. Depending on parameters of
the problem, classifications of types of solutions are carried out, singular lines are

found, and optimal strategies of the players are designed.

In this paper, we give computational results for problem (3.7). We assume
M to be a regular octagon inscribed into a circle of some small radius and with
the center at the origin.

In the case depicted in Fig. 3.10, the optimal synthesis is determined by the
equivocal line (formed by the corners of fronts). The equivocal line divides the
domain of the value function (the region bounded by the barrier lines) into two

Y = v above the equivocal

parts. The optimal controls take the values u® = u, v
line and the values u° = —p, v° = —v below it.

The solution for other values of parameters is presented in Fig. 3.11. In
contrast to the previous case, both barrier lines go up and should intersect each
other after a sufficiently large number of steps of the backward procedure.

The simplest case is shown in Fig. 3.12. The barriers go down and intersect
each other. Singular lines do not appear inside the domain of the value function.
The optimal controls in the interior of the domain of the value function take the

0= —p, v0=—w.

values u

For the values of the parameters corresponding to Fig. 3.13, the attainment
of the origin can be guaranteed for any initial state. The computations in Fig.
3.13 are carried up to 7 = 4.4. The curves ac, bd are barriers, c¢f is the line with

the equivocal property.

Remark. In [42], there are misprints in formulas (1.1), (2.1), (2.2), and in the
formula for h(u,v) : the signs of the terms which contain the control variable v

should be replaced by the opposite ones.
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€1

Fig. 3.12. Solution of stable system: Ay = 0.1, Ay = 0.6,
k=1, 1=-1/3, 1 =0.1, v =0.3, p = —0.6, p; = 0.3.
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Fig. 3.13. Solution of stable system: Ay = 0.1, Ay = 0.6,

k=5/6,1=-1, n=3, v=0.15 p; = —1.2, p, = —0.3.
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3. In Figs. 3.14-3.16, results of computing the sets W(:A, M) for a system
with a matrix A which has real eigenvalues of the opposite sign are presented.
The set M is a regular octagon inscribed into the circle with the radius 0.1 and
the center at (—5,—10). The matrix A and the segment P are the same for all
Figs. 3.14-3.16, the pictures differ one from other because they correspond to
different segments Q).

T2
- - 10
W
i i
-40 -20 11
- -10
M
4.5
P
—45
21 = —0.821 + 1.322 + u1 + 11
\6;2 o = a2 + uz + v2

Fig. 3.14.
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4. Consider the following oscillating system

1= T2+ur+v
Ty = —x1+ uz + vy,

()er =(2)ee

Figs. 3.17-3.19 demonstrate the development of the set W(r, M) when 7
increases. The target set M is a regular octagon with the center at the origin. The
sets P, () are drawn in Fig. 3.17. The step of the backward procedure is A = 0.05.
The calculations are carried out up to 7 = 5 in Fig. 3.13 and up to 7 = 6.45 in
Fig. 3.18. At 7 = 6.45, the front collides with the set M. For 7 > 6.45, the front
is divided into two parts. Each of these parts loses the property of local convexity
at some instant of time. In Fig. 3.19, filling “the lune” that finishes by the time
7 = 8.15 1s shown. The fronts in the lower part of the picture are computed up to
T = 6.95.

Changes of the solution caused by the reduction of resources of the second
player in differential game (3.8) are demonstrated in Fig. 3.20. The left barrier
line terminates at some instant of time, then the front begins to go around this
barrier line, one of the endpoints of the front slides along the outward side of the
barrier. As the result, the lune appearing in the previous example does not arise.

The calculations are carried out up to 7 = 4.9.

5. Fig. 3.21 corresponds to an example with the oscillating dynamics given
in Fig. 1.6 of Chapter 1. The target set is a regular octagon inscribed into a
circle of some small radius and with the center at the origin. The process of
filling the solvability set B of the game of kind by level sets of the value function
of the corresponding minimum-time game is demonstrated. The calculations are
carried out up to 7 = 12. Fronts are nonsmooth for relatively small interval of the

parameter 7.

6. For all examples we have considered, the usable part of M consists of a
single arc. Fig. 3.22 demonstrates an example where the usable part consists of
two parts Tél), TéQ). The dynamics of the control system is defined by equations
(3.6). The set M is a regular 12-gon inscribed into the unit circle with the center
at the origin. The step of the backward procedure is A = 0.05. The problem
is symmetric with respect to the origin. So, the set W(r, M) is formed by two

symmetric parts. The calculations are carried out up to 7 = 4.
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Construction of the sets W (7, M) for an oscillating system
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Fig. 3.18. The case of “collision”.
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Fig. 3.20. Disappearing the “lune” by the reduction
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Fig. 3.21. Oscillating system (3.8). The process of filling out the solvability set
of the game of kind (compare with Fig. 1.6).
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Conclusions

In this paper, two-person differential games in the plane are considered. The
controls of the players are restricted via geometric bounds.

In the first chapter, an algorithm for constructing solvability sets of a linear
control system is described that is an agorithm for finding the set of all initial
states from which the first player provides the state vector to be brought to a
given target set under any actions of the second player (game of kind). The
algorithm is based not on the embedding the game of kind within corresponding
game of degree, but on operations of constructing and sewing semipermeable
curves. The number of families of semipermeable curves is determined by the
number of convexity-concavity cones of the Hamiltonian of the control system.
The ideas of the first chapter can be extended to control systems with nonlinear
dynamics. This is demonstrated in the second chapter, where the game of kind
for the nonlinear pendulum is considered. In the third chapter, an algorithm for
finding level sets of the value function for linear minimum-time game problems
(games of degree) is described.

A number of numerical examples which demonstrate specific features of
solutions are presented. Definite number of examples shows the connection

between games of kind and games of degree.

73



10.

11.

12.

13.

References

. Isaacs, R., Differential Games, Wiley, New York, 1965.

Krasovskii, N.N., and Subbotin, A.I., Positronal Differential Games, Nauka,
Moscow, 1974 (in Russian).

Krasovskii, N.N., and Subbotin, A.I., Game-Theoretical Control Problems,
Springer-Verlag, New York, 1988.

Krasovskii, N.N., Game Problems on the Encounter of Motions, Nauka,
Moscow, 1970 (in Russian).

Patsko, V.S., The Problem of Quality for Second-Order Linear Differential
Games, Dissertation, Institute of Mathematics and Mechanics, Sverdlovsk,

Russia, 1973 (in Russian).

Patsko, V.S., The Problem of Quality for Second-Order Linear Differential
Games, Differential Games and Control Problems, Proceedings of the
Institute of Mathematics and Mechanics, Ural Scientific Center, Sverdlovsk,

pp. 167-227, 1975 (in Russian).

Patsko, V.S., Second-Order Differential Game of Kind, Prikl. Matem. i
Mekhan., Vol. 46, no. 4, pp. 596-604, 1982, translated as J. Appl. Math.
Mech., Vol. 46, no. 4, pp. 472-477, 1983.

Turova, V.L., Linear Differential Game of Kind, Algorithms and Progames
for Solving Linear Differentil Games, Institute of Mathematics and Mechanics,
Ural Scientific Center, Sverdlovsk, pp. 191-248, 1984 (in Russian).

Boguslavskaya, E.I., Linear Differential Games in the Plane. I, Cybernetics,
no. 6, pp. 94-104, 1973 (in Russian).

Boguslavskaya, E.I., Linear Differential Games in the Plane. I, Cybernetics,
no. 1, pp. 113-116, 1974 (in Russian).

Boguslavskaya, E.I., Linear Differential Games in the Plane. The Case of
Complex Roots, Cybernetics, no. 1, pp. 64-70, 1976 (in Russian).

Permyakov, G.P., Capture Zone in Linear Differential Games of Kind in the
Plane, Control of Dynamic Systems, Yakutsk, pp. 76-85, 1986 (in Russian).

Patsko, V.S., Ewvasion Conditions in a Second-Order Linear Differential
Game, Prikl. Matem. 1 Mekhan., Vol. 36, no. 3, pp. 420-425, 1972, translated
as J. Appl. Math. Mech., Vol. 36, pp. 394-400, 1972.

74



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Patsko, V.S., Point Evasion Conditions in ¢ Second-Order Differential Game,
Prikl. Matem. 1 Mekhan., Vol. 36, no. 6, pp. 1005-1015, 1972, translated as
J. Appl. Math. Mech., Vol. 36, pp. 1005-1015, 1972.

Patsko, V.S., The Differential Game of Evasion in a Plane, Prikl. Matem.
1 Mekhan., Vol. 41, no. 4, pp. 604-608, 1977, translated as J. Appl. Math.
Mech., Vol. 41, pp. 604-608, 1977.

Turova, V.L., A Nonlinear Differential Game of Kind in the Plane,
Investigations of Minimax Control Problems, Ural Scientific Center,

Sverdlovsk, pp. 91-116, 1985 (in Russian).

Turova, V.L., Numerical Solution for Some Classes of Differential Games,
Dissertation, Institute of Mathematics and Mechanics, Sverdlovsk, Russia,

1989 (in Russian).

Ponomarev, A.P., and Rozov, N.H., Stability and Convergence of Alternating
Pontrjagin Sums, Vestnik Moskov. Univ, Ser. 15: Vy¢cisl. Mat. 1 Kibernet.,
no. 1, pp. 82-90, 1978 (in Russian).

Botkin, N.D., Numerical Construction of Cross-Sections of Positional
Absorption Sets for Linear Differential Games, Algorithms and Progames for
Solving Linear Differentil Games (Materials on Computer Software), Institute
of Mathematics and Mechanics, Ural Scientific Center, Sverdlovsk, pp. 5-38,
1984 (in Russian).

Isakova, E.A., Logunova, G.V., and Patsko, V.S., Computation of Stable
Bridges for Linear Differential Games with Fized Time of Termination,
Algorithms and Progames for Solving Linear Differentil Games (Materials on

Computer Software), Institute of Mathematics and Mechanics, Ural Scientific

Center, Sverdlovsk, pp. 127-158, 1984 (in Russian).

Taras’yev, A.M., and Ushakov, V.N., Construction of a System of
Sets Approzimating the Mazimal Minmaz-u-Stable Bridge, Algorithms and
Progames for Solving Linear Differentil Games (Materials on Computer

Software), Institute of Mathematics and Mechanics, Ural Scientific Center,

Sverdlovsk, pp. 159-190, 1984 (in Russian).

Zarkh, M.A., and Patsko, V.S., Numerical Solution of a Third-Order Directed
Game, Izv. Akad. Nauk SSSR, Tekhn. Kibernet., no. 6, pp. 162-169, 1987,
translated as Soviet J. Comput. Systems Sci., Vol. 26, no. 4, pp. 92-99, 1988.

Taras’yev, A.M., Uspenskii, A.A., and Ushakov, V.N., Approzimate
Constructing the Positional Absorption Set for a Linear Problem of Approach
with a Convezr Target in R®, Control in Dynamic Systems, Ural Scientific
Center of the Russia Academy of Sciences, Sverdlovsk, pp. 93-100, 1990 (in
Russian).

75



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Botkin, N.D., and Ryazantseva, E.A., An algorithm of Constructing the
Solvability Set for Linear Differential Games of High Dimension, Trudy Inst.
Mat. i Mekh., Ekaterinburg, Vol. 2, pp. 128-134, 1992 (in Russian).

Zarkh, M.A., and Ivanov, A.G., Construction of the Value Function in the
Linear Differential Game with Fized Termainal Time, Trudy Inst. Mat. i
Mekh., Ekaterinburg, Vol. 2, pp. 140-155, 1992 (in Russian).

Botkin, N.D., Kein, V.M., and Patsko, V.S., The Model Problem of
Controlling the Lateral Motion of an Awrcraft during Landing, Prikl. Mat. 1
Mekh., Vol. 48, no. 4, pp. 560-567, 1984, translated as J. Appl. Math. Mech.,
Vol. 48, no. 4, pp. 395-400, 1984.

Sokolov, B.N., and Turova, V.L., Synthesis of Optimal Control of a Pendulum
when Active Disturbances are Present, Izv. AN SSSR, Mekhanika Tverdogo
Tela, Vol. 23, no. 5, pp. 14-23, 1988, translated as Mechanics of Solids, Vol. 23,
no. 5, pp. 13-21, 1988.

Botkin, N.D., Kein, V.M., Patsko, V.S., and Turova, V.L., Awrcraft Landing
Control in the Presence of Windshear, Problems of Control and Information

Theory, Vol. 18, no. 4, pp. 223-235, 1989.

Botkin, N.D., Zarkh, M.A., Kein, V.M., Patsko, V.S., and Turova, V.L.,
Differential Games and Aircraft Control Problems in the Presence of Wind
Disturbances, Izv. Ross. Akad. Nauk, Tekhn. Kibernet., no. 1, pp. 68-76, 1993,
translated as J. of Computer and System Sciences International, Vol. 32, no. 3,

pp. 110-117, 1994.

Turova, V.L., Application of the Differential Games Numerical Methods to
Auwreraft Take-Off and Abort Landing Problems, Trudy Inst. Mat. 1 Mekh.,
Ekaterinburg, Vol. 2, pp. 188-201, 1992 (in Russian).

Ushakov, V.N., On the Problem of Constructing Stable Bridges in a
Differential Game of Approach and Avoidance, lzv. Akad. Nauk SSSR, Tekhn.
Kibernet., no. 4, pp. 29-36, 1980, translated as Engrg. Cybernetics, Vol. 18,
no. 4, pp. 16-23, 1981.

Taras’yev, A.M., Ushakov, V.N., and Khripunov, A.P., On a Computational
Algorithm for Solving Game Control Problems, Prikl. Mat. 1 Mekh., Vol. 51,
no. 2, pp. 216222, 1987, translated as J. Appl. Math. Mech., Vol. 51, no. 2,
pp- 169-172, 1988.

Subbotin, A.l., Taras’yev, A.M., and Ushakov, V.N., Generalized
Characteristics of Hamalton-Jacobr Equations, Izv. Ross. Akad. Nauk, Tekhn.
Kibernet., no. 1, pp. 190-197, 1993, translated as Journal of Computer and
Systems Sciences International, Vol. 32, no. 2, pp. 157-163, 1994.

76



34.

35.

36.

37.

38.

39.

40.

41.

42.

Ivanov, V.A., Taras’yev, A.M., Ushakov, V.N., and Khripunov, A.P., The
Toreador Problem, Prikl. Mat. i Mekh., Vol. 57, no. 3, pp. 15-22, 1993,
translated as J. Appl. Math. Mech., Vol. 57, no. 3, pp. 419-425, 1993.

Melikyan, A.A., Necessary Conditions for Optimality on a Surface of
Discontinuity of a Certain Type in o Differential Game, Izv. Akad. Nauk
SSSR, Tekhn. Kibernet., no. 4, pp. 10-18, 1981, translated as Engrg.
Cybernetics, Vol. 19, no. 4, pp. 7-15, 1982.

Melikyan, A.A., The Method of Characteristics for Constructing Singular
Paths and Manifolds in Optimal Control and Differential Games, Lecture
Notes in Control and Informational Science, Springer, Berlin, Vol. 156,

pp. 81-90, 1991.

Bernhard, P., Singular Surfaces in Differential Games, Lecture Notes in
Control and Information Sciences, Vol. 3, pp. 1-33, 1977.

Turova, V.L., Construction of the Positional Absorption Set in a Linear
Second-Order Differential Game with the Nonfized Time of Termination, A
Control with the Guaranteed Result, Ural Scientific Center of the Russia
Academy of Sciences, Sverdlovsk, pp. 92-112, 1987 (in Russian).

Patsko, V.S., A Model Example of the Pursuit Game Problem with Incomplete
Information. I, Differencial’nye Uravnenija, Vol. VII, no. 3, pp. 424-435, 1971
(in Russian).

Patsko, V.S., A Model Exzample of the Pursuit Game Problem With Incomplete
Information. II, Differencial’'nye Uravnenija, Vol. VIII, no. 8, pp. 14231434,
1972 (in Russian).

Filimonov, M.Yu., Conjugacy of Singular Lines in a Differential Game,
Investigations of Minimax Control Problems, Ural Scientific Center,

Sverdlovsk, pp. 117-124, 1985 (in Russian).

Patsko, V.S., On a Second-Order Differential Game, Prikl. Mat. 1 Mekh.,
Vol. 35, no. 4, pp. 584-597, 1971, translated as J. Appl. Math. Mech., Vol. 35,
no. 4, pp. 535-547, 1972.

77



Contents

Introduction . . . .. .. .. 3
Basic notations . . . .. . ... . 4

Chapter 1. Linear two-dimensional differential games

of kind . .. ... .. 5
1. Statement of the problem . .. .. ... ... . . . 5)
2. Smooth semipermeable curves . ... ... .. L L 6
3. Families of semipermeable curves of first and second types . ......... 8

4. Short scheme of algorithm for constructing solvability

set B. Computed examples for gamesof kind .. ... .. ... ... ... ... ... ... 10
Chapter 2. Nonlinear game of kind . ........ ... ... .. ........ 27
1. Description of families of semipermeable curves ... .............. 27

2. Algorithm for finding the solvability set B. Examples

of solving the game of kind ... ... .. .. . ... L L 32
3. Controls of first and second players . ......... ... ... ... . ...... 41
Chapter 3. Minimum-time game problem . ................... 45
1. The statement of the problem .. ... ... ... ... ... ... ... .... 46
2. The main idea of the algorithm .. ...... ... ... .. ... .. ... 47
3. Examples of solving minimum-time game problems .. ............. 55
Conclusions . . ... .. .. . 73
References . ... ... .. . . 74

78



Valerii Semenovich Patsko
Varvara Leonidovna Turova

Numerical solution of two-dimensional differential
games

Translated from the Russian

Preprint

PekomenoBano kK wu3januio Y4eHbIM coBeToM HMucTHTyTa
marematuku u Mexannkun u HUCO VYpO PAH

JIP N 020764 ot 29.03.93

OrBercrBennbit 3a Boityck A. I VBanos

HUCO ¥YpO PAH N 72(95)
[Moxmucano B nedars 28.04.95. ®opmar 60 x 84/16.
[Tewars odcernag. Yea. ned. . 4,75, Yu-uzm. . 4,0. Tupax 100 .

Institute of Mathematics and Mechanics, S.Kovalevskaya str.16,
Ekaterinburg, 620219, Russia



	titule.pdf
	PAGE2E_R.pdf
	EANNOT.PDF
	EOBOZN.PDF
	EPREP.PDF
	EPREP1.PDF
	ERI.PDF
	ERIP.PDF
	ERII.PDF
	EPREP11.PDF
	ERIII.PDF
	EPREP12.PDF
	EPREP3.PDF
	EZAKL.PDF
	ENLIT.PDF
	EOGLAV.PDF
	EXIT_E.pdf

