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APPLICATION OF THE LYAPUNOY FUNCTION METHOD
TO A LINEAR DIFFERENTIAL GAME WITH
INTEGRAL _TERMINAL PAYOFF

V.L. TUROVA
Institute of Mothematics and Mechanics, Ural Branch of Academy of Sciences of the USSR
S. Kovalevskaya 16, 620219 Sverdlovsk, USSR

This paper describes a closed-IooP t-oPtimal stratety, constructed
,itf, ifrä help of some Lyapunov function. As an example, the Problen
of transfering of tuo-link pendulum to the upper unstable equilit'rium
state is Presented.
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1. INTRODUCTION

The Iinear differential gane under con-
sideratton is of the form

i=Ax+Bu+Cv, te[tor 0J, xeR'' ueRP, veRq { 1 )

Here x is the Phase vectorr u is
a contro I Paraneter of the f irst
player' v - of the second one, A, B r

Ö ar" the constant natrices, to,0 are

f ixed titne nonents. No a Priori
restrictions on the control parameters
u and v are irPosed- The PaYoff
functional ( qual ity index of Process
(x('),u('),v(')) ) is

J{xt')ru(')'v('))= ll x(e) ll +

o '''
J t < O( t ) u ( t ) , u ( t ) >-< Ü( t ) v ( t ) , v ( t ) > I dt
t o

Here <(D(t)u,u> , <Ü(t)vrv> are
positive-definite quadratic forms, t*=
ft .0: is an initial monent of control

o'
process. First player is interested to
iinirize the value of J , the ain of
the second plaYer is oPPosite.

Note, that in contrust Ltith Iinear-qu-
adratic gare, uhose solution is defined
for sone perhaps snall tine interval
It,0J, the differential game ( 1)-(2)
has a value for any Position (t*,x*)€

e[to, 0] *R^. In papers t. 1,21 the anal i-
tical rePresentation of value function
and fornulas for oPtinal strategies of
the players uere obtained using the
stocüastic Protranoint traxlrin method'
But for the Pract ical use strategy
uo{t,x,t) fron 11,27 is not aluaYs
convenient, because the value of the

gane exponentially depends on the dura-
tion of the 8ane. In the Present paPer
§e describe a nodernized strategY
Uo(t,x, t) t constructed uith the help
of Lyapunov funct ion.

The method of constructing of oPtinal
guarantee ing strategy based on the
aininS to the motion of sone auxiliary
model is uel I knouln in the theory of
differential tames t 3 l. The nodel is
closely connected r,,Iith the optinal
guaranteed result function (value of
gane) and is being choosen so that the
value function does not increase along
the node I not ion. Then the oPt iDal
stratety is constructed on the
principle of naxlmal displacenent of
or itinal system phase vector in the
direction of disagreenent vector of the
auxiliary and original systens 

^motion.In th is &JaY the stratety u- ( t 
' 
x, t)

fron L L,2) is formed - S i nce the
evaluation of disagreement vector
nagnitude depends on duration of the
tame exPonentially, the same is true
for the difference of 

^ 
the result

tuaranteed by strategy u-(t,x,E) and
the value of the gane. The nelhod of
construct ing of strateSy u" ( t, x, t)
provides the stabilization of
disagreement naSnitude of initial and
auxiliary systens notions.

2. THE }.IODERNIZED STRATEGY

It uill be convenient to increase the
dimension of the Phase vector x(t)
fron n to n+ 1 The or iSinal
differential Sane is equivalent to the
differential tane ürith dYnanics

i =Ax+Bu+Cv (3)
i.rr= <O{t)uru> - <ü(t)v,v>



and differs only in the r,ray
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and terninal payoff function

O(x.x )= ll x ll + xn+l h+l

Value function l(t,Xrx.rr) of tane
(3) is connected ürith the value
function p(trx) of game ll)-(2) as
fo I Ious :

p(t,x,*.*r.)= p(t,x) + x.*l

The structure of model notion
equations is identical uith that of the
equation (3)

y =ay + sü + Cv

y .= <Ott)ü,ü> - <ütt)v,v>- h+,.

Lyapunov function method

ue give the exact definition for the
case of discrete schene of control. Let
us define matrices P ,^ the above
uäy, fix . E > O and consider an
equistep. f ar't it ion tL of the interval
tt*,01 uirh,the step Ä. Suppose that
at the nornent t, the tane position is
(t.,x(t.)rx._(t.)). Denote S9=tLh+llt

( (r,r.*. ) :<A(x(t )-rr) tx(t. )-r>*r'.r.8')

Consider the notion of system (4)
enanating from the state

{r,lo{t.),wo (t.))=
L h+I L

=(wo(t,,x(t.), E),r,ro*.{t.,x(t. )rE) ),

sati.sfying the relation

5{t., wo(t. ), r.ro (t. ) )=.!Lh+lt

=min p(t,u,u^*r)
(u.r.r )e Sö'n+lL

Let us find vector irr.,x(t.),8) by
neans of condition

mint<^(x(t. )-wo(t. ) ),Bu)+
u

+ro*{t. )<Ott. lu,u)J=

=<^(x(t. )-ro(t. ) ),sitt,x(t. ), E)>+

*rl*.(t. )<o(t. litt,x(t. ), el,it... l>

lle get

u(t.,x(t. ), e) = - ; O-t(t. lB, 
^(x(t. 

)-

,o(t. ) ),zwo*r{t )

Since p is a sun of the forn ptX.*r,
the control does not dePend on x .

Formula for itr.,*(t.),8) ,r 
"n"tl*joo,to that for uo{t,x,e) from ll,2),

Put

uo{t.,x(t.),8)=i(r,,x(t.),8) + uBr(t. ),

r,rh ere

u".(ti)= P(x(t. )-ro(t. ) )

Since P j.s the constant natrix,

(4)

of

(5)

forning of first player control, r.rhi,ch
is selected accordint to the condition
of nonincreasing of function p along
the t[otion of systen 14). Let us
introduce the disagreenent vector for
the notion of systems (3), (4):

( s ( t ) , "^*lt ) ) = ( x ( t ) -y ( t ) , x.*lt ) -yh+ ( t ) )

The dynanics of disagreement vector is
described by equations

; =As+Btu-[)
i -= aO,t)u,u> - <Ottl[,i>

h+1

n

The nod.ernized strategy Uo(t,x,t)
consists of tr,ro terns: the vector
u(t,x, E) and the stabi I ization conpo-
nent u _(t) = Ps(t) I'latrix PEt
selected so that systen (5) is
asynptotically stable (we assune that
the systen ; = As + Bu is
stabi I izint). Since the systen (S)
becones asynptotical ly stable, ue can
find Lyapunov function |vlz,z )=
<lv,z) * =t^r, , r.lhose derivative Jän,
the systen z= (A+BP)z tz=Q h+a
trajectory üri I I be netatively definite.
Vector u(tixrE) is def ined by
condition of naxinal displacenent of
system (5) phase vector in the
direction of function Ä antigradient
vector, that provides nonincreasint of

^ 
along the systen (5) rotion and

thus nondivertence of systen (3), (4)
DOt iOnS.

After the above given
description of the strategy

is

i n forma I
uo{trxr6) and
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the folloutnt evaluation is fulfilled

tt x(t.)-ro(t.) ll s K(92+ d( L,t,"t,

uhere K is a constant and d(A).O for
[+O , ue can make the stabi I ization
conponent natnitude be of order e by
Deans of decreasint of discrete schene
step 

^
The fol louing theoren is val id. Let
I{t,xrgo1.,.,§)) be ^ a result
guaranteed by strategy Uo in position
(t,x). Then for any E > O

I{t,.x,uo(.,.,8) )s p(trx) + 
0̂

+Be cl+f llo(r) lld,[ ]
t

Here p>O isaconstant.

That is! the difference betueen the
result guaranteed by strategy Uo and.
the value of gane depends linearly on
duration of the taDe.

The high speed^algorithn of calculation
of strategy U" values ^is 

presented
in E 4 l. The stratety U- is good for
unstable systeDs. Belou ue consider an
exanple rrhich is solved using the
standard prograrne elaborated on the
basis of this algorithn.

3. EXAI,IPLE.

It is requied to transfer the tuo-link
pendulun to the upper unstable
equi I ibriun state ( fig. I ).

Figure 1

The control paraneter u is a torque
applied to the louer link. The upper
link is subjected to the effect of the
force disturbunce v ( the lrlnd ).
The pendulum Dotion is described by the

of Lyapunov function method

pendulum rods have the sane mass
1 and the sane length equal 10 r

i =*

ll9

equal

i =*21

l<. = 2.523 x - 1.2613L

x =-3.784 x+ 3.3631L

( ure assune that
smal I ).

The quality index is
e
J ( 1o-au2( r)- rozv?(
t*
The simulation results of pendulunr
phase trajectories for 0 = 3, t*= O,

xr.= ( O.2 , -O-2 , o , o ) are depicted
on f tg.2la,b).

Figure 2a

x +O. O 17 1u-O. O86v
2

x -O. O257u+O.429v
2

osc i lat ions are

of the form

1) )d.[ + [x(e)il

!

J
o

c\l

o

o

foI louint equations Provided the Fiture 2b
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The f irst
Uo{t,x,t) rrith t =O.Ol. The strategy
of extrenal aining in direction of the
value function gradtent is used by the
second player. Real isat ions of f irst
and second controls are Presented on
f ig.2 (c-d).

Ftgure 2c

ooo u«t:

Figure 2d

Fig.3 denonstrates the corresponding
results provided the strategy
oo{t,*,8) fron t1,2J is applied.

x

,L

Fiture 3a
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player uses the strategy

Figure 3b

Figure 3c

Figure 3d
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