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termination instant no one of the pursuers superposes with the evader. In this case,
one can see that the evader aims itself to the middle between the terminal positions
of the pursuers (this guarantees the maximum of the payoff functional ϕ).

14.5 Strong Pursuers, Different Termination Instants

Take the parameters as in the previous section, except the termination instants. Now
they are Tf 1 = 7 and Tf 2 = 5. Investigation results are shown in Figs. 14.7–14.9.

The maximal stable bridge W =W0 for system (14.2) with the taken target set

M0 = {t = Tf 1, x1 = 0}∪{t = Tf 2, x2 = 0}
is built in the following way. At the instant τ1 = 0 (that is, t = Tf 1), the section of the
bridge coincides with the vertical axis x1 = 0. At the instant τ1 = 2 (that is, t = Tf 2),
we add the horizontal axis x2 = 0 to the bridge expanded during passed time period.
Further, the time sections of the bridge are constructed using standard procedure
under relation τ2 = τ1 − 2.

In the same way, bridges Wc, c > 0, corresponding to the target sets

Mc = {t = Tf 1, |x1| ≤ c}∪{t = Tf 2, |x2| ≤ c}
can be built.

Fig. 14.7 Two strong pursuers, different termination instants: the bridge W and optimal motions
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Fig. 14.8 Two strong pursuers, different termination instants: level sets of the value function, t = 2

Fig. 14.9 Two strong pursuers, different termination instants: trajectories in the original space

Results of construction of the set W are given in Fig. 14.7. When τ1 > 2, time
sections W (t) grow both horizontally and vertically; two additional triangles appear,
but now they are curvilinear. Analytical description of these curvilinear parts of the
boundary is difficult. Due to this, in [12, 13], there is only an upper estimation for
the solvability set for this variant of the game.

Total structure of the sections Wc(t) at t = 2 (τ1 = 5, τ2 = 3) is shown in Fig. 14.8.
Optimal feedback controls of the pursuers and evader are constructed in the same
way as in the previous example, except that the switch line Π(t) for the evader is
formed by the corner points of the additional curvilinear triangles of the sets Wc(t),
c ≥ 0.
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In Fig. 14.7, the trajectory for the initial point x0
1 = 50, x0

2 = −25 is shown as a
solid line between two points marked by starts. The trajectories in the original space
are shown in Fig. 14.9. One can see that at the beginning the evader escapes from the
second pursuer and goes down, after that the evader’s control is changed to escape
from the first pursuer and the evader goes up.

14.6 Two Weak Pursuers, Different Termination Instants

Now we consider a variant of the game when both pursuers are weaker than the
evader. Let us take the parameters

AP1 = 0.9, AP2 = 0.8, AE = 1, lP1 = lP2 = 1/0.7, lE = 1,

and different termination instants Tf 1 = 7, Tf 2 = 5.
Since in this variant, the evader is more maneuverable than the pursuers, they

cannot guarantee the exact capture.
Fix some level of the miss, namely,

∣∣x1(Tf 1)
∣∣ ≤ 2.0,

∣∣x2(Tf 2)
∣∣ ≤ 2.0. Time sec-

tions W2.0(t) of the corresponding maximal stable bridge are shown in Fig. 14.10.
The upper-left subfigure corresponds to the instant t = 7 when the first pursuer
stops to act. The upper-right subfigure shows the picture for the instant t = 5 when
the second pursuer finishes its pursuit. At this instant, the horizontal strip is added
which is a little wider than the vertical one contracted during the passed period
of the backward time. Then, the bridges contracts both in horizontal and vertical
directions, and two additional curvilinear triangles appear (see middle-left subfig-
ure). The middle-right subfigure gives the view of the section when the vertical strip
collapses, and the lower-left subfigure shows the configuration just after the collapse
of the horizontal strip. At this instant, the section loses connectivity and disjoins
into two parts symmetrical with respect to the origin. Further, these parts continue
to contract (as it can be seen in the lower-right subfigure) and finally disappear.

Time sections
{

Wc(t)
}

and corresponding switching lines of the first player are
given in Fig. 14.11 at the instant t = 0 (τ1 = 7, τ2 = 5). The dashed line is the
switching line for the component u1; the dotted one is for the component u2. The
switching lines are obtained as a result of the analysis of the function x →V (t,x) in
horizontal (for u1) and vertical (for u2) lines. In some region around the origin, the
switching line for u1 (respectively, for u2) differs from the vertical (horizontal) axis.
If in the considered horizontal (vertical) line the minimum of the value function is
attained in a segment, then the middle of such a segment is taken as a point for the
switching line. Arrows show directions of components of the control in four cells.
Similarly, in Fig. 14.12, switching lines and optimal controls are displayed for the
second player. Here, the switching lines are drawn with thick solid lines. We have
four cells where the second player’s control is constant.

For simulations, let us take the initial position x0
1 = 12, x0

2 =−12 for system (14.2).
In Fig. 14.13, trajectories of the objects are shown in the original space. At the
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Fig. 14.10 Two weak pursuers, different termination instants: time sections of the maximal stable
bridge W2.0

beginning of the pursuit, the evader closes to the first (lower) pursuer. It is done to
increase the miss from the second (upper) pursuer at the instant Tf 2. Further closing
is not reasonable, and the evader switches its control to increase the miss from the
first pursuer at the instant Tf 1.
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Fig. 14.11 Two weak pursuers, different termination instants: switching lines and optimal controls
for the first player (the pursuers), t = 0

14.7 One Strong and One Weak Pursuers, Different
Termination Instants

Let us change the parameters of the second pursuer in the previous example and
take the following parameters of the game:

AP1 = 2, AP2 = 1, AE = 1, lP1 = 1/2, lP2 = 1/0.3, lE = 1.

Now the evader is more maneuverable than the second pursuer, and an exact capture
by this pursuer is unavailable. Assume Tf 1 = 5, Tf 2 = 7.

In Fig. 14.14, there are sections of the maximal stable bridge W5.0 (that is, for
c = 5.0) for six instants: t = 7.0, 5.0, 2.5, 1.4, 1.0, 0.0. The horizontal part of its
time section W5.0(τ) decreases with growth of τ , and breaks further. The vertical
part grows. Even after breaking the individual stable bridge of the second pursuer
(and respective collapse of the horizontal part of the cross), additional capture zones
still exist and are kept in time.
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Fig. 14.12 Two weak pursuers, different termination instants: switching lines and optimal controls
for the second player (the evader), t = 0

Fig. 14.13 Two weak pursuers, different termination instants: trajectories of the objects in the
original space

Switching lines of the first and second players for the instant t = 1 are given in
Figs. 14.15 and 14.16. These lines are obtained by processing collection

{
Wc(t = 1)

}

computed for different values of c. In comparison with the previous case of two
weak pursuers, the switching lines for the first player have simpler structure.
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Fig. 14.14 One strong and one weak pursuers, different termination instants: time sections of the
maximal stable bridge W5.0

Here, as in the previous section, the trajectories of the objects are drawn in the
original space only (see Fig. 14.17). For simulations, the initial lateral deviations are
taken as x0

1 = 20, x0
2 =−20. Longitudinal components of the velocities are such that

the evader moves towards one pursuer, but from another.
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Fig. 14.15 One strong and one weak pursuers, different termination instants: switching lines and
optimal controls for the first player (the pursuers), t = 1

14.8 Varying Advantage of Pursuers, Equal Termination
Instants

Another interesting case is when the pursuers have equal capabilities such that, at
the beginning of the backward time, the bridges in the individual games contract
and further expand. That is, at the beginning of the direct time, the pursuers have
advantage over the evader, but at the final stage the evader is stronger.

Parameters of the game are taken as follows:

AP1 = AP2 = 1.5, AE = 1, lP1 = lP2 = 1/0.3, lE = 1.

Termination instants are equal: Tf 1 = Tf 2 = 10.
In Fig. 14.18, time sections of the maximal stable bridge W1.5 built for c = 1.5

are shown for six instants: t = 10.0, 7.0, 5.7, 4.5, 1.3, 0.0. At the termination instant,
the terminal set is taken as a cross (the upper-left subfigure).



14 Study of Linear Game with Two Pursuers and One Evader 287

Fig. 14.16 One strong and one weak pursuers, different termination instants: switching lines and
optimal controls for the second player (the evader), t = 1

Fig. 14.17 One strong and one weak pursuers, different termination instants: trajectories of the
objects in the original space

At the beginning of backward time, the structure of the bridges is similar to
the case of two weak pursuers: widths of both vertical and horizontal strips of the
“cross” decreases, and two straight-linear additional triangles of joint capture zone
appear (the upper-right subfigure). Then at some instant, both strips collapse, and
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Fig. 14.18 Varying advantage of the pursuers, equal termination instants: time sections of the
maximal stable bridge W1.5

only the triangles constitute the time section of the bridge (the central left subfigure).
Further, the triangles continue to contract, so they become two pentagons separated
by an empty space near the origin (the central right subfigure in Fig. 14.18). Trans-
formation to pentagons can be explained in the following way: the first player using
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Fig. 14.19 Varying advantage of the pursuers, equal termination instants: switching lines and
optimal controls for the first player (the pursuers), t = 0

its controls expands the triangles vertically and horizontally, and the second player
contracts them in diagonal direction. So, vertical and horizontal edges appear, but
the diagonal part becomes shorter. Also, in general, size of each figure decreases
slowly.

Due to action of the second player, at some instant, the diagonal disappears, and
the pentagons convert to squares (this is not shown in Fig. 14.18). After that, the
pursuers take advantage, and total contraction is changed by growth: the squares
start to enlarge. When some time passes, due to the growth, the squares touch each
other at the origin (the lower-left subfigure in Fig. 14.18). Since the enlargement
continues, their sizes grow, and the squares start to overlap forming one “eight-like”
shape (the lower-right subfigure in Fig. 14.18).

Figures 14.19 and 14.20 show time sections of a collection of maximal stable
bridges and switching lines for the first and second players, respectively, for the
instant t = 0.

As above, the simulated trajectories are shown in the original space only. For
simulation, the following initial conditions are taken: x0

1 = 5, x0
2 = −20. Longitudi-

nal components of the velocities are such that the evader moves from both pursuers.
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Fig. 14.20 Varying advantage of the pursuers, equal termination instants: switching lines and
optimal controls for the second player (the evader), t = 0

Fig. 14.21 Varying advantage of the pursuers, equal termination instants: trajectories of the
objects in the original space

The computed trajectories are given in Fig. 14.21. As it was said earlier, since at
the final stage of interception the pursuers are weaker than the evader, they cannot
guarantee the exact capture but only some non-zero level of the miss.
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14.9 Conclusion

Presence of two pursuers acting together and minimizing the miss from the evader
leads to non-convexity of time sections of the value function when the situation
is considered as a standard antagonistic differential game where both pursuers are
joined into one player. In the paper, results of numerical study of this problem are
given for several variants of the parameters. The structure of the solution depends
on the presence or absence of dynamic advantage of one or both pursuers over
the evader. Optimal feedback control methods of the pursuers and evader are built
by preliminary construction and processing the level (Lebesgue) sets of the value
function (maximal stable bridges) for some quite fine grid of values of the payoff.
Switching lines obtained for each scalar component of controls depend on time,
and only they, not the level sets, are used for generating controls. Optimal controls
are produced at any current instant depending on the location of the state point
respectively to the switching lines at this instant. Accurate proof of the suggested
optimal control method needs for some additional study.
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